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ABSTRACT
In this report we review recent progress achieved in the understanding of heavy quarkonium un-
der extreme conditions from a theory perspective. Its focus lies both on quarkonium properties
in thermal equilibrium, as well as recent developments towards a genuine real-time description,
valid also out-of-equilibrium. We will give an overview of the theory tools developed and de-
ployed over the last decade, including effective field theories, lattice field theory simulations,
modern methods for spectral reconstructions and the the open-quantum systems paradigm. The
report will discuss in detail the concept of quarkonium melting, providing the reader with a con-
temporary perspective. In order to judge where future progress is needed we will also discuss
recent results from experiments and phenomenological modeling of quarkonium in relativistic
heavy-ion collisions.
1. Introduction and intuition building
It is not often to find a single species of particles whose study has propelled our understanding of the strong
interactions as thoroughly as heavy quarkonium did and does. The bound states of a heavy quark and its anti-quark
(푐 and 푐̄ is called charmonium, 푏 and 푏̄ bottomonium), more than 40 years after their first observation, still elicit
fascination from both experimentalists and theorists due to their versatile role played in high energy nuclear physics.
In this review we will consider one of the central foci in contemporary theoretical quarkonium studies, i.e. their
behavior under extreme environmental conditions, which typically refers to energy and baryon densities of the order of
mega electron volts and above. It is timely to take account of the status of the field, as over the past decade it has seen a
boost in activity, taking on the challenge to go beyond the purely static notion of in-medium quarkonium it has refined
over the years and to embark on a quest towards a microscopic understanding of quarkonium real-time dynamics.
Already in vacuum, heavy quarkonium constitutes a versatile laboratory of strongly interacting matter and of the
underlying field theory of quantum chromo dynamics (QCD) (for a comprehensive review see [1]). As these color
singlet states due to the OZI rule decay only into three gluons (single gluon decays are prohibited due to color, two
gluon decays due to symmetries of the wavefunction) they represent exceptionally stable bound states with inverse
life times or equivalently spectral widths of 휏−1 = Γ ∼ (keV). This in turn leads to a significant fraction of their
decays into dileptons 푒+푒− and 휇+휇−, which act as well accessible channels for their experimental detection. High
precision data on their 푇 = 0 properties, including masses and widths have been accumulated, as compiled in the
PDG in Ref. [2], by a wealth of experiments, such as BELLE (KEK), BARBAR (SLAC), CLEO (FLAB), BESII+III
(BEPC) and LHCb (CERN) to name only recent ones. Below the open heavy flavor threshold these states and their
production in elementary collisions are well captured by the naive quark model and its quantum numbers for spin and
color [ 12 ⊗ 12 = 0 ⊕ 1, 3 ⊗ 3̄ = 1 ⊕ 8]. Quarkonium like states above threshold, which exhibit quantum numbersbeyond those available in the quark model, so called exotic XYZ states, are a current focus of quarkonium research at
T=0.
The large charm and bottom quarkmass compared to the intrinsic scale of quantumfluctuations inQCD, (푚푄∕ΛQCD ≪
1), means that quarkonium in vacuum is amenable to a non-relativistic treatment (this fact will be further exploited
in Section 2.2). In turn quarkonium states can be classified according to the well known scheme from atomic physics
using spin, angular momentum and total spin as labels 2푆+1퐿퐽 . Examples of so called S-wave states are the 3푆1 Υand 퐽∕휓 , the bottomonium and charmonium vector channel ground states. The 휒푐1 and 휒푏1 states on the other handare classified as P-wave states with 3푃1. Thanks to the different values of the charm and bottom mass a variety of
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Heavy Quarkonium in Extreme Conditions
states exist, which exhibit a wide range of binding energies and related spatial extents, ranging from the deeply bound
Υ with 퐸bind = 1.1GeV over 휒푏1 and 퐽∕휓 with nearly degenerate 퐸bind ≈ 0.64GeV to more weakly bound 휒푐1 with
퐸bind ≈ 0.2GeV. The non-relativistic nature of 푇 = 0 quarkonium makes it possible to capture the properties of thesestates with good accuracy in a simple potential model, consisting of a Coulombic part at small separation distances
and a linearly rising part at large distances, the so called Cornell potential. This model exhibits the two hallmarks of
QCD, asymptotic freedom and confinement. Consequently the many different quarkonium states, depending on their
depth of binding, allow to explore in detail the physics associated with both phenomena. Heavy quarkonium at 푇 = 0
has also been explored using lattice QCD simulations where high precision post- and predictions of bound state masses
have been achieved (see e.g. Fig.20 in Ref.[3]), providing a direct link between the microscopic theory of QCD and
experiment.
The motivation to study heavy quarkonium under extreme conditions is intimately related to exploring the physics
of strongly interacting matter in the early universe (for an introduction to the topic see e.g. [4]). At around 10−20s after
the Big Bang and at correspondingly high temperatures of 100s of MeV the universe is expected to have been filled
with nuclear matter in the form of its microscopic building blocks the quarks and gluons, forming a strongly correlated
quark-gluon plasma (QGP). In order to understand how the strong interactions behave under such extreme conditions
quarkonium can again play an important role. Due to the deep binding of e.g. Υ, this bound state is expected to exist
deep into the QGP phase, meaning that it can still act as well defined experimental observable there. At the same
time the separation of scales between binding energy and temperature underlying this stability means that even under
such extreme conditions theoretical tools developed originally in vacuum have a chance to be extended to provide
meaningful insight. I.e. quarkonium promises to retains its role as well controlled QCD laboratory even in the context
of strongly interacting matter in the early universe.
Experimental efforts to recreate the conditions in the early universe have lead to the construction of a series of
collider facilities and accompanying experiments specialized in relativistic heavy-ion collisions. Starting with SPS at
CERN (√푠푁푁 ≈ 0.15TeV), followed by RHIC at BNL (√푠푁푁 = 0.2TeV) and most recently the LHC again located
at CERN (√푠푁푁 = 2.76, 5.02TeV), higher and higher energy ranges for the collision of heavy nuclei, mainly gold andlead, have been explored. In the near future new accelerator facilities devoted to heavy-ion collisions are going online,
among them NICA at JINR and FAIR at GSI, possible also a machine at JPARC. All of them feature experiments that
are devoted toward the measurement of quarkonium properties under extreme conditions.
Over the past decade the interplay of experiment, phenomenology and theory has lead to an improved understanding
of the different stages of a heavy-ion collision as sketched in Fig. 1. In the instant of the collision, the partons within
the highly Lorentz contracted nuclear projectiles, which have formed a color glass condensate (CGC), are able to
interact, leading to the generation of strong coherent color electric and color magnetic fields called the glasma. These
subsequently fragment into light quarks and gluons, which efficiently exchange energy and momentum, so that after
a a short pre-thermalization phase of around 1fm a locally equilibrated collection of deconfined quarks and gluons
emerges. This strongly correlated quark-gluon-plasma expands and cools over a period of 5 − 10fm before it reaches
the crossover transition at 푇퐶 = 155MeV, where colored partons have to combine into color neutral hadrons. While thechemical abundances of these hadrons are established at around this temperature in what is called chemical freezeout,
the resulting gas of hadrons may still interact and exchange energy and momentum until kinetic freezeout is reached.
How did we end up with this dynamical picture of a heavy-ion collisions. While QCD contains all the physics
necessary to describe the evolution of the light bulk matter it has not yet been established how to compute the dynamics
of a heavy-ion collision from first principles QCD based on e.g. lattice QCD simulations, due to the notorious sign
problem. The fact that the QGP in a contemporary heavy-ion collision is created at temperatures of up to just 푇 ≲
600MeV, as deduced from hydrodynamic modeling of the bulk also prevents the use of weak-coupling methods, which
are the bedrock of theory computations in elementary particle collisions.
Instead theory has developed effective field theory descriptions, capturing only the physics that is relevant at a
particular stage of the collision. By focusing on a subset of degrees of freedom the problem at hand can be simplified
enough so that a dynamical description may be directly derived from QCD, often in a non-perturbative manner. If
such effective descriptions furthermore share a common range of validity they can be chained together to provide a
consistent description of the dynamics. In the context of bulk matter a combination of classical statistical simulations
of Yang-Mills fields in the earliest stage, followed by kinetic theory, which in turn smoothly matches onto a relativistic
hydrodynamic description of the QGP has proven this strategy successful. In this report wewill explore several avenues
of how effective field theories can also support a comprehensive understanding of quarkonium in a heavy-ion collisions.
The life cycle of heavy quarkonium is aligned with the different stages of a contemporary heavy-ion collision. Due
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Figure 1: (top) Sketch of the different stages of a relativistic heavy-ion collision, featuring the initial stages dominated
by coherent color electric and magnetic fields of the glasma and the intermediate QGP phase, which terminates at the
crossover transition to the hadronic phase at 푇푐 = 155MeV. In grey a chain of effective field theories is shown, which
provide a dynamical description of the bulk medium physics. (bottom) The tentative life cycle of heavy quarkonium in the
context of a relativistic heavy-ion collision.
to the required energies and virtualities, only in the earliest moments of the collision can 푐푐̄ and 푏푏̄ pairs be created.
At RHIC(10) 푐푐̄ and(1) 푏푏̄ pairs are expected to arise, while at LHC their number already increases to(100) and(10) respectively. A simple estimate based on the binding energy of individual states and the uncertainty principle
suggests that the deeply bound quarkonium can form early on in the pre-thermal stage of the collision. Whether such
early formation indeed takes place however remains an active field of research.
A pre-formed state that finds itself immersed in the medium consisting of light bulk matter then interacts with this
hot medium during the QGP phase, which will in general weaken its binding. Depending on the energy and time scales
present, quarkonium may either survive the medium or its constituents may become decorrelated, i.e. the state melts.
The inverse process is also fathomable if enough quark antiquark pairs are present, i.e. quarkonium states may be
regenerated. If the lifetime of the medium is long enough the heavy quarks may even become kinetically equilibrated
with the surrounding medium. They however will remain out of chemical equilibrium as their numbers do not change
in a medium at temperatures 푇 ≪ 푚푄. How exactly quarkonium states interact with a deconfined medium and in turnapproach equilibrium with their surrounding is one of the central questions theory sets out to answer.
At hadronization most of the decorrelated heavy quarks combine with a light quark to form open heavy flavor
particles. On the other hand if a large enough number of pairs has been created early on, they may also recombine
now into quarkonium. If an in-medium bound state exists (primordial or regenerated) it will transition into a vacuum
state. Note that the dynamics of hadronization are among the least well understood aspects of quarkonium in heavy-
collisions. After leaving the QGP a collection of quarkonium states will have formed, some of which may still decay
into a lower lying state on the way to the detector. I.e. the final abundances as measured by experiment will come
from the dilepton signals of vacuum states long after the QGP has ceased to exist. For theory the challenge consists of
translating the knowledge gained about heavy quarkonium in a medium, relevant for the QGP phase, into such vacuum
abundances in the end, if a connection to the measured yields is to be made.
As we will argue in this report, only a comprehensive microscopic understanding of all the different stages of the
collision will reveal the nature of heavy quarkonium production. I.e. in order to improve our understanding of heavy
quarkoniumwe are incentivised to also gain a better understanding of many other aspects of strongly interacting matter,
be it the composition of the incoming nuclei projectiles or the general dynamics of hadronization.
One of the most influential early theory studies regarding heavy quarkonium in heavy-ion collisions is Ref. [5] by
Matsui and Satz, which shapes intuition about quarkonium production to this day. The paper contains two ideas. The
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Figure 2: (left) The legacy picture of heavy quarkonium as static thermometer. After fully kinetically equilibrating the
heavy quark state one askes about the probability of its survival in the hot environment. (right) The modern picture of
quarkonium melting as a dynamical process, in which the medium acts as a sieve that filters out quarkonium states over
time, depending on the strength of their binding.
first is based on an analogy with electromagnetic plasma in thermal equilibrium. There, the presence of freely moving
light charges screens static electric fields (Debye screening), i.e. fields generated by heavy test charges inserted into
the medium. In turn it was argued that the presence of a quark gluon plasma will also weaken the binding between
heavy quarks and thus destabilize existing quarkonium, as well as prevent the formation from thermal quark antiquark
pairs. As we will discuss in this report, by now the presence of screening in a hot QCD medium has been thoroughly
established and its strength explored using different non-perturbative means.
The picture that Ref. [5] paints and which was made more quantitative in Ref. [6] is one of sequential quarko-
nium melting. Using a completely static notion of kinetically equilibrated in-medium quarkonium as time independent
eigenstates of a hermitean in-medium Hamiltonian, the authors argued that there exist well defined melting tempera-
tures at which quarkonium states instantaneously turn from bound to scattering state. This in turn invited the intuitive
picture of quarkonium as a thermometer, indicating the temperature of its environment by what states remain bound
and which do not. In this report we will discuss how the theory developments of the past decade have led to an overhaul
of this static thermometer picture. Among others it turns out that the concept of melting temperature is not uniquely
defined and thus plays a less decisive role as originally thought. While the intuition that those states, which are more
weakly bound in vacuum, are more easily destroyed in a medium of course remains true, we will see that the physics
of quarkonium melting cannot be cast into a static language and instead required a genuine dynamical treatment. This
dynamical treatment will also unify how we think about the melting of charmonium and bottomonium.
Even in everyday life there are two ways how to measure temperature. One may either bring into contact with
the object of study, say a cup of hot earl gray tea, a second smaller system, a thermometer. This thermometer, after
mutual equilibration is removed and its internal state interrogated on the, by that time, common temperature. This
form of temperature measurement requires the two systems to be in contact for long enough that full thermalization
is achieved. It is this static picture that is promoted by Ref. [5] for the case of quarkonium as thermometer. Note that
while equilibration of charm quarks turns out to be realized to some degree at the highest available collider energies
today, bottomonium so far does not show significant signs of equilibration.
On the other hand we may use a dynamical process to measure temperature. For our cup of tea it amounts to
inserting e.g. a sugar cube and to observe how over time the chemical bonds are dissolved one by one. The speed by
which this process happens informs us about the temperature present. The important difference to the static approach
is that the measurement here can be performed even without reaching mutual equilibrium between sugar cube and tea.
Besides the temperature of the environment it is now the timescales for which the process is allowed to proceed, which
determine the fate of the sugar cube. Removing it quickly from a very hot surrounding will leave the bonds relatively
intact, while even in a cold environment the sugar cube may melt as long as we wait long enough.
The change in intuition for quarkonium melting we invite the reader to explore in this report, and which is sketched
in Fig. 2 is analogous. When a quarkonium vacuum state is immersed in a hot medium, its binding will over time
become weakened. It is then the interplay of how strongly the medium interferes with the binding at any instant, as
well as the time spent in the medium that determines the survival of the quarkonium state. The hot medium in turn
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becomes a sieve that dynamically filters out more weakly bound states first while allows more strongly bound state to
survive for longer time. One exciting recent development in quarkonium theory is that by using the open-quantum-
systems framework, originally developed in the context of condensed matter theory, a dynamical description of such a
small quarkonium system immersed in a hot QCD environment can be systematically derived from microscopic QCD.
It turns out that quarkonium melting is actually intimately connected with the phenomenon of decoherence.
Let us now come to the second idea of Ref. [5], which took the melting picture and applied it straight forwardly to
quarkonium production in heavy-ion collision. In turn it suggested an equally sequential suppression of quarkonium
yields in the presence of a hot QGP medium in the collision center. This suppression arises both from the actual
destabilization of a bound state, as well as diminished feed-down from higher lying states that melt more easily. In turn
quarkonium suppression was positioned as a gold plated signal for the creation of a deconfined quark gluon plasma
in heavy-ion collisions. For bottomonium only a small number of quark antiquark pairs are produced in the initial
stages of current heavy-ion. Its production is thus dominated by primordial quarkonium traveling through a QGP in
the collision center and indeed clear signs for such sequential suppression are observed.
On the other hand, the system originally discussed by Ref. [5], i.e. charmonium, turns out to be an instructive tale
how in general in a heavy-ion collision the physics of all stages need to be considered carefully to arrive at a compre-
hensive picture of quarkonium production. I.e. the production of 푐푐̄ pairs in the initial stages can significantly alter the
production mechanism. Indeed as we understand today, quarkonium yields may be replenished by the recombination
of quark antiquark pairs both during the QGP phase as well as at the moment of hadronization. This mechanism was
noted early on by Matsui in Ref. [7] but at that time not followed up further. With the prospect of the RHIC collider
on the horizon, regeneration and recombination were considered in much more detail and have over time become vital
ingredients in the explanation of measured charmonium yields at RHIC and most prominently at LHC.
In other words, while the concept of sequential quarkonium melting in its modern dynamical fashion remains a
valid guiding principle for the understanding of heavy quarkonium in extreme conditions, quarkonium suppression in
heavy ion-collision arises from the subtle interplay of several different mechanisms, requiring insight into all different
stages of the collision from heavy quark pair production over the QGP phase to hadronization.
What remains then of the role of quarkonium as probe of the quark-gluon plasma? While not as simple as a
static thermometer, charmonium and bottomonium provide vital insight into the hot matter created in a heavy-ion
collision. The fact that bottomonium at LHC appears to behave still as a genuine test-particle not equilibrated with its
surroundings allows it to sample the full time evolution of the QGP. On the other hand charmonium at LHC shows
clear signs of kinetic equilibration with its surroundings. This entails a loss of memory about the initial conditions
of its evolution, positioning it as a probe of the late stages of the collision. Again the availability of bound states of
different sizes and binding energies allows quarkonium to be a versatile laboratory of the strong interactions even under
extreme conditions.
In this report we focus on the theory developments over the last decade that have significantly improved our un-
derstanding of the dynamical nature of heavy quarkonium in a hot medium and in turn in heavy-ion collisions. We
start out in Section 2 with a review of theory tools that are vital ingredients in contemporary studies of quarkonium in
medium. These include a brief recap of (non-)equilibrium quantum field theory and the concept of spectral functions in
Section 2.1, effective field theories for heavy quarkonium in Section 2.2, lattice QCD in Section 2.3, modern methods
for spectral function reconstruction in Section 2.4, as well as the open quantum systems framework in Section 2.5.
At first we will consider the idealized setting of fully kinetically equilibrated heavy-quarkonium immersed into
a static medium in Section 3. Here it is possible to investigate the questions of screening in QCD (Section 3.1),
the concept of the complex valued in-medium potential (Section 3.2) and most importantly the in-medium spectral
properties of quarkonium (Section 3.3) directly from first principles by utilizing modern concepts of effective field
theories and lattice QCD. The concept of quarkonium melting in thermal equilibrium is discussed in Section 3.4 and
its dynamical nature is emphasized.
In order to do justice to the dynamical nature of quarkonium even in thermal equilibrium Section 4 sets out to
review recent exciting progress made in the theory community in deriving genuine real-time descriptions for heavy
quarkonium from first principles QCD. The open quantum systems framework is instrumental in this task and leads to
so called Lindblad equations. From the recent activities in the community, we will highlight two derivations of quarko-
nium evolution equations, one that can be expressed in the language of wavefunctions (in Section 4.1) and another in
the language of distribution functions (in Section 4.3). The former, for the first time, allows to construct a stochastic
non-linear Schrödinger equation for quarkonium from first principles, which previously had been proposed on purely
phenomenological grounds. The latter provides a direct connection between QCD and the Boltzmann equation de-
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ployed in many transport models of in-medium quarkonium. Not only has it become possible to better understand
the dynamical role played by the imaginary part of the in-medium potential in the evolution of the quarkonium wave-
function but also to connect quarkonium melting to the phenomenon of wavefunction decoherence, as discussed in
Section 4.2.
In Section 5 we return to the question of quarkonium production on heavy-ion collisions. In order to showcase the
complexities of the task at handwe first discuss the physics of quarkonium production in 푝푝 collisions in Section 5.1 and
briefly touch on cold nuclear matter effects in Section 5.2. The main discussion of quarkonium production in nucleus-
nucleus collisions follows in Section 5.3 considering separately charmonium in Section 5.3.1 and bottomonium in
Section 5.3.2. Here we will scout for opportunities how progress in the real-time description of heavy quarkonium
can help to discriminate between current models and eventually allows us to arrive at a genuine first principles based
description of the measured production yields.
This report aims at highlighting the recent progress achieved in the theory community and builds on the cumulative
efforts of many research groups (for previous reviews on in-medium quarkonium see Refs. [8, 9]). Therefore the author
attempts to provide the appropriate references for each discussed topic, and strongly encourages the citation of that
original research.
2. Theory tools
In the following five sections we will give an overview to central theory tools used today in the study of quarko-
nium in extreme conditions. Their purpose is to provide a reference on concepts, techniques and quantities of interest
prevalent in the literature. The included references also provide a starting point for newcomers to the field to embark
on a more in-depth exploration.
In general, theoretical studies of quarkonium aim at an understanding of its physics from first principles. I.e.
their starting point is a microscopic description of the strong interactions, the quantum field theory quantum-chromo-
dynamics, defined with the following gauge invariant classical action
푆QCD[퐴,휓, 휓̄, 푄, 푄̄] = ∫ 푑3푥
(
− 1
4
(
[퐷휇, 퐷휈]
)2 + 휓̄(푥)(푖훾휇퐷휇 − 푚푞)휓(푥) + 푄̄(푥)(푖훾휇퐷휇 − 푚푄)푄(푥)) (1)
formulated in terms of matrix valued gluon fields퐴휇 = 퐴푎휇푇 푎 where 푇 푎 refers the generators of푆푈 (3). Their covariantderivative reads 퐷휇 = 휕휇 + 푖푔퐴휇 with 푔 the strong coupling. We denote light quarks with 휓 and heavy quarks with
푄. This action remains invariant under local rotations Λ(푥) in 푆푈 (3) color space, acting as 휓 ′푎(푥) = Λ푎푏(푥)휓푏(푥)and (퐴′휇)푎푏(푥) = Λ푎푐퐴푐푑휇 (푥)(Λ†)푑푏(푥) + 푖(휕휇Λ푎푐(푥))(Λ푐푏)†(푥). The distinction between light and heavy quarks willbe exploited in the section on effective field theories and open quantum systems. It is from fully quantized QCD that
one wishes to deduce quarkonium properties in thermal equilibrium, as well as its real-time evolution in an evolving
medium.
2.1. (Non-)equilibrium QFT and quarkonium spectral functions
In this section we will summarize how quarkonium can be described in the language of (non-)thermal field theory
and introduce the concept of spectral functions. The quark anti-quark pair shall be immersed in a medium of quarks
and gluons, which are not necessarily in thermal equilibrium. Excellent introductions to quantum fields in and out-of
thermal equilibrium can be found in reviews [10, 11, 12] and textbooks [13, 14, 15].
In quantum field theory particles are understood as excitations of quantum fields, which propagate with a well
defined dispersion relation. I.e. in contrast to quantum mechanics, particles do not appear as individual degrees
of freedom and instead emerge from fluctuations of the fields. Thus to describe quarkonium particles, one needs a
quantity, which encodes the real-time evolution of fluctuations of a heavy quark 푄̂(푥) and antiquark field ̂̄푄(푥) (here
푄̂ refers to a Dirac spinor field describing either charm or bottom). The simplest possible candidate is the meson
current 푀̂(푥) = ̂̄푄(푥)푄̂(푥). Two-point correlation functions of such a meson operator, similar to the variance of
random variables, provide vital insight into the strength and form of quantum and statistical fluctuations that encode
the properties of quarkonium particles. As an example let us consider the time ordered correlator 퐷
퐷(퐱, 퐱0, 푡, 푡0) = ⟨ 푀̂(퐱, 푡)푀̂†(퐱0, 푡0)⟩ = Tr[휎̂ 푀̂(퐱, 푡)푀̂†(퐱0, 푡0)] =∑
푛
⟨푛|휎̂ 푀̂(퐱, 푡)푀̂†(퐱0, 푡0)|푛⟩ (2)
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Figure 3: (left) The general formulation of the quantum initial-value problem on the Schwinger Keldysh (SK) contour for
an arbitrary density matrix 휎̂. Fields populate both the forward 1 and backward 2 branch. (right) Particular SK contour
for a system in thermal equilibrium. The initial conditions 휎̂ = 푒−훽퐻̂ may be sampled efficiently as a path integral along a
compact imaginary time branch 퐸 .
= ∫ 푑[퐴+,…]∫ 푑[퐴−,…]⟨퐴+,… |휎̂|퐴−,…⟩
initial conditions
∫
퐴−,…
퐴+,…
[퐴,휓, 휓̄, 푄, 푄̄]푀(퐱, 푡)푀†(퐱0, 푡0)푒푖푆QCD[퐴,휓,휓̄,푄,푄̄]
quantum dynamics
Here 휎̂ denotes the initial density matrix of the system and the trace has been formally rewritten in the eigenstates |푛⟩
of the system Hamiltonian 퐻̂QCD.The path integral formulation in the second line makes explicit that one deals with an initial value problem. It is
appropriately formulated along the Schwinger-Keldysh contour with a forward branch 1 and backward branch 2,as sketched in Fig. 3. The time ordering operator is denoted by  . The fields 퐴,휓, 휓̄, 푄, 푄̄ live on both branches of
the contour, whose initial conditions (+ fields for the forward and − fields for the backward contour) are sampled over
statistically, weighted by the matrix elements of the density matrix.
There are several different combinations of the meson operators, which we can consider on the Keldysh contour, all
of which provide access to different facets of the field fluctuations. Depending on which part of the real-time contour
the meson operator resides on we have
퐷11 = 퐷(퐱, 퐱0, 푡, 푡0) = ⟨ 푀̂(퐱, 푡)푀̂†(퐱0, 푡0)⟩, (3)
퐷12 = 퐷>(퐱, 퐱0, 푡, 푡0) = ⟨푀̂(퐱, 푡)푀̂†(퐱0, 푡0)⟩, (4)
퐷21 = 퐷<(퐱, 퐱0, 푡, 푡0) = ⟨푀̂†(퐱0, 푡0)푀̂(퐱, 푡)⟩, (5)
퐷22 = 퐷̃(퐱, 퐱0, 푡, 푡0) = ⟨̃ 푀̂(퐱, 푡)푀̂†(퐱0, 푡0)⟩. (6)
퐷> and퐷< are referred to asWightman functions. In addition it is useful to define the retarded and advanced correlator,
which involve the commutator of meson operators [퐴̂, 퐵̂] = 퐴̂퐵̂ − 퐵̂퐴̂, as
퐷R = ⟨[푀̂(퐱, 푡), 푀̂†(퐱0, 푡0)]⟩휃(푡 − 푡0), (7)
퐷A = −⟨[푀̂†(퐱, 푡), 푀̂(퐱0, 푡0)]⟩휃(푡0 − 푡). (8)
The forward correlator 퐷> e.g. describes the transition amplitude of finding a state created at the point (퐱0, 푡0) by
푀̂† at a later point in time 푡 at the position 퐱. The symmetric correlator on the other hand can be defined from the
anticommutator {퐴̂, 퐵̂} = 퐴̂퐵̂ + 퐵̂퐴̂ as
퐷S = ⟨{푀̂(퐱, 푡), 푀̂†(퐱0, 푡0)}⟩. (9)
The explicit form of 푀̂ encodes, what kind of meson particles we are dealing with. In the study of heavy quarko-
nium two kinds of meson operators play a central role, local meson currents, as well as point split operators
푀̂Γ(퐱, 푡) = ̂̄푄(퐱, 푡)Γ푄̂(퐱, 푡), (10)
푀̂Γ(퐱, 퐲, 푡) = ̂̄푄(퐱, 푡)Γ푊 (퐱, 퐲, 푡)푄̂(퐲, 푡). (11)
In order for the correlator of point split operators to remain gauge invariant one conventionally inserts a straightWilson
line between the quark and antiquark fields, trading gauge dependence for an easier parametrizable path dependence
푊 (퐱, 퐲, 푡) = exp
[
− 푖푔 ∫
퐲
퐱
푑푧휇퐴휇(푧)
]
. (12)
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Γ 퐽 푃퐶 2푠+1푆퐽 channel 푐푐̄ 푏푏̄
훾5 0−+ 1푆0(푛) Pseudoscalar 휂푐 ,휂′푐 휂푏,휂
′
푏
훾푗 1−− 3푆1(푛) Vector Vii 퐽∕휓 , 휓 ′ Υ, Υ′, Υ′′
훾푗훾푘 1+− 1푃0(푛) Tensor ℎ푐 ℎ푏
1 0++ 3푃0(푛) Scalar 휒푐0 휒푏0, 휒 ′푏0
훾5훾푗 1++ 3푃1(푛) Axial-vector AVii 휒푐1 휒푏1,휒 ′푏1
훾푘푖
↔
퐷푗 +훾푗 푖
↔
퐷푘 2++ 3푃2(푛) 휒푐2 휒푏2,휒 ′푏2
Table 1
A selection of common vertex operators and their quantum numbers. In addition we list the lowest lying quarkonium states
contributing to the corresponding channel. (adapted from [8, 16])
The correlator of local currents encodes directly the properties of heavy quarkonium mesons while we will encounter
the point split operators in the context of defining a potential acting between the heavy quark and antiquark.
The quantities Γ residing in the meson currents are referred to as vertex operators. They allow us to select the
spin and angular momentum properties of the fluctuations contributing to a correlator. Since Eq. (2) involves a path
integral, the propagation of the system over time includes all possible field configurations accessible to the system,
weighted with the Feynman phase exp[푖푆QCD]. It follows that all mesons states with quantum numbers compatibleto Γ contribute to this quantity and in turn computing 퐷 will allow us to access the information of what states of a
particular quantum number are present in the system.
To be specific, we may select under which representation of the Lorentz group the meson transforms. One example
is the vector current with Γ = 훾휇, which eponymously transforms as a Lorentz four-vector. Since we wish to selectangular momentum and spin quantum numbers, the focus in the following lies on transformations in the rotation
subgroup of the Lorentz group. Hence using for the meson operator the spatial components Γ = 훾푖, its correlatorreceives contributions from all 푄푄̄ mesons with quantum numbers 퐽푃퐶 = 1−−. In the case of bottomonium in
vacuum this would correspond to at least three stable meson states Υ, Υ′ and Υ′′. Access to channels with different
quantum numbers requires an appropriate choice for Γ, some of which are listed in Table 1. Since local Γ’s give access
to only a limited set of quantum numbers, the computation of e.g. 휒푐2 with 퐽푃퐶 = 2++ requires the use of additional
covariant derivative operators ↔퐷=←퐷 − →퐷, as discussed in Refs. [16, 17].
In order to access the information about which states contribute to the evolution of the meson operators, let us
decompose the time ordered correlator into its commutator and anticommutator
퐷(퐱, 퐱0, 푡, 푡0) =
1
2
⟨{푀̂(퐱, 푡), 푀̂†(퐱0, 푡0)}⟩ + 12 ⟨[푀̂(퐱, 푡), 푀̂†(퐱0, 푡0)]⟩sign(푡 − 푡0) (13)
= 퐹 (퐱, 푡, 퐱0, 푡0) −
푖
2
휌(퐱, 푡, 퐱0, 푡0)sign(푡 − 푡0). (14)
Here sign(푡 − 푡0) tracks the location of 푡 and 푡0 on the SK contour. We will see below that the spectral function 휌encodes what states are accessible in the system, whereas the statistical function 퐹 encodes how strongly those states
are populated.
The most intuitive representation of that information is found when introducing aWigner transform, i.e. expressing
the correlator in terms of relative and center of mass coordinates 푟 = 푥−푥0 and 푠 = (푥+푥0)∕2 and Fourier transformingin the former.
퐷(퐬, 푡푠;퐩, 휔) = ∫ 푑3푟푒푖퐩퐫 ∫
2푡푠
−2푡푠
푑푡푟푒
푖휔푡푟퐷(퐬, 푡푠; 퐫, 푡푟). (15)
The Wigner space spectral function 휌(퐬, 푡푠;퐩, 휔) when viewed as a function of 퐩 and 휔 will represent a particle-likeexcitation as a narrow shell, located along a strip of 휔(퐩). This is how the dispersion relation of the particle is read-
off. As we are dealing with an initial value problem out of equilibrium, one has to keep in mind that the frequency
resolution that can be achieved for the spectral function is limited by how much time 푡푠 has passed, as intuitivelyexpected from the uncertainty principle. As it will come in handy later on, we note that the spectral function may be
computed from different combinations of correlators introduced above. I.e. we may either express it in terms of the
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forward and backward correlator or as the imaginary part of the retarded correlator
휌(퐬, 푡푠;퐩, 휔) =
1
2
(
퐷>(퐬, 푡푠;퐩, 휔) −퐷<(퐬, 푡푠;퐩, 휔)
)
, 휌(퐬, 푡푠;퐩, 휔) = −Im
[
퐷R(퐬, 푡푠;퐩, 휔)
]
. (16)
TheWigner transformed spectral function also allows us to connect directly with its counterpart in thermal equilib-
rium. Starting out of equilibrium one will observe that the function 휌 changes with the center of mass coordinate. As
one approaches equilibrium this dependence weakens and eventually the fully thermal systemwill become independent
of it, leaving us with 휌(퐩, 휔). Let us also define a generalized occupation number 푛
퐹 (퐬, 푡푠;퐩, 휔) =
(
푛(퐬, 푡푠;퐩, 휔) +
1
2
)
휌(퐬, 푡푠;퐩, 휔), (17)
which reduces to the standard occupation number in thermal equilibrium. This tells us that an enormous simplification
of the system takes place in that 푛 not only becomes independent of the center-of-mass coordinates but furthermore
becomes a function of 휔 only, leading to the Bose-Einstein distribution for a bosonic correlation function. I.e. in
equilibrium, knowledge of the statistical function already implies knowledge of 휌.
In thermal equilibrium the density matrix is given by 휎̂ = exp[−훽퐻̂], with 훽 = 1∕푇 the inverse temperature and
퐻̂ the Hamiltonian of the system. In that case the initial conditions part of Eq. (2) may be rewritten in the form of a
second path integral along a compact imaginary time axis spanning from 푡 = 0 to 푡 = −푖훽. The start and end points of
that imaginary time axis provide the initial conditions for the forward and backward branch of the Schwinger-Keldysh
real-time contour. For operators residing on the imaginary time axis we may consider the Euclidean correlator
퐷E(퐱, 휏) = ⟨푀(퐱, 휏)푀†(ퟎ, 0)⟩ = 퐷>(퐱,−푖휏). (18)
This correlator is related to the real-time forward correlator via analytic continuation. Due to the compactness of the
imaginary time axis, a theory formulated in Euclidean time, after Fourier transform, only has access to the correlator
on discrete imaginary frequencies, the so called Matsubara frequencies 휔푛 = 2휋푛푇
퐷M(퐱, 휔푛) =
1
2휋 ∫
훽
0
푑휏푒푖휔푛휏퐷E(퐱, 휏). (19)
In addition the KMS relation tells us that the real-time correlators themselves become related to each other via
퐷>(푡, 푡0) = 퐷<(푡 + 푖훽, 푡0). (20)
Out of equilibrium we need to determine the off-diagonal correlators퐷> = 퐷12 and퐷< = 퐷21 separately to compute
휌. Via KMS we learn that 퐷<(휔) = 푒−훽휔퐷>(휔) and already 퐷> suffices.
We can pin down some of the properties of the spectral function in thermal equilibrium by explicitly computing
퐷> and 퐷<, suppressing in the following the spatial dependence. Writing the trace as a sum over a complete set of
eigenstates of the Hamiltonian ⟨푛| and inserting a representation of unity we get
퐷>(푡) = 1
Tr[푒−훽퐻̂ ]
Tr[푒−훽퐻̂푀̂(푡)푀̂†(푡0)] =
1
푍[훽]
∑
푛,푚
푒−훽퐸푛푒푖퐸푛(푡−푡0)푒−푖퐸푚(푡−푡0)|⟨푛|푀̂(푡0)|푚⟩|2, (21)
which subsequently leads to
휌(휔) = 1
푍[훽]
∑
푛,푚
푒−훽퐸푛
[
훿(휔 + 퐸푛 − 퐸푚) − 훿(휔 + 퐸푚 − 퐸푛)
]|⟨푛|푀̂(푡0)|푚⟩|2. (22)
This expression first tells us that the spectral function is anti symmetric around the frequency origin 휌(−휔) = −휌(휔).
As long as the product/contraction of ΓΓ† remains positive (e.g. for Γ푖) and we utilize the same meson operator forcreation and annihilation, 휌 is positive semi-definite for 휔 > 0.
The vector channel spectral function on the other hand may contain both positive and negative contributions. To
see this let us decompose it into its transverse and longitudinal components for general Γ휇Γ휈†
휌휇휈(퐩, 휔) = 푃 휇휈T 휌푇 (퐩, 휔) + 푃
휇휈
L 휌퐿(퐩, 휔), (23)
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where the following projection operators are used
푃 00T = 푃
0푖
T = 푃
푖0
T = 0, 푃
푖푗
T = 훿
푖푗 − 푝
푖푝푗
푝2
, 푃 휇휈L =
푝휇푝휈
푝2
− 푔휇휈 − 푃 휇휈T . (24)
For a particular choice of e.g. 퐩 = (푝, 0, 0) the following relations are obtained
휌T(퐩, 휔) =
1
2
(
휌22(퐩, 휔) + 휌33(퐩, 휔)
)
, 휌L(퐩, 휔) =
휔2 − 푝2
휔2
휌11(퐩, 휔). (25)
This tells us that while 휌T ≥ 0 for positive frequencies, 휌L can become negative below the light cone.Based on the canonical dimension of the naively defined composite meson operators dim[푀] we can deduce the
dimension of 휌. This provides a first guess of how the spectral function behaves at high frequencies, where 휔 is the
dominant scale. I.e.
휌(퐩, 휔) 휔≫퐩∼ 휔훾 , (26)
with 훾 = dim[푀] + dim[푀†] − 4, which for quarkonium mesons turns out to be 훾 = 2. For very heavy quarks the
spectral expression simplifies, since neither quantum fluctuations nor statistical fluctuations are able to spontaneously
produce a 푄푄̄ pair. More concretely one can argue [18], that for 푚푄 ≫ 푇 the large mass of the heavy quarks leadsto a suppression of Boltzmann factors with 퐸푛 or 퐸푚, whenever the intermediate states |푛⟩ or |푚⟩ in the spectraldecomposition contain heavy quarks
휌(휔) = (1 − 푒−훽휔)퐷̃>(휔) = 1
푍
∑
푚,푛
|⟨푚|푀̂|푛⟩|2(푒−훽퐸푚 − 푒−훽퐸푛)훿(휔 − (퐸푛 − 퐸푚)). (27)
In Eq. (22) we have assumed the whole spectrum of the Hamiltonian to be discrete, which is the case when the
theory is e.g. regularized on a finite space-time lattice. Then we understand that 휌 is simply composed of a sum of
delta peaks. A peak exists at a certain frequency if the system Hamiltonian admits an energy level at that value and the
matrix element |⟨푀⟩|2 is non-vanishing. At zero temperature therefore one expects there to be a well defined ground
state peak, clearly separated from higher lying excited states and eventually followed by densely spaced peaks above
the continuum threshold, corresponding to unbound states. In thermal equilibrium, due to the sum over the medium
states |푚⟩, the delta peaks below the threshold can cluster (i.e. the difference between 퐸푛 and 퐸푚 can be small) whichleads to peak structures whose envelope exhibits a finite thermal width.
Well defined peak structures can be related to (quasi-)particle properties. Depending on the relative momentum 퐩
the position of a sharp spectral peak traces out the dispersion relation of that particle. At 퐩 = 0 it is simply the rest
mass of that particle. Its binding energy can be read-off from the distance of the bound state peak from the onset of
the continuum structure. On the other hand the width of a peak is related to its inverse lifetime, as it translates into a
dampening in e.g. the forward correlator 퐷>. At finite temperature a finite thermal width does not necessarily imply
that the state decays via annihilation of the constituent quark antiquark pair. Instead due to energy and momentum
exchange with the medium degrees of freedom the particle may be excited into another state within the same color
channel (singlet or octet) or even outside of that channel, signaling decoherence over time. The information of which
state the particle transitions into however is encoded in higher correlation functions of meson operators and thus cannot
be disentangled from an inspection of the two-point correlator spectral function.
If we consider Γ푉 = 훾휇, the area under the spectral peaks in the corresponding 휌푉 , can be straight forwardly related
to experimentally relevant decay processes involving dileptons [19]. It is exactly the vector current 푗em휇 = 푞푄̄훾휇푄withelectric charge 푞 that couples to the photon field. At 푇 = 0 the prefactor to a spectral delta peak, to first order in QED
perturbation theory, encodes the probability of the bound state to decay to a dilepton pair, via annihilation into a virtual
photon. I.e. the R-ratio of decay into 푒+푒− pairs is given by
푅(푠) = −4휋
2
푠
휌푉 (푠), 푠 = 푘20 − 퐤
2. (28)
In Ref. [20] the decay probability of quarkonium at 푇 = 0 has been connected to a simple picture of a non-relativistic
wavefunction determined by a potential, using the concepts of effective field theories discussed in the next section. The
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strength of spectral features for an individual state is related to the properties of the corresponding radial wavefunction
at the origin.
At finite temperature it is the area under an in-medium spectral feature, weighted by the Bose-Einstein distribution,
which can be related to the dilepton emission rate from fully thermalized heavy quarkonium [21, 22, 23]. In the center
of momentum frame of the emitted dileptons 퐩퓁− = −퐩퓁+ and assuming that the energy of the emitted particles
휔 = 퐸퓁− + 퐸퓁+ is sizably larger than twice their masses one obtains
d푁퓁−퓁+
d4푥 d4푃
= 2푞
2푒4
3(2휋)5휔2
(
1 +
2푚2퓁
휔2
)(
1 −
4푚2퓁
휔2
) 1
2 푛퐵(휔)
[
− 휌푉 (퐩 = 0, 휔)
]
, (29)
where depending on whether charm or bottom quarks are involved the different electric charges 푞푐 = 23 and 푞푏 = − 13need to be taken into account.
Another interesting property is encoded in the spatial component of the vector channel spectral function (i.e. using
Γ = 훾 푖). The spectral structures in the low frequency regime may be related via linear-response theory [24, 25, 26] to
a so called Kubo-formula for the heavy quark diffusion coefficient
퐷푄 =
1
6휒00
lim
휔→0
1
휔
휌푉푖푖 (휔,퐩 = 0), (30)
with 휒00 the quark number susceptibility. Note that the order of limits is important here, first we need to take the
spatial momentum to zero and then inspect the low frequency regime of the spectral function.
Besides encoding the particle content of a theory, spectral functions serve another important technical role. They
allow us to relate the many different correlators introduced above via appropriate integral transformations. In particular
it turns out that the correlator formulated in imaginary time is governed by the same spectral function as the real-time
correlator. This fact will become essential when trying to extract real-time information from numerical lattice QCD
simulations later on.
The first relation we consider is that between the spectral function and the Matsubara correlator
퐷푀 (퐩, 휔푛) = ∫
∞
−∞
푑휔
휋
휌(퐩, 휔)
휔 − 푖휔푛
= ∫
∞
0
푑휔
휋
2휔휌(퐩, 휔)
휔2푛 + 휔2
. (31)
In the second step the antisymmetry of the spectral function has been used. Since the integral kernel here only decays
with 1∕휔, one has to make sure that the correlation function is still well defined, given the canonical dimension of the
spectral function. That means that in practice UV divergent contributions to the spectral functions need to be subtracted
for Eq. (31) to make sense. Note that this spectral decomposition also tells us that while the Euclidean formulation
of thermal field theory does not have access to the values of 퐷푀 in between the Matsubara frequencies, they are welldefined. Using the analytic continuation of the spectral decomposition we may obtain expressions for the retarded and
advanced correlators
퐷푅∕퐴(퐩, 푝0) = ±푖∫
∞
−∞
푑휔
휋
휌(퐩, 휔)
푝0 − 휔 ± 푖휖
= ∓푖퐷푀 (퐩, 푖(푝0 ± 푖휖)). (32)
To arrive at the correlator in Euclidean time, the Fourier series over Matsubara frequencies needs to be carried out.
Using the relation
1
훽
∑
푛
푒푖휔푛휏
휔 − 푖휔푛
= 푒
−휔휏
1 − 푒−훽휔
, (33)
one obtains the following spectral decomposition
퐷퐸(퐩, 휏) =
1
휋 ∫
∞
−∞
푒−휏휔
1 − 푒−훽휔
휌(퐩, 휔) = 1
휋 ∫
∞
0
cosh(휔(휏 − 훽∕2))
sinh(휔훽∕2)
휌(퐩, 휔), (34)
where in the second line we have used the antisymmetry of the of the meson spectral function. The finite temperature
kernel diverges as 휔 → 0, which is a manifestation of the fact that the spectral function is antisymmetric and thus
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has to vanish at the origin. It also reduces to a simple exponential falloff at vanishing temperature. Note that in case
of the Matsubara correlator, the integral kernel itself is not temperature dependent, while the kernel of the Euclidean
correlator is.
Now that we have summarized the formal relations between different correlators and the spectral function, let us
consider the non-interacting limit as an annalytically accessible example [27, 28]. Due to asymptotic freedom in QCD,
this limit agrees with the infinite temperature limit. Since at high temperatures binding of quarks into bound states
will be impossible the expectation is that only the continuum persists above 휔 > 2푚푄. Thus contrary to a single-particle spectral functions that exhibit a simple delta peak at the mass of the quantum field, the free meson spectral
function shows a non-trivial broad structure at high frequencies. In addition it can also feature a remnant structure at
low frequencies related to the transport peak in an interacting theory. At vanishing momentum the explicit form reads
휌Γ(휔, 푇 ) =
푁푐
8휋2
Θ(휔2 − 4푚2)휔2 tanh
( 휔
4푇
)√
1 −
(2푚
휔
)2
⋅
[
푎Γ +
(2푚
휔
)2
푏Γ
]
+
푁푐
3
푇 2
2
푓Γ 휔 훿(휔) , (35)
where the coefficients 푎Γ, 푏Γ and 푓Γ take on specific values for different channels. At asymptotically high energies mostchannels, including the vector and axial vector one show the scaling 휌(휔) ∼ 휔2 expected from dimensional grounds.
Only for Γ = 훾0 and 훾0훾5 a cancellation occurs and the dependence on 휔 drops out.At vanishing frequencies a remnant of the physics below the light cone persists in the form of a delta peak in
the vector and axial vector channel, which would correspond to an infinite diffusion constant. At finite coupling it is
expected that both channels contain a washed out counterpart of this delta peak close to zero frequencies. This is the
transport peak related to heavy quark diffusion. Modeling its shape based on Brownianmotion and a Langevin equation
[26] predicts a Breit-Wigner form, where the width of the peak is inversely proportional to the diffusion constant 퐷.
Note that an explicit delta peak at the origin leads to a constant contribution in the Euclidean correlator, which, as
we will discuss later may lead to complications in the extraction of spectral functions from lattice QCD simulations.
In contrast the constant 푓Γ vanishes for the scalar and pseudoscalar channel. In turn it is expected that also in theinteracting theory these channels do not contain a transport peak.
Summary: Quarkonium particles in quantum field theory are described by local meson current correlators, dif-
ferent combinations of which can be formally constructed. All particles with quantum numbers compatible with
those selected by vertex operators Γ contribute to such a meson correlator. We can relate different correlators (re-
tarded, Matsubara, etc.) to a common spectral function 휌 via integral transforms. Expressed in relative momentum
and relative frequency 휌(퐩, 휔) encodes bound state particles as peaked features and in turn allows us to read-off
their masses, binding energies and lifetimes. At large frequencies the spectral function exhibits a continuous
structure related to unbound pairs, which in most channels diverges with 휔2 in accordance with dimensionality.
Some channels, such as the vector channel, at vanishing spatial momentum also contain an additional structure
close to 휔 = 0 related to the diffusion of heavy quarks, the so called transport peak.
2.2. Effective field theories of heavy quarkonium
In this section we review how the separation between energy scales in the quarkonium system allows us to sim-
plify its description with non-relativistic language. To this end we will consider the two effective field theories Non-
relativistic QCD (NRQCD) [29] and potential NRQCD (pNRQCD) [30], which have found various applications in the
study of in-medium heavy quarkonium. For a pedagogical introduction to the general concept of EFT’s see e.g. [31],
to NRQCD at 푇 = 0 in particular e.g. Ref. [32]. A comprehensive review of both NRQCD and pNRQCD can be
found in Ref. [33].
Heavy quarkonium is exceptional among mesons, as the masses of charm and bottom quarks arrange ideally so
that a hierarchy of well separated scales emerges
푚푄 ≫ 푚푄푣 ≫ 푚푄푣
2, 푚푄 ≫ ΛQCD ∼ 0.2 − 0.5GeV, 푚푄 ≫ 휖medium . (36)
Let us consider the characteristic relative velocity of the heavy quark within a bound state 푣 = |퐩|∕푚푄. Attributingthe mass splitting of e.g. the lowest lying bottomonium and charmonium S-wave states of roughly Δ ∼ 500MeV to
the average kinetic energy available ⟨푚푄푣2⟩ it follows [34] that ⟨푣2푏⟩ ≈ 0.1 and ⟨푣2푐⟩ ≈ 0.3. In turn we find that the socalled hard scale 푚푄 of the rest mass lies well above the soft scale 푚푄푣, which is related to the momentum exchangedbetween the quark antiquark pair. For systems that permit a perturbative description, it can be shown that the soft
Alexander Rothkopf: Preprint submitted to Elsevier Page 12 of 129
Heavy Quarkonium in Extreme Conditions
scale is related to the inverse Bohr radius of the bound state. At even lower energies one finds the ultrasoft scale 푚푄푣2related to the binding energy of the two-body system. In addition, the rest mass is much larger than the intrinsic scale of
quantum fluctuations in QCD, ΛQCD. We will later on consider quarkonium in a heavy-ion collision, where at currentcollider facilities temperatures up to around 푇 ≈ 0.6GeV have been achieved. We may thus for the time being assume
another separation of scales to hold, i.e. between the heavy quark mass and the characteristic energy density of the
environment 휖medium.At asymptotically high temperature another scale hierarchy emerges (for a more detailed discussion see e.g. [35]),
involving the temperature 푇 and the QCD coupling 푔
푇 ≫ 푔푇 ≫ 푔2푇 ≫ 푔4푇 . (37)
In this weak-coupling context at the scale 푔푇 color electric fields begin to be screened within the thermal medium.
Thus 푔푇 ∼ 푚퐷 is related to the concept of the electric or Debye screening mass of gluons. The next lower scale is
푔2푇 , where also color magnetic fields become screened. The physics of magnetic screening even at high temperatures
is genuinely non-perturbative. The lowest of the scales 푔4푇 is the scale of the inverse mean free path at which a
hydrodynamic long-wavelength description of the thermal medium becomes viable.
When considering effective field theory descriptions for quarkonium in a thermal medium we will have to deal
with the confluence of many of the scales listed above. While at high temperatures their separation is often apparent,
in the non-perturbative context of quarkonium in heavy-ion collisions they may become entangled and care must be
taken to ensure that scale separation arguments hold.
In general, effective field theories exploit hierarchies of scales in a systematic fashion in order to simplify the
description of physical processes relevant to the user. In the context of heavy quarkonium we are e.g. interested in
learning about whether a quark antiquark pair immersed into a hotmedium can form a bound state or at least temporarily
coalesce into a resonance. To understand the binding properties of such a two-body system, we are not concerned with
how the heavy quark pair came into being in the first place. This is where EFT’s play their strength: instead of having
to deal with the whole intricacies of relativistic Dirac spinor fields we will see that the physics of bound state formation,
involving energies at the order of the binding energy of such a state can be described instead by non-relativistic Pauli
spinors. The physics of heavy quark creation and annihilation at a much higher energy scale in this sense is not relevant
and thus not treated explicitly, it is said to be integrated out.
In order to set up an EFT description of heavy quarkonium four steps are required:
A. Identify the energy scale of interest
B. Identify the degrees of freedom relevant at that energy scale
C. Construct the most general Lagrangian from these d.o.f. compatible with the symmetries of underlying QCD.
Assign each term an in general complex prefactor, a Wilson coefficient.
D. Determine the values of the Wilson coefficients by matching
2.2.1. Non-relativistic QCD
To understand the basic ingredients of the construction of the effective field theory NRQCD, let us start out by
considering processes that occur below some energy ΛEFT scale which itself lies firmly below the hard scale 푚푄 (A).I.e. the energies of the quark and gluon fields involved are smaller than what is necessary to create a heavy quark anti-
quark pair. Since pair creation is a hallmark of relativistic field theory, its absence intuitively tells us that eventually
a simpler non-relativistic description should emerge. To proceed one needs to determine what degrees of freedom
are relevant in such as scenario (B). The Foldy-Tani transform [36, 37], known from the derivation of the relativistic
corrections of the hydrogen atom, proves helpful in this context. Starting out from the relativistic Dirac Lagrangian
(where for the time being explicit factors of c have been reinstated)
푄̄(푥)
(
푖훾휇퐷휇 − 푚푐
)
푄(푥) (38)
with 퐷휇 = 휕휇 + 푖푔푐 퐴휇, one introduces a unitary field redefinition
푄 = exp
[
− 푖
2푚푄푐
훾 푖퐷푖
]
푄1(푥), (39)
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in the form of an exponential, which contains a small dimensionless expansion parameter due to푚푄 in the denominator.A subsequent second field redefinition of the form
푄1 = exp
[ 푔훾0훾푖
4푚2푄푐3
퐸푖
]
푄2, (40)
with퐸푖 = 퐹0푖, the electric field, defined via the temporal components of the field strength tensor 퐹휇휈 = 휕휇퐴휈−휕휈퐴휇+
푖푔
푐
[
퐴휇, 퐴휈
], then leads to the following [38] approximate Dirac Lagrangian
푃 = 푄̄2(푥)
[(( 1 0
0 −1
)
퐷0 − 푚푐
)
+ 1
2푚푄푐2
(
휎푖 0
0 휎푖
)
퐵푖 +
1
2푚푄푐
퐷2푖
]
푄2(푥) + (1∕푚2푄). (41)
This Lagrangian is the Pauli Lagrangian familiar from non-relativistic quantum mechanics, where to the order in the
expansion considered here, the upper and lower components of the original Dirac four spinor푄 = (휓, 휒) are completely
decoupled. Since the rest mass only enters as a constant it too can be eliminated by a field redefinition. No pair creation
processes are possible at this stage. I.e. we conclude that as long as the rest mass of the quarks is much larger than the
characteristic canonical momentum 퐷푖∕푚푄푐 ≪ 1 Pauli spinors should provide us with an appropriate set of degreesof freedom.
In order to construct the most general Lagrangian of Pauli spinors (C) a consistent power counting scheme needs to
be developed. Two strategies have been followed in the literature. On the one hand an expansion formulated in powers
of "ΛEFT∕푚푄" has lead to heavy-quark effective theory (HQET) (for a review see [39]), which has been successfullydeployed in the study of heavy-light particles, such as B and Dmesons. On the other hand NRQCD has been developed
based on organizing the expansion in the dimensionless small parameter 푣, the relative heavy quark velocity. At the
lowest orders it agrees with the Foldy Tani result but allows to systematically extend the series to higher orders,
eventually reproducing the QCD Dirac Lagrangian. Its lowest order terms read explicitly for the 휓 component
휓 = 휓†
{
푖퐷0 +
푐(1)푘
2푚1
퐃2 +
푐(1)4
8푚31
퐃4 +
푐(1)퐹
2푚1
흈 ⋅ 푔퐁 +
푐(1)퐷
8푚21
(퐃 ⋅ 푔퐄 − 푔퐄 ⋅ 퐃) + 푖
푐(1)푆
8푚21
흈 ⋅ (퐃 × 푔퐄 − 푔퐄 × 퐃)
}
휓.
(42)
The NRQCD action for the anti-quark field 휒 is obtained from the charge conjugation of 휓 with 휓푐 = −푖휎2휒∗ and
퐴푐휇 = −퐴
푡
휇, as antiquarks transform under the ퟑ̄ representation of 푆푈 (3).Note that each term has been assigned a complex valued prefactor 푐푖, a so called Wilson coefficients. These playan important conceptual and practical role in the construction of an EFT. Since we include in the EFT only d.o.f. with
energies at or below ΛEFT the remnants of the physics of those d.o.f. at higher energies must be able to manifest itself.This is where Wilson coefficients come into play (for the underlying theory of the renormalization group see [40]). For
the EFT to reproduce the physics of QCD faithfully belowΛEFT theWilson coefficients need to be tuned in a procedurecalled matching (D). I.e. one computes correlation functions of heavy quark fields both in QCD and the EFT and then
require that they agree at energies below ΛEFT. In addition the symmetries of the microscopic theory provide aprioriconstraints on some of them. E.g. Lorentz invariance subtly reappears in NRQCD as the constraints 푐푘 = 푐4 = 1 and
2푐퐹 − 푐푆 − 1 = 0. If ΛEFT ≫ ΛQCD the matching procedure can be carried out perturbatively, otherwise it requiresfully non-perturbative methods, such as lattice QCD simulations, discussed in the following section.
Equation (42) however is not yet all that contributes to the heavy quark dynamics at order 푣2. Indeed somehow the
the pair creation processes eventually need to find their way back in, if NRQCD is a systematic approximation of QCD.
This is taken care of by the contributions of additional color singlet and color octet four-fermion interaction terms,
휓휒 = 푓1(
1푆0)
푚2푄
휓†휒휒†휓 +
푓1(3푆1)
푚2푄
휓†휎휒휒†휎휓 +
푓8(1푆0)
푚2푄
휓†푇 푎휒휒†푇 푎휓 +
푓8(3푆1)
푚2푄
휓†푇 푎휎휒휒†푇 푎휎휓, (43)
whose prefactors encode the physics of gluons with energies of the order of the hard scale. Similarly the Fermi constant
encodes the explicit physics of the weak gauge bosons. One should keep in mind that to consistently formulate NRQCD
also the light degrees of freedom in QCD need to be restricted in their energy belowΛEFT. In turn additional interactionterms appear also for the light quarks and gluons, each with their ownWilson coefficient, which however are suppressed
by inverse powers of the EFT cutoff scale.
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At least for bottom quarks, a perturbative determination of the Wilson coefficients is often possible, which tells us
that the 푐푖’s within Eq. (42) start at unity and the first correction goes linearly in the strong coupling 푐 = 1 + (훼푆 )including, as expected, logarithmic dependencies on the EFT cutoff. Most of the 푓 ’s in Eq. (43) start out at (훼2푆 )except for the octet 푓8(3푆1), which goes as (훼푆 ).When speaking about NRQCD one always refers to a specific cutoff ΛQCD. Once we change its value, in principle,all Wilson coefficients need to be reevaluated to produce a consistent effective description.
InQCD, quarkonium particles are described by correlation functions ofmeson operators as discussed in Section 2.1.
Using a similar stratgey as the Foldy-Tani transform in the Lagrangian, the form of the NRQCD counterparts of these
operators can be derived. In the spirit of EFTs each term in the expansion is assigned a Wilson coefficient. For the
vector and axial vector channel the explicit expressions read
푀V푘 = 푏
V
1
(
휓†휎푘휒
)
−
푏V2
6푚2푄
[
휓†휎푘
(
− 푖
2
↔
푫
)2휒] + (퐷4
푚4푄
)
, 푀AV푘 =
푏AV1
푚푄
[
휓†
(
− 푖
2
↔
푫 ×휎
)
퐤휒
]
+ ( 퐃ퟑ
퐦ퟑ퐐
)
,
(44)
where the symmetric covariant derivative reads 휓† ↔푫 휒 ≡ 휓†(퐃휒) − (퐃휓)†휒 .
How does the behavior of non-relativistic correlators differ from that of their QCD counterparts and in consequence
what are the corresponding differences in the underlying spectral functions? Intuitively what we have done in setting
up NRQCD is to separate the forward and backward propagating contributions to the spectral function in Eq. (22).
I.e. similar to what happens when one introduces a large chemical potential for the heavy quark fields, only spectral
structures at positive frequencies contribute. In addition we introduced a field redefinition with a phase exp[−푖푚푄푡]to get rid of the rest mass term in the NRQCD Lagrangian. This in turn leads to a frequency shift of 2푚푄 in theNRQCD quarkonium spectral function. I.e. the frequency origin of the NRQCD spectral function lies at the former
threshold 2푚푄 and a spectrum of bound states can now in principle extend to negative frequencies in this new coordinatesystem. The transport peak itself is not encoded anymore in these spectra. This leads to a simplification in the spectral
representation, in particular when considering the in-medium Euclidean correlator, which is now connected to the
equilibrium spectral function by a temperature independent integral kernel
퐷NRQCD퐸 (휏) = ∫
ΛEFT
0>휔min≫−2푚푄
푑휔
2휋
푒−휔휏휌(휔). (45)
Note that even though this correlator does not feature the periodicity usually associated with thermal relativistic cor-
relators, it encodes the physics of a quarkonium particle fully kinetically equilibrated with its surroundings.
Let us have a look at the explicit form of the S-wave and P-wave quarkonium correlators in the non-interacting
theory [41]. They differ in that the vertex operator of the latter introduces additional factors of the momentum operator
퐷f reeNRQCDS−wave (휏,퐩) = 2푁푐 ∫ 푑
3푞
(2휋)3
푒−(퐸퐪+퐸퐩+퐪)휏 =
푁푐
4휋3∕2
푒−휏푝
2∕4푀
(푀
휏
)3∕2, (46)
퐷f reeNRQCDP−wave (휏,퐩) = 2푁푐 ∫ 푑
3푞
(2휋)3
(퐪 + 퐩∕2)2푒−(퐸퐪+퐸퐩+퐪)휏 =
3푁푐
8휋3∕2
푒−휏푝
2∕4푀
(푀
휏
)5∕2. (47)
This translates [42] into the non-interacting spectral functions
휌f reeNRQCDS−wave (휔,퐩 = 0) = 4휋푁푐 ∫ 푑
3푞
(2휋)3
훿(휔′ − 2퐸퐪) =
푁푐
휋
푀3∕2(휔′)1∕2Θ(휔′), (48)
휌f reeNRQCDP−wave (휔,퐩 = 0) = 4휋푁푐 ∫ 푑
3푞
(2휋)3
퐩2훿(휔′ − 2퐸퐪) =
푁푐
휋
푀5∕2(휔′)3∕2Θ(휔′), (49)
where the finite momentum simply induces a shift of the threshold 휔′ = 휔 − 퐩2∕4푀 . In contrast to the relativistic
spectral functions the high frequency behavior now differs between the S-wave and the P-wave, the latter containing a
much stronger contribution at high frequencies. Note also that the free spectra start off from 휔 = 0, which corresponds
to the threshold 2푚푄 in the original unshifted frequency axis of QCD.The specific properties of the medium so far did not occur in the discussion of the setup of NRQCD. As long as
ΛEFT ≥ 푇 , which is the case in current studies of heavy quarkonium, this is fine, since only the separation of scale
푚푄 ≫ ΛEFT has been exploited in setting up the EFT.
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2.2.2. Potential Non-relativistic QCD
If quarkonium binding properties determined by the physics at the ultrasoft scale are our only concern, then
NRQCD still contains more explicit d.o.f. than necessary. I.e. we can set the energy cutoff below the characteris-
tic momentum 푚푄푣 ∼ |퐩| > ΛEFT and wish to integrate out those d.o.f. that cannot be excited spontaneously above
퐸 ∼ 푚푄푣2. The resulting EFT is called potential NRQCD, where the term potential formally refers to non-localWilson coefficients, which are a hallmark of how pNRQCD describes heavy quarkonium physics.
The characteristic scale of quantumfluctuations inQCDΛQCD lies in between the various values of binding energiesof different vacuum quarkonium states. At the same time the temperatures created in relativistic heavy-ion collisions
can also easily reach the same magnitude. Therefore both selecting the relevant degrees of freedom and the matching
of the corresponding Wilson coefficients differs, depending on the exact hierarchy of scales present. In case that
푚푄푣 ≫ ΛQCD where a perturbative approach to integrating out the soft scale is applicable, the setup of pNRQCD hasbeen thoroughly established. In the non-perturbative regime an equally robust understanding is still outstanding and
remains an active field of research.
Let us briefly summarize the most important ingredients to weakly coupled pNRQCD. In contrast to NRQCD, one
now consider two cutoffs, one for the relative spatial momentum 푚푄 > Λ|퐩|EFT > 푚푄푣, which is the same as in NRQCDand one for the energy of the heavy quarks which is now restricted to 푚푄푣 > Λ퐸EFT. One further assumes that therelevant d.o.f. are again quarks and gluons, i.e. the actual particle content remains the same between NRQCD and
weakly coupled pNRQCD.
While one could stay with the field 휓 and 휒 , it turns out that in order to write the pNRQCD Lagrangian in an
intuitive fashion and to establish a systematic power counting, it is helpful to go over to what in this context is called
a quarkonium wavefunction
Ψ(퐱1, 퐱2, 푡)푎푏 ∼ 휓(퐱1, 푡)푎휒†(퐱2, 푡)푏, (50)
given by a point split product of NRQCD fields. Both the color structure and the spatial dependencies of this object
may now be decomposed leading to an expression in terms of a color singlet 푆(퐫, 퐬, 푡) and color octet wavefunction
푂(퐫, 퐬, 푡)
Ψ(퐱1, 퐱2, 푡) = Ψ(퐫, 퐬, 푡) = (51)
[exp{푖푔 ∫ 퐱2퐱1 퐀푑퐳
}]
]푆(퐫, 퐬, 푡) + [exp{푖푔 ∫ 퐱1퐑 퐀푑퐳
}]
푂(퐫, 퐬, 푡)[exp{푖푔 ∫ 퐑퐱2 퐀푑퐳
}]
. (52)
The appropriate choice of quark mass to use in these expressions is an active research topic, having lead to the definition
of the renormalon subtracted mass [43]. This form of Ψ(퐫, 퐬, 푡) is advantageous, since the different transformation
properties of 푆 and 푂 under color rotations induced by ultrasoft gluons are explicit. At the same time Λ푝EFT > Λ퐸EFTtranslates into the fact that relative distances 퐫 are always smaller than the the typical length scales of the light degrees of
freedom. In turn the gauge fields that remain active as explicit degrees of freedom in pNRQCD enter the Langrangian
via a multipole expansion.
Themost general combination of color singlet and color octet heavy quarkwavefunctions in the presence of ultrasoft
light degrees of freedom can thus be written as
퐿pNRQCD = ∫ 푑3퐫Tr
[
푆†
[
푖휕0 −
({
푐푆1 (푟),
퐩2
2휇
}
+ 푐푆2 (푟)
퐏2
2푀
+ 푉 (0)푆 +
푉 (0)푆
푚푄
+
푉 (1)푆
푚2푄
)]
푆
+푂†
[
푖퐷0 −
({
푐푂1 (푟),
퐩2
2휇
}
+ 푐푂2 (푟)
퐏2
2푀
+ 푉 (0)푂 +
푉 (0)푆
푚푄
+
푉 (1)푆
푚2푄
)]
푂
]
+푉퐴(푟)Tr
[
푂†퐫푔퐄푆 + 푆†퐫푔퐄푂
]
+ 푉퐵(푟)Tr
[
푂†퐫푔퐄푂 + 푂†푂퐫푔퐄
]
+ (푟2, 1
푀3
)
, (53)
with 휇 = 푚푄∕2 the reduced mass and 푀 = 2푚푄 the total mass of the two heavy quarks. The nonlocal Wilsoncoefficients 푉 can carry a dependence on both the relative distance 퐫 the corresponding relative momentum 퐩, the
center of mass momentum 퐏, as well as the spin operators of both quark and antiquark 퐒1 and 퐒2.
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Let us have a look at the form of this Lagrangian. On the one hand Eq. (53) exhibits the simple form of a Schrödinger
Lagrangian in the first two lines, telling us that the evolution of the singlet and octet wavefunctions are governed by
a potential. The terms 푉 (0)푆,푂 refer to static potentials, which act even in the case of static quarks. The other terms aremomentum and spin dependent corrections to these static potentials. On the other hand we are dealing with a genuine
field theory here in which ultrasoft gluons are still contributing. Their influence is seen in the third line, inducing
dipole-like transitions between the color singlet and color octet states and also within the color octet states. I.e. in
pNRQCD even for static quarks, singlet and octet quarkonium states do not automatically evolve separately with a
simple Schrödinger equation. As we will see later, we may however find situations where the effects of the dipole
exchange can be summarized by a time independent contribution to the in-medium potential.
We must now answer the question how to determine the values of the potential terms. For the implementation of
direct perturbative matching of pNRQCD using resummed hard-thermal loop perturbation theory see Ref. [44].
One versatile strategy for matching is to relate the potential terms to expressions involving the real-time QCD
Wilson loop
푊□(푟, 푡) = exp[푖푔 ∮푟×푡 퐴휇푑푧휇], (54)
where the gauge field is integrated over a rectangular path with spatial extent 푟 and temporal extent 푡. The starting
point is to consider the correlator of point split meson operators, the NRQCD counterpart to the pNRQCD correlator
of singlet wavefunctions.⟨
∫ [푆,푂]푆(푥1, 푥2)푆†(푦1, 푦2)푒푖푆pNRQCD
⟩
medium
(55)
=
⟨
∫ [휓, 휒]Trcolor
[
휓†(푥1)푈 (푥1, 푥2)휒(푥2)휒†(푦2)푈 (푦2, 푦1)휓(푦1)
]
푒푖푆NRQCD
⟩
medium
(56)
=
⟨
퐺휓 (푦1, 푥1)푈 (푥1, 푥2)퐺휒 (푥2, 푦2)푈 (푦2, 푦1)
⟩
medium . (57)
Since the NRQCDLagrangian is quadratic in the heavy quark fields, the path integral has been performed in the second
line and one ends up with expressions in terms of heavy quark and antiquark propagators.
The propagator 퐺휓 (푥, 푦) = ⟨휓†(푥)휓(푦)⟩ is defined using the NRQCD Lagrangian in the standard way. If 휓 =∫ 푑푥 ∫ 푑푦휓†(푥)퐾(푥, 푦)휓(푦) then
∫ 푑푧퐾(푥, 푦)퐺휓 (푦, 푧) = 훿4(푥 − 푦) (58)
and vice versa for 퐺휒 . The form of G can be determined explicitly in the static case(
푖휕0 − 푔퐴0(푥)
)
퐺휓 (푥, 푦) = 훿(4)(푥 − 푦), ⇒ 퐺(푥, 푦) = 훿(3)(퐱 − 퐲)휃(푡푥 − 푡푦)exp
{
푖푔 ∫
푡푦
푡푥
퐴0(푠)푑푠
}
, (59)
where it reduces to a temporal Wilson line and in turn Eq. (57) reduces to the Wilson loop. At the same time in
pNRQCD at zeroth order in the multipole expansion one obtains a simple exponential in the static limit. Singling out
the ultrasoft energy regime by considering late times, we may formally write⟨
∫ [푆,푂]푆(푥1, 푥2)푆†(푦1, 푦2)푒푖푆pNRQCD
⟩
medium
= 푍0푠 (푟)훿
(3)(퐱1 − 퐲1)훿(3)(퐱2 − 퐲2)exp
[
− 푖푡푉 (0)푆 (푟)
] (60)
푡≫1∕Λ퐸EFT=
⟨
훿(3)(퐱1 − 퐲1)훿(3)(퐱2 − 퐲2)Tr[푊□]
⟩
medium . (61)
In turn we may connect the late time behavior of the real-time Wilson loop with the values of the static heavy quark
potential
푉 (0)푆 (푟) = lim푡→∞
푖휕푡푊□(푟, 푡)
푊□(푟, 푡)
. (62)
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Figure 4: Overview of the different scales and corresponding EFT constructions used in the study of heavy quarkonium.
The underlying theory of QCD is valid at any energy scale, its regularization on a lattice introduces an infrared and UV
cutoff given by the physical lattice volume and the lattice spacing respectively. In NRQCD both medium d.o.f. and
heavy quarks are integrated out down to momenta below 푚푄. The active d.o.f. freedom are thus soft gluons and Pauli
spinors. The lattice implementation is formulated also in Pauli spinors with appropriate Wilson coefficients capturing the
physics of the medium d.o.f. above 푎−1푠 . In pNRQCD the second energy cutoff now reaches down below 푚푄푣, below
which wavefunctions and ultrasoft medium d.o.f. are active. In the current lattice implementation no active medium d.o.f.
remain above ΛIR and the gluons and light quarks on the lattice are used to compute the non-local Wilson coefficients.
Before we turn our attention to the evaluation of this expression a few remarks are in order. First of all Eq. (62) required
us to stay within the lowest order of the multipole expansion. It is not apriori clear whether this approximation is
justified and its validity has to be ascertained depending on e.g. the energy density of the medium surrounding the
heavy quark fields. In contrast to the definition of the heavy quark potential often encountered in the lattice QCD
literature Eq. (62) is formulated in Minkowski time and not in imaginary time. I.e. the Wilson loops are oscillatory
functions with a real and an imaginary part and thus the value of the potential 푉푆 can be in general complex.Up to this point we have only considered the static potential for the singlet. Note that matching of the octet potential,
as well as momentum dependent and spin dependent corrections is in principle possible. Following e.g. Ref. [38]
one can derive expressions for these potentials by rewriting the propagator 퐺 in terms of a non-relativistic quantum
mechanical path integral. In vacuum several finite mass correction terms to the singlet potential have already been
determined in lattice QCD in Refs. [45, 46] and a non-perturbative definition of a color adjoint potential has been
discussed in Ref. [47]. Similar results at finite temperature are however still outstanding.
In the following section we will turn our attention to lattice QCD simulations, which will provide us with the means
to compute the potential and meson correlation functions in general in a genuinely non-perturbative fashion.
Summary: The natural hierarchy of scales within quarkonium 푚푄 ≫ 푚푄푣 ≫ 푚푄푣2 as well as the fact that
푚푄 ≫ ΛQCD and in practice 푚푄 ≫ 휖medium allow us to simplify the description of quarkonium using non-relativistic language. In the EFT NRQCD the hard scale is integrated out and the relevant d.o.f. are Pauli spinors.
In pNRQCD also the soft scale is integrated out. As long as the same relevant d.o.f. can be identified as in
NRQCD, one may straightforwardly go over to a description in terms of color singlet and octet wavefunctions
whose Lagrangian contains non-local Wilson coefficients called potentials. The propagation of these wavefunc-
tions is determined by both potential and non-potential contributions. If the former dominate we can match the
values of the static potential to the late time evolution of the real-time Wilson loop in QCD. The different energy
scales, as well as the corresponding EFT setups are sketched in Fig. 4.
2.3. Lattice QCD
In this sectionwe summarize relevant ingredients to non-perturbative numerical simulations of quarkonium physics,
based on lattice regularized QCD. Several excellent textbooks provide a comprehensive introduction to this field
[48, 49, 50]. The need for genuine non-perturbative methods in the study of quarkonium in extreme conditions is
twofold. On the one hand, already at 푇 = 0 the physics of most quarkonium states, in particular charmonium, cannot
be reliably captured using perturbation theory. On the other hand when we wish to understand heavy quark binding in a
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heavy-ion collision, the temperatures encountered at today’s colliders are so close to the QCD crossover transition that
a non-perturbative approach to the quark and gluon d.o.f. in the quarkonium environment is warranted. One indication
is the large value of the trace anomaly, also called the interaction measure, in that temperature region [51, 52].
The starting point for lattice QCD is the discovery of Wilson [53] that QCD can be regularized in a gauge invariant
manner by placing its d.o.f. on a compact four dimensional spacetime grid 푁푥 ×푁푦 ×푁푧 ×푁푡 with lattice spacing
푎휇. Most often isotropic 푎휇 = 푎 lattices are considered, but also anisotropies in temporal direction are used in practicewith 푎0 = 푎푡 and 푎푖 = 푎푠. Discretized fermion fields 휓푎,훼(퐱) reside on the nodes of the grid. The role of gauge fieldsas parallel transporters for the quarks d.o.f. is made explicit and they are placed on the links of the lattice in the form
of so called link variables 푈휇(퐱) = exp[푖푔퐴휇푐 (퐱)푇푐푎휇] where no summation over 휇 is implied. These take on values in
the group of 푆푈 (3), while the gauge fields 퐴휇푐 (퐱)푇푐 are elements of the generator algebra spanned by the Gell-Mannmatrices 휆푐∕2 = 푇푐 . The finite lattice spacing introduces a UV cutoff, the finite box size an IR cutoff in the availablemomenta. The eigenvalues of the momentum operator corresponding to the central finite difference hence become
푝̃푖 =
2
푎푠
sin
(휋푛푗
푁푠
)
, −푁푠∕2 < 푛푖 ≤ 푁푠∕2. (63)
As the number of degrees of freedom is finite, the corresponding Feynman path integral is well defined. In turn corre-
lation functions that exhibit divergences in continuum computations also come out finite. In particular, the quarkonium
spectral functions defined in Section 2.1 consist of only a finite number of delta peaks. The challenge of course lies in
eventually having to take the continuum limit 푎 → 0 and the thermodynamics limit 푉 → ∞ to recover the continuum
theory of QCD. It is at latest at this point where a careful consideration of the renormalization of lattice regularized
operators becomes essential.
In the coordinate space regularization it is possible to set up a numerical simulation prescription, which approxi-
mates Feynman’s path integral in a non-perturbative fashion. There however exists an important restriction. While we
wish to compute real-time correlation functions and the associated spectral functions on the real-time branches 1 and2 of the SK contour, conventional lattice QCD simulations have access only to the compact imaginary time branch퐸 . On it, bosonic fields, according to the KMS relation, have to obey periodic boundary conditions in 휏, fermionicfields anti-periodic ones. I.e. while the finite extent of the box in spatial direction is a discretization artifact, the finite
extent in imaginary time direction encodes vital physics, i.e. the inverse temperature of the system under consideration.
Since the box extent in a numerical simulation is always finite, lattice QCD simulations are always performed at a finite
temperature. In what is called a 푇 = 0 simulation the Euclidean time extent is made large enough that the induced
temperature is negligible.
Analytically continuing real-time 푡 to Euclidean time 휏 we may express the partition function of the theory as
푍 = ∫ [푈 ]∫ [휓, 휓̄, 푄, 푄̄]푒−푆퐸 , (64)
where 푆퐸 denotes the Euclidean QCD action and 퐷푈 represents the Haar measure integrating over the link variablesin 푆푈 (3) group space. The reason for restricting to 퐸 lies in the fact that only on the imaginary time axis the Feynmanweight exp[푖푆] becomes purely real and bounded. In turn exp[−푆퐸]may be interpreted as an unnormalized probabilitydistribution, opening up the toolbox of stochastic Monte-Carlo simulations. This provides a practical path to evaluate
the quantum statistical expectation values of operators
⟨푂(휏1, 휏2,…)⟩ = 1푍 Tr[푒−훽퐻 푂̂(휏1, 휏2,…)] = 1푍 ∫ [푈 ]∫ [휓, 휓̄, 푄, 푄̄]푂(푈,휓, 휓̄, 푄, 푄̄; 휏1, 휏2,…)푒−푆퐸 .
(65)
The efforts related to simulating directly in real-time, as well as at finite Baryon density, both of which leads to a
complex Feynman weight, are summarized under the label sign problem (for a review see e.g. Ref. [54]).
The Euclidean action contains a term for the gauge fields and for the fermion degrees of freedom 푆퐸 = 푆푔퐸 +
푆푓퐸 . Many different implementations are possible in the discretized theory, all of which lead to the same continuumlimit. The choice of discretization however determines how efficiently this limit is approached as the lattice spacing
is reduced. Better convergence usually requires adding further terms to so called improved actions, increasing the
numerical cost for their evaluation. The most naive choice for the gluons is the Wilson plaquette action, which for
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anisotropic lattices [55] reads
푆푔퐸 =
훽
푁푐
∑
퐧
4∑
푖=1
∑
푗<푖
( 1
휉0
ReTr[1 − 푈푖푗(퐧)] + 휉0ReTr[1 − 푈0푖(퐧)]
) (66)
The vectors 퐧 = (푥∕푎푠, 푦∕푎푠, 푧∕푎푠, 휏∕푎휏 ) and 퐦 denote the position on the four dimensional grid, the vectors 퐡 =
(푥∕푎푠, 푦∕푎푠, 푧∕푎푠) and 퐥 the spatial part. The central quantities 푈휇휈(퐧) = 푈휇(퐧)푈휈(퐱 + 휇̂)푈†휇 (퐧 + 휈̂)푈†휈 (퐧) are calledplaquettes, the closed products of links around the unit loop. The unit vector in 휇 direction is denoted with 휇̂. Here 훽 =
2푁푐∕푔2 does not refer to the inverse temperature but stands for the inverse bare coupling, as is convention in the latticecommunity. The bare anisotropy parameter reads 휉0. The Wilson action is invariant under local gauge transformations
퐺(퐧) ∈ 푆푈 (3), which act on the link variables as 푈 ′휇(퐧) = 퐺(퐧)푈휇(퐧)퐺†(퐧 + 휇̂). Different improved actions for thegauge sector, such as the Iwasaki action [56], have been developed, following the Szymanzik improvement program
introduced in Refs. [57, 58, 59]
In general the gauge invariant fermionic part of the Euclidean action can be expressed as a bilinear in terms of
Grassmann valued quark fields. Since explicit matrix representations of Grassmann numbers in terms of complex
numbers are numerically too costly, one instead carries out the Gaussian integral apriori and ends up with a fermion
determinant. Most efficient simulation prescriptions exploit further that such a determinant can be expressed as a path
integral over auxiliary bosonic fields.
푍 =∫ [푈 ]∫ [휓̄ , 휓]exp
{
− ∫ 푑푥휓̄퐾휓
}
푒−푆
푔
퐸 = ∫ [푈 ]det퐾[푈 ]푒−푆
푔
퐸 = ∫ [푈 ] 1det퐾−1[푈 ]푒−푆
푔
퐸
(67)
= ∫ [푈 ]∫ [휙]푒−푆
푔
퐸−휙
∗퐾−1[푈 ]휙. (68)
The so called pseudo fermion field 휙 can be straight forwardly accommodated in numerical simulations. Note that
while the matrix 퐾 usually has a sparse banded structure its inverse is generally dense.
The treatment of light fermionic d.o.f. on the lattice, i.e. quarks of the thermal QCDmedium, is complicated by the
so called doubler problem. The deformed dispersion relation from the discretized Dirac equation leads to artificially
light modes within the first Brilloin zone. This issue is intimately related to the question of how to implement a
discretized form of chiral symmetry on the lattice. In this context the discretization of the light fermions also leads
to an artificially large mass 푚휋 to the pionic degrees of freedom. In order to keep the numerical cost of simulationsunder control the largest lattice QCD collabroations working at finite temperature have chosen the staggered quark
discretization, e.g. the highly-improved staggered quarks (HISQ) [60] or the so called stout action [61]. As staggered
quarks preserve a remnant of chiral symmetry one also has to deal with the issue of doublers. Other collaboration have
opted for the more costly but formally advantageous Wilson fermions (see e.g. [62]) or the Wilson fermion derived
twisted mass formulation [63].
For the treatment of the heavy quark degrees of freedom chiral symmetry does not play an equally important role.
Instead it is the fact that since discretization artifacts in themost naive formulation scale with푚푄푎 that a very fine latticespacing is required. Improved actions that allow for a more advantageous scaling are therefore often deployed [64].
Based on the staggered formulation, the (푎2) Szymanzik improved HISQ fermions have been introduced in Ref. [60]
with heavy quarks at 푇 = 0 in mind. In finite temperature studies a popular relativistic action for quarkonium is the
clover improved Wilson action (also known as the Shekholeslami-Wohlert action and starting point for the Fermilab
action [65]), which for anisotropic lattices [66] reads
푆휉퐹 = 푎휏푎
3
푠
∑
퐧
푄̄(퐧)
[
푚0 + 휈휏 [훾휏∇휏 −
푎휏
2
∇2휏 ] + 휈푠
∑
푠
[훾푠∇푠 −
푎푠
2
∇2푠]
−
푎푠
2
[퐶휏sw
∑
푠
휎휏푠퐹휏푠 + 퐶푠sw
∑
푠<푠′
휎푠푠′퐹푠푠′]
]
푄(퐧) (69)
= 푎휏푎3푠
∑
퐧
푄̄(퐧)
[
푚0 + 휈휏 ̸퐷Wilson휏 +
∑
푠
휈푠 ̸퐷Wilson푠 −
푎푠
2
[퐶휏sw
∑
푠
휎휏푠퐹휏푠 + 퐶푠sw
∑
푠<푠′
휎푠푠′퐹푠푠′]
]
푄(퐧), (70)
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where 퐷Wilson denotes the original Wilson Dirac operator. The covariant lattice derivatives are
∇휇푄(퐧) =
1
2푎휇
[
푈휇(퐧)푄(퐧 + 휇̂) − 푈−휇(퐧)푄(퐧 − 휇̂)
]
, (71)
Δ휇푄(퐧) =
1
푎2휇
[
푈휇(퐧)푄(퐧 + 휇̂) + 푈−휇(퐧)푄(퐧 − 휇̂) − 2푄(퐧)
]
, (72)
writing concisely 푈−휇(퐧) ≡ 푈휇(퐧 − 휇̂)†. The additional contribution that implements the improvement is called theclover term which contains the field strength tensor, discretized by four plaquette terms
4푆휇휈(퐧) = 푈휇(퐧)푈휈(퐧 + 휇̂)푈†휇 (퐧 + 휈̂)푈
†
휈 (퐧) + 푈휈(퐧)푈
†
휇 (퐧 − 휇̂ + 휈̂)푈
†
휈 (퐧 − 휇̂)푈 (퐧 − 휇̂)+ (73)
푈†휇 (퐧 − 휇̂)푈
†
휈 (퐧 − 휇̂ − 휈̂)푈휇(퐧 − 휇̂ − 휈̂)푈휈(퐧 − 휈̂) + 푈
†
휈 (퐧 − 휈̂)푈휇(퐧 − 휈̂)푈휈(퐧 + 휇̂ − 휈̂)푈
†
휇 (퐧), (74)
퐹휇휈(퐧) =
−푖
2푎2
[푆휇휈(퐧) − 푆†휇휈(퐧)]. (75)
By appropriate tuning of the parameters 휈푖 and 퐶SW the (푎) lattice artifacts can be made to vanish on the level ofthe classical action, in turn suppressing the discretization artifacts in the full quantum theory. An empirical but well
established non-perturbative procedure to tuning the action parameters is so called tadpole improvement, in which the
mean value of link variables is used to improve the convergence of the simulation results to the continuum limit.
In practice the path integral in Eq. (65) is approximated stochastically (see e.g. [67]). I.e. one designs a stochastic
process in computer time 푡MC also called Monte Carlo time, which generates successive sets of 4-dimensional fieldconfigurations with a probability distribution according to the Euclidean Feynman weight. In order to obtain an ensem-
ble of gauge configurations that accurately represents the quantum probability distribution, the space of configurations
must be efficiently traversed. To this end hybrid Monte Carlo algorithms are currently deployed, where a stochastic
update is combined with a classical evolution of Hamilton’s equation of motion for gluon and pseudofermion fields.
The necessity to solve a large dense system of linear equation at each computer time step constitutes the main numerical
cost.
To keep costs manageable, often it is only the light quarks 푢, 푑 and 푠 that are treated fully dynamically, with
some collaborations starting to include 푐 quarks. The dynamical fermion content is indicated in lattice simulations
conventionally by a code such as 푁푓 = 2 + 1 indicating in that case two mass degenerate 푢 and 푑 quarks and a moremassive 푠 quark to be present. At low enough temperatures top and bottom quarks do not significantly contribute to
virtual processes and their determinant can be approximated to be unity, they are said to be quenched.
The quantum statistical expectation value of an observable ⟨푂⟩, i.e. of a gauge invariant (composite) operator, is
approximated by computing the value of 푂 on each realization within one ensemble. Since one can often use volume
averaging in determining the value of 푂 on each lattice configuration, the outcome constitutes a subaverage. If the
variance of the these subaverages 푂푘, what the lattice community often calls a measurement, is finite, then thanks to
the central limit theorem their distribution will become approximately Gaussian if enough configurations are available.
In that case the mean is taken as simple estimator for the expectation value
⟨푂⟩ = 1
푁conf
∑
푙
푂푘 + (휖MC∕
√
푁conf ). (76)
If there are no residual autocorreations between the generated configurations the statistical error in the end result
decreases with 1∕√푁 .
Note that at no step above a particular gauge had to be chosen in the process of simulating ⟨푂⟩. There can however
arise situations in the study of quarkonium where an evaluation of gauge dependent quantities is of interest. By now
there exist standard iterative methods (see e.g. Ref.[68]) to generate appropriate sets of gauge transformation matrices
퐺(퐱) in order to approximate the (local) extremum of the gauge fixing functional 퐹 [퐴휇] = 0 that encodes a discretized
variant of a gauge condition, such as Landau 휕휇퐴휇 = 0 or Coulomb gauge 훁 ⋅ 퐀 = 0.At this point some remarks are in order on how to judge the reliability of a lattice QCD computation result. The
outcome of a simulation is an estimate of an imaginary time corelation function with a certain statistical uncertainty,
which depending on the computation resources available can be made arbitrary small. At the same time the discretiza-
tion related artifacts need to be kept in mind according to the following checklist inspired by the FLAG criteria [69]:
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• For the temperature range considered, are all relevant quarks d.o.f. dynamically included?
• Is the pion mass at the physical point 푚휋 = 140MeV and related, is the crossover temperature at 푇푐 = 155MeV?
• Has the continuum limit 푎 → 0 been taken?
• Has the thermodynamic limit 푉 → ∞ been taken?
The first item in current simulations is usually satisfied. On the other hand the second to fourth item still require
considerable resources often preventing these conditions from being fulfilled. If e.g. the limits are not taken one has to
make sure that the relevant energy scales are located reasonably far away from the corresponding IR and UV cutoffs.
In essence this also tells us that only if all criteria are met, two lattice simulations can be expected to agree within their
statistical uncertainties.
As discussed in Section 2.1 we wish to compute quarkonium current correlators according to fixed quantum num-
bers. Inspecting their spectral functions allows us to identify possible bound states and their in-medium properties.
The evaluation of these correlators requires additional care on the lattice. One reason is that the introduction of the
hypercubic grid breaks the rotational symmetry of the continuum theory and reduces it to the octahedral symmetry
group 푂ℎ [70]. Instead of the good quantum number spin 퐽푃퐶 labeling one of the infinite numbers of irreduciblerepresentations of rotations, we have to deal with Λ푃퐶 which refers to a finite number of lattice irreducible represen-
tations of 푂ℎ. For integer spin there exist exactly five irreducible representations 퐴1, 푇1, 푇2, 퐸, 퐴2. The identificationof particles with physical 퐽 > 1, such as e.g. 휒2, which appear as admixtures in different channels set by Λ푃퐶 requiresparticular care as described e.g. in Ref. [71].
To evaluate a quarkonium current correlator on the lattice we have to consider the lattice counterpart of the con-
tinuum expression
푀contΓ = 푍Γ(푎, 푚푄, 휇 = 1∕푎)푎
−3
푠 푀
lat
Γ = 푍Γ푎
−3
푠 휓̄Γ푊휓. (77)
The renormalization factor푍Γ can be computed in lattice perturbation theory [72], where 휇 denotes the scale at whichthe strong coupling is evaluated in such a computation.
The Euclidean correlator for a general meson operator is obtained after one carries out the heavy quark Grassmann
integrals
⟨푀Γ(휏)푀†Γ(0)⟩ (78)
= ∫ [푈, 휓̄, 휓]∫ [푄̄, 푄]
{
푄̄(퐡1, 0)Γ푊 (퐡1, 퐥1, 0)푄(퐥1, 0)푄̄(퐥2, 휏)Γ†푊 †(퐥2,퐡2, 휏)푄(퐡2, 휏)
}
푒−푆퐸 (79)
= ∫ [푈, 휓̄, 휓]
{
Tr
[
퐾−1푄 (퐡2, 휏,퐡1, 0)Γ푊 (퐡1, 퐥1, 0)퐾
−1
푄 (퐥1, 0,퐡2, 휏)Γ
†푊 †(퐡2, 퐥2, 휏)
] (80)
− Tr
[
퐾−1푄 (퐥1, 0,퐡1, 0)Γ푊 (퐡1, 퐥1, 0)
]
Tr
[
퐾−1푄 (퐡2, 휏, 퐥2, 휏)Γ
†푊 †(퐡2, 퐥2, 휏)
]}
det[퐾푄]푒−푆퐸 [푈,휓̄,휓]. (81)
Since the mass of the heavy fermion suppresses its contributions to virtual processes we neglect det[퐾푄] ≈ 1. Thecontributions with an overall trace on the outside are referred to as connected diagrams, the ones including two indi-
vidual traces as disconnected ones. The latter are often neglected for heavy quarks since they are suppressed due to
the OZI rule and as their contribution has been found to be small in practice (see e.g. [73]). The computation of the
quark propagators 퐾−1 constitutes a boundary value problem and involves solving the defining equation∑
푧,훾,푐
퐾푥푧,훼훾,푎푐퐾
−1
푧푦,훾훽,푐푏 = 훿푥푦훿훼훽훿푎푏, (82)
which constitutes a large system of linear equations.
We can learn about some of the effects of the lattice discretization by considering the meson correlator in terms
of Wilson fermions in the non-interacting limit. In that case explicit expressions for the Euclidean correlator and the
spectral function have been computed in Ref. [27, 28]. The differences to the continuum theory are cleanly illustrated
for the 퐩 = 0 correlator in Fig. 5.
For small frequencies the free lattice spectral function lies close to the functional form of its continuum counterpart.
On the other hand the UV part is severely distorted and the spectral function vanishes above a finite frequency 휔max.
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Figure 5: The non-interacting spectral function on isotropic lattices, normalized to the continuum asymptotic behavior in
the pseudoscalar channel for finite mass 푚∕푇 = 4.8, adapted from [27]. Note both the approach to the continuum limit
for increasing resolution with 푁휏 as well as the presence of discretization artifacts at high momentum.
On isotropic lattices it is given by 휔isomax푎 = 2ln7, corresponding to the largest energy available to a meson with latticemomentum 퐩 = (휋∕푎, 휋∕푎, 휋∕푎). Whenever the lattice momentum reaches a corner of the Brilloin zone, i.e. at
퐩 = (휋∕푎, 0, 0) and 퐩 = (휋∕푎, 휋∕푎, 0), corresponding to 휔1푎 = 2ln3 and 휔2푎 = 2ln5 kinks appear in the spectralfunction, the lowest one often exhibiting an amplitude above the continuum result.
It is useful at this point to consider briefly the analysis of interacting quarkonium correlation functions in 푇 = 0
lattice QCD and discuss differences to the 푇 > 0 case. Summing over all spatial lattice points of ⟨푀̂Γ(퐧, 휏)푀̂†Γ(ퟎ, 0)⟩,the 퐩 = 0 correlator is obtained. Since for quarkonium the vacuum ground states are expected to be well separated
from excited states and the underlying spectral function is simply a sum of delta peaks, the correlator will exhibit a
well pronounced single exponential falloff at the region 휏 = 훽∕2 (for periodic boundary condition the correlator is
still symmetric). The exponent is simply the rest mass of the heavy quarkonium particle. It is either determined via an
exponential fit to the 휏 < 훽∕2 correlator or by considering the so called effective mass
푚eff (휏) = log
[퐷(휏 + 푎휏 )
퐷(휏)
]
, (83)
which will approach a plateau with the value of the ground state rest mass푀0 at large enough 휏. For positive definitespectra 푚eff will be convex and monotonous. Using correlators at different momenta 푚eff (휏 → ∞) traces out thedispersion relation 퐸(퐩). At 푇 > 0 the peak structures are not as well separated and the resulting correlator will
not exhibit clear exponential falloffs. This induces curvature in the effective mass and a similarly straight forward
interpretation in terms of spectral features is unavailable.
Already at 푇 = 0 spectral contributions from excited states induce curvature in 푚eff (휏) at early 휏’s. The strongerthe the effect, the later 푚eff (휏) reaches a plateau. Since the signal to noise ratio decreases with 휏 this complicates thedetermination of푀0. At 푇 = 0 we are only interested in the mass and the ground state is a single delta function. Thuswe may improve the signal to noise by increasing the amplitude of that peak structure. This requires modifying the
overlap, i.e. the magnitude of the ground state matrix element of the meson operator in the spectral decomposition.
There are many different strategies to do so on the market, among them so called smearing. It either refers to replacing
the delta function on the r.h.s of Eq. (82) by an extended object and/or a smoothing prescription of the gauge fields in
spatial direction. In the latter the UV modes of the gauge fields are successively damped away. In turn the excited state
and continuum contributions to the spectral function diminish and the ground state peak is relatively more pronounced.
Since a bound state at 푇 = 0 is represented by a single delta peak, this procedure often achieves its goal. However at
finite temperature where clusters of peaks populate the spectral function and their envelope encodes vital properties,
such as thermal widths, the application of smearing requires additional care. It is not apriori clear how the amplitude
of individual peaks is affected by smearing and in turn the envelope may be distorted, leading to uncontrolled changes
in its position and width. To avoid these additional systematic uncertainties smearing is largely avoided in studies of
spectral structures at 푇 > 0.
The last itemwe have not touched so far is the subject of how to select the bare values of the parameters in the lattice
Alexander Rothkopf: Preprint submitted to Elsevier Page 23 of 129
Heavy Quarkonium in Extreme Conditions
action (strong coupling, quark masses, anisotropies). The quantum fluctuations present in the discretized path integral
lead to a renormalization of the bare parameters and the values of the physical parameters need to be determined by
comparison with a physical measurement a posteriori. One important part is the setting of the absolute energy scale
in a lattice simulation [74], most often quoted as a lattice spacing in units of fm. Since a lattice QCD simulation is
formulated in dimensionless fields indeed external input is needed to assign such a physical scale.
The most direct approach would be to measure the mass of a stable Baryon but this often is prohibitively expensive,
numerically. Instead until recently it has been customary to use the so called Sommer scales 푟0 and 푟1 to set the scale.These quantities are derived from a phenomenological Cornell type model of heavy quarkonium, fixing in essence the
slope of the string like part of the potential extracted from a 푇 = 0 lattice simulations to a model dependent physical
value. While easy to implement, the disadvantage of this approach is that it prevents an independent determination of
the heavy quark potential on the same lattice. More recently a different high precision scale setting approach [75] has
been developed based on the Gradient flow technique [76]. It provides a scale 휔0 derived from smoothed correlatorsof the field strength tensor, which, if once determined to high precision on a lattice using e.g. a Baryon mass, can
function as straight forwardly evaluable standard in other lattice simulations.
In a simulation without dynamical quarks only the strong coupling 훽 needs to be adjusted to select a particular
lattice spacing. In dynamical simulations also the light quark parameters have to be tuned. This requires as additional
inputs e.g. the pion decay constant [77] and the physical mass ratio between s and u/d quarks. Instead of trying to
reproduce the pion mass, one enforces that the so called partially conserved axial current (PCAC) mass vanishes. At
that point the residual Ward identity for the remnant chiral symmetry on the lattice is fulfilled. In turn the pion mass
emerges as a dynamical property of the simulation and not as external input.
For the heavy quarks the mass and anisotropy parameters in the action can be tuned independently from those of
the dynamical quarks and gluons. On the one hand, we have to make sure that the ground state mass푀0 of one chosenmeson channel agrees with its PDG value and at the same time that the relativistic dispersion relation is fulfilled
퐸2(퐩̃) =푀20 +
푀1
푀0
퐩̃2 + (퐩̃4), 1
푀1
= 휕
2퐸
휕푝̃2푖
|||||퐩̃=0 , (84)
i.e. the kinetic mass푀1 needs to equal the rest mass푀0. Here the PDG quarkonium mass is the actual external input.The temperature in a simulation depends on the extent of the imaginary time axis. It can be varied either by
changing the lattice coupling 훽, i.e. the physical lattice spacing (fixed box approach) or by changing the number of
grid points (fixed scale approach). Since varying the coupling modifies the renormalization scale of the simulation,
accompanying 푇 = 0 simulations need to be carried out for scale setting and the subtraction of temperature independent
UV divergent terms. The fixed scale approach requires just one 푇 = 0 simulation but temperatures can only be varied
in integer steps of 푁휏 and the number of Euclidean time steps at which the correlator can be computed diminishes asone increases temperature.
2.3.1. Lattice NRQCD
The effective field theory NRQCD provides an alternative discretization prescription for heavy quarks on the lattice
[34, 78]. The NRQCD expansion on the lattice is formulated in terms of increasing powers of 푣 ∼ 퐩∕(푚푄푎), in contrast
to an expansion directly in (푚푄푎)−1, as in the EFT called heavy quark effective theory [79, 80]. Lattice NRQCDhas been successfully used for precision spectroscopy at 푇 = 0 (see e.g. [3]) and found application to in-medium
quarkonium, as will be discussed in detail in later sections. Instead of populating the spacetime grid with both heavy
and light degrees of freedom, which requires very fine lattice spacings, the quarks and gluons of the QCD medium
will be treated separately in a simulation without heavy d.o.f. at a coarser spacing. The evolution of the heavy quarks
is implemented in terms of Pauli spinors propagating in the background of the light quarks and gluons.
On the one hand this strategy provides three clear practical advantages. First, the NRQCD correlator is not periodic
in Euclidean time and thus in contrast to a relativistic formulation provides additional independent information at
휏 > 1∕2푇 . I.e. access to the ground state properties dominant at large 휏 is improved. Secondly, the absence of a
transport peak contribution simplifies the extraction of spectra from Euclidean correlators. Third, the computational
cost of the Euclidean heavy quark propagator is significantly reduced. Instead of having to solve a 4d boundary value
problem as in Eq. (82), one instead faces an initial value problem in Euclidean time and evolves the propagator step by
step.
On the other hand there are some caveats that require additional care. The process of integrating out the hard scale
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by shifting the frequency origin on the lattice becomes lattice spacing dependent. I.e. while scale setting fixes the rela-
tive frequency scale, an additional comparison with experimental data is needed to fix its absolute scale. Due a steeper
rise of the free spectral functions at intermediate frequencies in NRQCD compared to the relativistic computation, the
contribution of the continuum may manifest itself more strongly also in the interacting correlator, thus requiring a high
signal to noise ratio for e.g. the P-wave channels.
A conceptually distinct aspect of a lattice EFT is that as a non-renormalizable theory no naive continuum limit
exists. Naively, as the continuum limit 푎 → 0 is approached, more and more terms in the expansion need to be taken
into account and for each a Wilson coefficients has to be determined. Iz.e. eventually predictability is lost. What
allows EFTs to nevertheless be an important tool of precision physics is that we are usually interested in results only
up to a finite accuracy. This can be achieved by working to a certain finite order 푛 in the expansion 푣푛. The set of
Wilson coefficients for a given order and given lattice spacing need to be computed via (lattice) perturbation theory
and eventually compared to experimentally measured quantities. Such radiative corrections have been studied in detail
for several discretization schemes of accompanying light quarks and gluons (see e.g. [81, 82]).
Following [78] the lattice Hamiltonian that governs the heavy quark fields to (푣6) is given by
퐻 = 퐻0 +퐻 (4) +퐻 (6), 퐻0 = −
Δ(2)
2푚푄
, (85)
with the naive kinetic term given by퐻0 being of order (푣2) and
Δ(2) =
∑
푖
Δ(2)푖 , 푎
2Δ(2)푖 휓(퐧) = 푈푖(퐧)휓(퐧 + 푖̂) + 푈
†
푖 (퐧 − 푖̂)휓(퐧 − 푖̂) − 2휓(퐧). (86)
The contributions to (푣4) read
훿퐻 (4) = −푐1
(
Δ(2)
)2
8푀3푏
+ 푐2
푖푔
8푀2푏
(Δ ⋅ 퐸 − 퐸 ⋅ Δ) − 푐3
푔
8푀2푏
흈 ⋅
(
Δ̃ × 퐄̃ − 퐄̃ × Δ̃
)
− 푐4
푔
2푀푏
흈 ⋅ 퐁̃ (87)
+ 푐5
푎2Δ(4)
24푀푏
− 푐6
푎
(
Δ(2)
)2
16푛푀2푏
. (88)
Some studies include the effects of spin dependent corrections up to order (푣6)
훿퐻 (6) = −푐7
푔
8푀3푏
{Δ(2),흈 ⋅ 퐁} − 푐8
3푔
64푀4푏
{Δ(2),흈 ⋅ (Δ × 퐄 − 퐄 × Δ)} − 푐9
푖푔2
8푀3푏
흈 ⋅ 퐄 × 퐄, (89)
which play an important role in the precision study of the hyperfine splitting of quarkonium states at 푇 = 0. To define
the color 퐸 and 퐵 fields the clover discretized field strength tensor is used
퐹휇휈(푥) = −
1
4
∑
□
(
푈휇휈(퐧) − 푈
†
휇휈(퐧)
2푖
− 1
3
Tr(Im푈휇휈(퐧))
)
, 퐸푖 = 퐹 푖0, 퐵푖 = −1
2
휖푖푗푘퐹
푗푘. (90)
In the above definition of the Hamiltonian several corrections terms have already been included that remove  (푎2푣4)
discretization errors. This has been achieved by using a higher order implementation of the field strength tensor in the
푐3 and 푐4 terms
퐹̃휇휈(퐧) =
5
3
퐹휇휈(퐧) −
1
6
(
푈휇(퐧)퐹휇휈(퐧 + 휇̂)푈†휇 (퐧) + 푈
†
휇 (퐧 − 휇̂)퐹휇휈(퐧 − 휇̂)푈휇(퐧 − 휇̂) − (휇 ↔ 휈)
)
, (91)
as well as a higher order derivative in 푐3
Δ̃푖 = Δ푖 −
푎2
6
Δ(+)푖 Δ푖Δ
(−)
푖 , 푎Δ
(+)
푖 퐺(퐧) = 푈푖(퐧)퐺(퐧 + 푖̂) − 퐺(퐧)
푎Δ(−)푖 퐺(퐧) = 퐺(퐧) − 푈
†
푖 (퐧 − 푖̂)퐺(퐧 − 푖̂), 푎Δ푖퐺(퐧) =
1
2
(
푈푖(푥)퐺(퐧 + 푖̂) − 푈
†
푖 (퐧 − 푖̂)퐺(퐧 − 푖̂)
)
. (92)
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2푠+1푆퐽 lattice irrep.
√
2푁푐푀 ≈ cont. 퐴0
1푆0 퐴−+1 휒
†휓 푅(0)∕
√
4휋
3푆1 푇 −−1 휒
†휎푖휓 푅(0)∕
√
4휋
1푃1 푇 +−1 휒
†
↔
Δ푖 휓 푎푅′(0)∕
√
4휋∕3
3푃0 퐴++1 휒
†∑
푖 휎푖
↔
Δ푖 휓 푎푅′(0)∕
√
4휋∕9
3푃1 푇 ++1 휒
†(
↔
Δ푗 휎푖−
↔
Δ푖 휎푗)휓 푎푅′(0)∕
√
2휋∕3
3푃2 퐸++ 휒†(
↔
Δ푖 휎푖−
↔
Δ푗 휎푗)휓 푎푅′(0)∕
√
2휋∕3
푇 ++ 휒†(
↔
Δ푗 휎푖+
↔
Δ푖 휎푗)휓 푎푅′(0)∕
√
2휋∕3
Table 2
A selection of common meson operators in NRQCD, their quantum numbers and corresponding lattice irreducible represen-
tations adapted from [34]. In addition we list the approximate relation of the ground state overlap 퐴20 = |⟨0|푀푀†|0⟩퐩=0|2
with the continuum radial wavefunction.
Additional discretization corrections are included as the last two terms in 훿퐻 (4), whereΔ(4) = ∑푖 (Δ(2)푖 )2. In order to
improve agreement with the continuum theory, tadpole improvement is often implemented on the level of the Hamil-
tonian. In this empirical approach to matching, all links entering the Hamiltonian are divided by the fourth root of the
single plaquette 푢0 = ⟨ 13Tr푈휇휈⟩ 14 and at the same time the Wilson coefficients 푐푖 are set to unity.Since to this order in NRQCD the propagation of quark and antiquark fields is decoupled퐺휓 is computed by solvingan initial value problem. It is common to deploy the naive Euler scheme for its discretization which in Euclidean time
leads to
퐺(휏 + 1) =
(
1 −
푎퐻0
2푛
)푛
푈†4
(
1 −
푎퐻0
2푛
)푛
(1 − 푎훿퐻)퐺(휏), 퐺(0) = 푆(퐡, 0). (93)
As the simple forward discretization does not possess favorable stability properties it is customary to stabilize it by
artificially reducing the temporal step size via the so called Lepage parameter 푛. It was shown [83] that on isotropic
lattices (휉 = 1) a value of 푛 = 1 leads to a well defined UV behavior of the evolution if 푎푠푚푄 > 3 or 푎푠푚푄 > 1.5 if
푛 = 2. There are efforts underway to implement higher order stable solvers for the evolution of 퐺 based on e.g. the
Crank-Nicholson scheme [84].
The initial source can be a point source 푆 = 훿퐱,0, or for an improved signal to noise ratio a complex valuedstochastic source
푆Υ(퐡, 0) = 휂(퐡, 0), ⟨휂†(퐡, 0)휂(퐥, 0)⟩ = 훿퐡퐥, (94)
diagonal in spin and color. Note that the explicit choice of the source determines the normalization of퐷퐸 on the latticeand thus the normalization of the underlying spectral function.
The quarkonium correlation function is composed of heavy quark propagators and quantum numbers are chosen
by NRQCD vertex operators
퐷퐸(퐩, 휏) =
∑
퐡
푒푖퐩퐡Tr
[
퐺†휓 (퐡, 휏)ΓNRQCD퐺휓 (퐡, 휏)ΓNRQCD
]
. (95)
We have listed common vertex operators for S-wave and P-wave states in Table 2, where the following definition of
the symmetric derivative has been used 휒†
↔푠
Δ 푖휓 = −
[
1
4
(
Δ+푖 + Δ
−
푖
)
휒
]†
휓 + 휒†
[
1
4
(
Δ+푖 + Δ
−
푖
)
휓
]
. Note that Euclidean
NRQCD is simpler than its Minkowski time counterpart in that only the propagator of one field needs to be computed
to construct 퐷퐸 .The calibration of NRQCD simulations first requires selecting an appropriate mass parameter 푚푄푎. The state-
of-the art presription [3] involves fixing the spin averaged kinetic mass 푀2(1푆) = (푀2(휂푏) + 3푀2(Υ))∕4 from thedispersion relation
푎휏퐸(푝̃2) = 푎휏Δ퐸(0) +
푎2푠 푝̃
2
2휉2푎휏푀2
(96)
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Figure 6: A selection of noninteracting NRQCD spectral functions in the thermodynamic limit, zoomed in region around
the origin on the right. The smaller the lattice spacing, the better the continuum spectral function is reproduced at small
frequencies but at the same time the lattice artifacts extent to higher and higher frequencies.
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Figure 7: A selection of noninteracting NRQCD spectral functions in the at a realistic finite volume 483, zoomed in region
around the origin on the right. The binning resolution is chosen as Δ휔 = 30MeV to illustrate the individual delta peak
character of 휌. Note the sparseness in the available peaks at small momenta, indicating that also in the interacting theory
broad peak structures will be coarsely resolved.
The scale setting in the simulation of the light d.o.f. allows us to assign to the quantityΔ퐸(0) physical units. However,
as indicated by writing Δ퐸(0) instead of 퐸(0), the mass of the ground state in NRQCD does not coincide with the
physical rest mass of the quarkonium state. Removing the 2푚푄 term in constructing NRQCD introduces a scaledependent energy shift, which needs to be accounted for by using one of the experimentally known quarkoniummasses
as additional input.
As for the continuum theory let us also inspect the free spectral functions on the lattice. Using the non-interacting
NRQCD Hamiltonian one obtains the following dispersion relation
푎휏퐸퐩̃ = 2푛Log
[
1 − 1
2
퐩̃2
2푛휉푎푠푀푏
]
+ Log
[
1 +
(퐩̃2)2
16푛휉(푎푠푀푏)2
+
(퐩̃2)2
8휉(푎푠푀푏)3
−
퐩̃4
24휉(푎푠푀푏)
] (97)
and the spectral functions
휌푆 (휔) =
4휋푁푐
푁3푠
∑
퐩̃
훿(휔 − 2퐸퐩̃), 휌푃 (휔) =
4휋푁푐
푁3푠
∑
퐩̃
퐩̃2훿(휔 − 2퐸퐩̃) (98)
can be evaluated numerically (see e.g.[85]). Note that the summation runs over all accessible lattice momenta 퐩̃ As
the spectral functions are composed out of a large number of infinitely thin delta peaks, binning is required for their
numerical evaluation. 휌푆,푃 are independent of temperature and are fully specified by the mass parameter 푀̂ = 푎푠푚푄,the physical anisotropy 휉, the Lepage parameter 푛 and the lattice volume. 푎푠 denotes the physical spatial lattice spacing,
휉 the renormalized anisotropy and 푛 the Lepage parameter. Often the free spectral function in the thermodynamic limit
is quoted in the literature, examples of which we plot in the left panel of Fig. 6. The normalization of this spectral
function differs from that naively computed on a lattice with unit links, due to differences in the choice of initial sources
in the propagator evolution.
We find that in contrast to the relativistic formulations the free spectral function does not have a UV cutoff that
is fixed by the inverse lattice spacing. The smaller the lattice spacing, the stronger NRQCD approximation artifacts
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contribute at high frequencies. On the other hand the right panel shows that decreasing the lattice spacing allows lattice
NRQCD to better reproduce the the continuum spectral function at small frequencies. Due to the Euler discretization
there exists a smallest value of 푀̂ beyond which the time evolution becomes unstable and the spectrum is artificially
populated up to infinity.
The effects of finite volume are displayed in Fig.7 for a realistic scenario on a 483 grid using a binning resolution
of Δ휔 = 30MeV. This visualization clearly reflects the peaked character of the spectral function. In particular the
zoom-in on the right emphasizes that the sparsity of available peaks at small momenta needs to be kept in mind when
attempting to interpret how coarsely the broad peak structures of the thermodynamic limit are approximated in a finite
box simulation. This closes our discussion of the lattice NRQCD approach.
Summary: Monte-Carlo simulations of QCD on a hypercubic lattice with an imaginary time direction offer
non-perturbative access to Euclidean meson correlation functions in QCD. There exist different discretization
prescription for heavy quarkonium correlators either based on relativistic or non-relativistic formalisms. While
the former offer direct access to the continuum limit they are numerically costly and due to the KMS relation
provide only 푁휏∕2 independent correlator points along 휏 from which to extract spectral information. On theother hand the NRQCD prescription offer reduced numerical cost and 푁휏 independent correlator points. Toconnect to continuum QCD is more involved as it requires precision matching of the different Wilson coefficients
of the theory. In general when comparing results from different lattice computations it is important to establish,
whether the continuum and thermodynamic limits have been reached, as otherwise differences in the results may
reflect differences in discretization and not differences in the physics.
2.4. Reconstruction of spectral functions
In the previous section we have seen how lattice QCD simulations provide non-perturbative access to correlation
functions in Euclidean time 퐷퐸(휏). In this section we will explore how to access the physical information encoded inthese quantities by extracting the underlying spectral function.
In a zero temperature lattice simulation the low lying structures of the spectral function, as a sum of well separated
delta function peaks, are relatively simple. In turn it is possible to extract the position and amplitude of such peaks
straight forwardly by exponential fits to the Euclidean correlator. I.e. we use domain knowledge of QCD, which
strongly restricts the possible structures present in the spectrum to reduce the difficulty in determining the relevant
spectral properties.
At finite temperature the presence of light degrees of freedom in the heat bath makes it possible for the delta peaks
in the spectral function to cluster. This leads to structures, which in the infinite volume limit, approach a continuous
broad peak with a finite width. While still required to be positive definite, their actual functional form may be quite
involved.
At 푇 = 0, peak position and height are the only relevant spectral peak properties. At 푇 > 0 we have to distinguish
between central position, width, enclosed spectral area and possibly skewness. QCD domain knowledge in general
does not allow us to reduce the determination of these properties to a similarly simple fit ansatz as the exponentials in
vacuum. Thus we require more flexible schemes to extract the spectral features from in-medium Euclidean correlators.
This however leads us towards an inherently ill-posed inverse problem, which needs to be solved.
Indeed, the difficulty is directly visible if the general linear relation between correlator and spectral function found
in QCD (Eq. (31), Eq. (34) and Eq. (45)) is written in its discretized form
퐷푗 =
푁휔∑
푙=1
Δ휔푙 퐾푗푙 휌푙, 푗 ∈ [1, 푁휏 ], 푑퐷푗∕퐷푗 > 0. (99)
A lattice QCD simulation provides at most푁휏 discrete averaged values for the correlator퐷(휏푗) = 퐷푗 along a compactimaginary times axis 휏푗 = 푎휏 ⋅ 푗. As the result of the stochastic Monte-Carlo based simulation algorithm, each 퐷푗carries a finite statistical error Δ퐷푗 . On the other hand in anticipation of the intricate features present in the spectralfunction the function 휌(휔) is discretized along푁휔 frequency binsΔ휔with푁휔 ≫ 푁휏 . To discretize divergent kernels,such as cosh∕sinh at 푇 > 0, one can e.g. go over to consider instead 휌′ = 휌∕휔 and 퐾 ′ = 퐾휔, both of which in turn
are well behaved.
The confluence of two issues make the inversion of the above relation ill-posed. On the one hand the number
of available correlator input points 퐷푖 in today’s simulations lies between 10-200, while it is not uncommon that a
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frequency discretization with 푁휔 ∼ (1000) is required. I.e. there are more parameters to fix than input data points.Discretizing the kernel 퐾푖푗 over a finite range of Euclidean times and frequencies usually leads to a strong decayof the singular values of the corresponding matrix. In addition, in QCD already the form of the continuum kernel
contains an exponential decay, leading also to an intrinsic decay of the singular values. This makes the inversion task
ill-conditioned. On the other hand the finite uncertainty in the input data means that many different combinations of
the parameters 휌푙 are able to reproduce the input data within one standard deviation. Therefore at first sight an infinitenumber of degenerate solutions exist for the inverse problem, making it genuinely ill-posed. I.e. a naive 휒2 fit of the
휌푙’s is meaningless.In order to give meaning to this inverse problem, i.e. to select a unique answer, requires to incorporate additional
domain knowledge, often called prior information. This prior information may be provided by QCD, at least it should
be motivated by general physical arguments. This also means that the answer will in part be determined by the sim-
ulation input in part by the prior information. It is therefore paramount to quantify, how robust the extracted spectral
information is with respect to uncertainty both in the data and the choice of prior information that has been included.
In the following we will discuss in detail two different approaches, which have found application to the extraction
of spectral properties in the quarkonium community.
2.4.1. Bayesian spectral reconstruction
The Bayesian approach to spectral function extraction utilizes methods of Bayesian inference to regularize the ill-
posed nature of the task at hand. This is achieved by providing a systematic prescription on how to incorporate prior
information, i.e. domain knowledge, into the inversion task. By formulating statements of confidence in the language
of probabilities, Bayesian statistics provides a versatile language to formulate and solve the ill-posed problem (see
e.g. Ref. [86]). For an excellent introduction to Bayesian statistics see e.g. Refs. [87, 88], for statistical inference
see e.g. Refs. [89, 90]. We will discuss below both the general ingredients to the Bayesian approach, as well as the
particular strengths andweaknesses of three implementations that have found application in the literature on in-medium
quarkonium. Particular attention will be placed on an understanding of reconstruction artifacts, which is mandatory
for Bayesian methods to fulfil their potential as quantitative precision tools for the investigation of spectral functions.
The central quantity of Bayesian statistics relevant for spectral reconstruction is the posterior probability 푃 [휌|퐷, 퐼],
which denotes the probability for a test function 휌 to be the correct spectral function, given the simulation data 퐷
and any further prior information 퐼 . Starting from the joint probability distribution 푃 [휌,퐷, 퐼] and using the rules of
conditional probabilities, the posterior can be expressed in terms of three quantities, a relation known as Bayes theorem
푃 [휌|퐷, 퐼] = 푃 [퐷|휌, 퐼]푃 [휌|퐼]
푃 [퐷|퐼] . (100)
The Bayesian strategy answers the inversion problem by interrogating the posterior for which function 휌 is most prob-
able, given simulation data and domain knowledge.
The first term on the right 푃 [퐷|휌, 퐼] is called the likelihood probability and encodes all information about how the
simulation data has been obtained. This distribution describes how the values of the individual (often subaveraged)
퐷푗’s vary among the different lattice configurations. Thanks to the central limit theorem, one often finds that a Gaussiandistribution emerges. In that case 푃 [퐷|휌, 퐼], the probability for the data given a known value of the mean and variance,
can be written as
푃 [퐷|휌, 퐼] =퐿exp[−퐿], 퐿 = 12∑푗푘 (퐷푗 −퐷휌푗 )퐶−1푗푘 (퐷푘 −퐷휌푘), 퐿 = (2휋)−푁data∕2(det[퐶])−1∕2. (101)
Here 퐷휌푗 denotes the correlator values obtained from inserting the test function 휌 into Eq. (99) and the indices 푖 and
푗 refer to the imaginary times that are included in the reconstruction 휏min∕푎 ≤ 푖, 푗 ≤ 휏max∕푎, the total number ofsupplied input points is denoted by푁data. 퐶 , the covariance matrix of the data average with respect to the true value,in the absence of autocorrelations among lattice configurations reads
퐶푗푘 =
1
푁conf (푁conf − 1)
푁conf∑
푚=1
(퐷푚푗 −퐷푗)(퐷
푚
푘 −퐷푚), (102)
where 퐷푚푘 refers to the m-th realization of the k-th correlator point and 퐷푘 =
∑
푚퐷
푚
푘 ∕푁conf their average. Note thatin case of finite autocorrelations in Monte-Carlo time, 퐶 needs to be multiplied with the product of autocorrelation
times for 퐷푗 and 퐷푘.
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Besides possible autocorrelations in Monte-Carlo time, there exist correlations between the퐷푗’s at different imag-inary times. These correlations manifest themselves as off-diagonal entries in C. One has to keep in mind that in order
for these off-diagonal elements to be robustly estimated, one requires significantly more realizations 푁conf ≫ 푁datathan the number of points along imaginary time considered. Is the number of realizations smaller than푁data, then 퐶−1even becomes singular due to exactly vanishing eigenvalues.
In order to accelerate the evaluation of the likelihood probability, one transforms the data and the kernel into a
basis, in which the correlation matrix is diagonal 퐶 = 푅 diag[푐푘]푅−1. This reduced the likelihood to
퐿 = 1
2
∑
푘
(퐷̃푘 − 퐷̃
휌
푘)∕푐푘, 퐷̃푘 =
∑
푗
푅−1푘푗 퐷푗 , 퐾̃푗푙 =
∑
푘
푅−1푗푘퐾푘푙, (103)
and correspondingly the kernel퐾 in Eq. (99) is replaced by 퐾̃ . Note that in case of correlators with highly constrained
values, such as the trace of the Wilson loop, the Gaussian distribution may not be an adequate description of the
likelihood and the histogram of the input data needs to be consulted.
There exists prior information already about the data generation process that has been used in the literature to
modify the likelihood. E.g. some studies use that if Euclidean data from a known spectral function is sampled along
푁휏 points with Gaussian noise, then on average the likelihood, evaluated for the true underlying spectral function willtake on the value 퐿 = 푁휏 .The second and decisive term in Bayes theorem is the prior probability
푃 [휌|퐷, 퐼] =푆exp[훼푆], (104)
which encodes how compatible the test function 휌 is to the available prior information. The choice of this distribution
is the central ingredient in setting up a Bayesian analysis and differs among the multiple implementations found in the
literature. Commonly the parameters of the prior are encoded in terms of the so called default model 푚(휔), which
denotes the extremum 훿푆∕훿휌|휌=푚 = 0. For a convex prior functional this is the only extremum. The hyperparameter
훼 on the other hand encodes the overall uncertainty present in the values of the default model. This historic way of
parametrizing the prior arose from choosing originally as prior a Gaussian distribution for each frequency bin 휌푙 withindividual mean and one overall variance (Tikhonov regularization). In a modern Bayesian analysis, domain knowl-
edge with appropriately quantified uncertainties will provide the mean and variance (and possibly higher nontrivial
moments) for the prior distribution individually for each of the discretized 휌푙.In the study of heavy quarkonium one most often encounters spectral functions that are positive definite. Positivity
is a form of prior information obtained from the QCD spectral decomposition of hadronic correlators based on iden-
tical source and sink operators. Thus in the following we will focus on implementations of the prior probability that
explicitly incorporate this fact (for Bayesian methods applicable to non-positive spectra see e.g. [91] and references
therein. For the Backus-Gilbert method see e.g. [92, 93]).
The most well known implementation of the Bayesian approach is the Maximum Entropy Method (MEM) [94,
95, 96], which was developed originally for inverse problems in the context of two-dimensional image restoration
in astronomy. It has been introduced in the context of lattice QCD simulations for the first time in Ref.[97] and
subsequently been used in a variety of studies of quarkonium properties. Its application to continuum QCD was first
considered in [98]. The MEM is based on four theorems: locality, coordinate invariance, system independence and the
Bayesian requirement that the default model describes the extremum of the prior. The combination of the second and
third theorem constrains the function 휌 to be positive definite. Taken together the Shannon-Jaynes entropy emerges
푆SJ = ∫
휔max
휔min
푑휔
(
휌(휔) − 푚(휔) − 휌(휔)log
[ 휌(휔)
푚(휔)
])
< 0, 푆 ≈
푁휔∏
푙=1
(훼Δ휔푙)1∕2∕(2휋)−1∕2. (105)
In a more recently developed implementation of the Bayesian strategy, simply christened Bayesian Reconstruction
(BR) [99], the prior is constructed specifically for the one-dimensional inversion problem of Eq. (99). While it shares
with the MEM the first and last axiom it replaces the two others by a smoothness and a scale invariance axiom. The
former requires that the output is a smooth function, where data has not introduced sharp peaked structures. The latter,
in contrast to the axioms of the MEM, guarantees that the units assigned to the correlator do not affect the end result.
This is achieved as only ratios of 휌 and푚 enter, both of which have to be assigned the same units. Another consequence
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Figure 8: Comparison of different regulators and their response to wiggly structures.
is that the spectral function must be positive definite. The corresponding regulator functional reads
푆BR = ∫
휔max
휔min
푑휔
(
1 − 휌(휔)
푚(휔)
+ log
[ 휌(휔)
푚(휔)
])
< 0, 푆 =
푁휔∏
푙=1
exp[훼Δ휔푙](훼Δ휔푙)−훼Δ휔푙푚푙Γ(훼Δ휔푙), (106)
which corresponds to 푃 [휌|퐼] taking on the form of a gamma distribution.
Even though both the MEM and the BR method have been designed in a way that intuitively suggests that they
favor smooth functions over wiggly functions, it turns out (see e.g. Ref. [100]) that this is not the case in general. In
Fig. 8 we provide an explicit example of the penalties assigned to a function with (blue solid) and without wiggles (red
dashed) in case of a constant default model. The two curves enclose the same area. Both the Shannon Jaynes entropy
and the BR regulator lead to a higher probability for the wiggly structure (since they are negative, a ratio larger than one
means that the wiggly line is favored). This is an issue affecting purely local regulator functionals and may lead to the
appearance of artificial ringing in reconstructed spectral functions. Remember that already in well conditioned inverse
problems, such as the inverse Fourier series, so called Gibbs ringing occurs. Reconstructing a sharp feature with
compact support from a finite number of exactly known Fourier coefficients will lead to a result, which oscillates even
where the original input is exactly zero, only converging to the correct result for an increasing number of datapoints.
In order to accurately determine the physics content of a reconstructed spectral functions, ringing needs to be reliably
controlled.
In order to overcome this shortcoming, the state-of-the art implementation of the MEM by Bryan [94] proposes
to limit the functional space from which to choose the function 휌 to a low dimensional subspace of smooth functions
around the default model. In that case the strength of the smoothing is directly related to the number of available input
datapoints. For the BRmethod a different strategy has been proposed that implements smoothing explicitly in the prior
functional 푆, keeping in line with the Bayesian philosophy. I.e. one adds to the standard BR prior an additional term
that penalizes the arc length of the function 휌, one possible criterion to quantify the wiggliness of the spectrum. A
naive way of constructing the corresponding regulator has been proposed in Ref. [100] leading to
푆smoothBR = ∫
휔max
휔min
푑휔
(
− 휅
[ 휕휌
휕휔
− 휕푚
휕휔
]2
+ 1 − 휌(휔)
푚(휔)
+ 휌(휔)
푚(휔)
)
< 0. (107)
The strength of smoothing in the end result is now made explicit by the additional hyperparameter 휅. The value it
takes on depends on the problem at hand and needs to be set in a self consistent manner. In practice prior information
is used to do so, with one pertinent example being the use of analytically known free spectral functions. In Fig. 9
the procedure for the example of quarkonium in lattice NRQCD is sketched. The black curve denotes the free P-
wave spectral function in the thermodynamic limit, which contains no peak structures and extends over a relatively
large frequency range. After computing the Euclidean correlator of this spectrum, discretized with a small number of
푁휏 = 12 points along a realistic Euclidean range of 훽 = 1.4fm the reconstruction outcomes of different methods canbe compared. Using 휅 = 0, i.e. the standard BR method one finds significant ringing to be present (dashed blue), due
to the small number of input points. The MEM (solid green) already shows much less ringing. Increasing the value of
휅 in the smooth BR method one will arrive at intermediate values at a reconstruction result, which is quite similar to
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Figure 9: Example of tuning of the smoothing hyperparameter 휅 in the smooth BR method based on prior information
in the form of the analytically known free P-wave spectral function in lattice NRQCD (black). The reconstruction of this
structure from 푁휏 = 12 datapoints along an Euclidean extent of 훽 = 1.4fm via the standard BR method with 휅 = 0 (blue
dashed), the MEM (green solid) and the smoothed BR method with 휅 = 1 are plotted.
the MEM. Eventually when (in this case) one reaches 휅 = 1 (red solid) no more remnants of ringing are present and
the range of frequencies up to 3GeV is faithfully reproduced. In all reconstructions a default model with unit value is
used, which all reconstruction eventually approach at high frequencies.
Returning to the general discussion, we see that prior information enters Bayes theorem in multiple ways. Not
only does one need to choose the functional form of the prior probability depending on which sets of axioms appear
more appropriate. One also has to set the parameters governing that distribution, i.e. the default model using QCD
domain knowledge. Note that already selecting the frequency range along which to discretize 휌(휔) constitutes prior
information.
The third term in Bayes theorem 푃 [퐷|퐼] historically christened the evidence corresponds to the 휌 independent
normalization of the numerator of Eq. (104). While often neglected in practice it can play a role in the self consistent
determination of the hyperparameter 훼 in the MEM.
With all the ingredients on the r.h.s. of Bayes theorem defined, we are ready to solve the inverse problem in
a Bayesian fashion, i.e. by interrogating the resulting posterior. The modern form to do so is to deploy Monte-
Carlo methods (e.g. the MC-STAN [101] library https://mc-stan.org/ ) to sample the full distribution 푃 [휌|퐷, 퐼]
through which we may define the most probable spectral function via the expectation value
휌Bayes푙 = ∫ 푑휌 휌 푃 [휌|퐷, 퐼] (108)
An important feature of the Bayesian approach is that it is very easy to incorporate new input data once a higher quality
in the lattice simulations has been achieved. We may then use the posterior distribution of a previous analysis as the
prior for the next analysis, incrementally improving the accuracy of the inversion.
In the past, due to the computational cost involved in sampling the posterior it has been common to simply compute
the value of 휌 at the extremum of the posterior. This maximum aposteriori solution 휌MAP satisfies
훿푃 [휌|퐷, 퐼]
훿휌
||||휌=휌MAP = 0 ⇔ 훿훿휌( − 퐿 + 훼푆)||||휌=휌MAP = 0 (109)
and is found by carrying out a numerical optimization procedure. Since most optimization algorithms are designed to
find minima, one often considers 퐿 − 훼푆 instead. ( For the stochastic analytic inference approach see e.g. [102].)
Since the MAP is still the most common approach to Bayesian reconstruction in the study of heavy quarkonium,
let us briefly discuss some of its aspects. The extremum 휌MAP results from a competition between a likelihood with
many degenerate local minima and the prior. As long as the prior is convex it can be shown that if an extremum of the
posterior exists it is unique (for a proof see [97]). This is the case for both the MEM and the standard BRmethod. Note
that the derivative term in the smooth BR method can lead to the appearance of additional local extrema and thus more
sophisticated optimization, such as simulated annealing is in general called for. Note also that for the same choice of
푚, the curvature of 푆BR is weaker than that of 푆SJ, meaning that in a MAP procedure the BR method will imprint theprior information more weakly on the end result than the MEM.
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Let us remark on the fact that it is possible to obtain a unique result for the푁휔 ≫ 푁휏 parameters 휌푙 here. The reasonis that we have provided not just the 푁휏 pieces of information via the simulated correlator but in addition 푁휔 piecesof information via the default model, as well as information due to the shape of the regulator functional. Contrary to
statements previously made in the literature, i.e. there is now more information present than free parameters in the
inverse problem. I.e. determining the Bayesian answer is well posed in terms of the푁휔 d.o.f. 휌푙.The hyperparameter 훼 is handled differently in the MEM and BR method. In the historic MEM prescription the
extremum of the posterior is obtained with alpha chosen such that for 휌MAPhist the likelihood takes on the value 퐿 = 푁휏 .This choice reflects the fact that on average the correct spectral function sampled with Gaussian noise would lead to
exactly this value. On the other hand in the so calledmodernMEM, several 휌MAP’s are computed for a range of different
훼 value and subsequently averaged, weighted according to which 훼 leads to an extremal evidence. Since the evidence
cannot be computed analytically this is conventionally implemented by using a simple Gaussian approximation of
푃 [퐷|퐼]. In the BR method on the other hand one assumes complete ignorance of the value of 훼 and marginalizes 훼
apriori. In practice this step is implemented semin-analytically or fully numerically. In addition the BR method also
enforces 퐿 = 푁휏 as part of the prior information entering the likelihood.Note that removing the prior information by setting푃 [휌|퐼] = 1 above, one returns to an underdeterminedmaximum
likelihood problem, equivalent to a naive 휒2 fit. On the other hand, since the prior is defined to have a global extremum
at 휌 = 푚, the function 푚(휔) by definition is the Bayesian answer to the inverse problem in the absence of simulation
data.
As long as the input data is finite in number and carries a non-vanishing uncertainty 휌Bayes the solution of the
Bayesian extraction will in general depend on the prior information included in 푃 [휌|퐼]. On the other hand Bayes
theorem assures us that in the Bayesian continuum limit of concurrently increasing the number of input data푁휏 → ∞and reducing the uncertainty 푑퐷∕퐷 → 0 one converges to a unique result inwhich the influence of the prior information
becomes negligible.
As we will see in the investigation of heavy quarkonium spectra, for a given quality of input data, some features in
the reconstruction may already be stably reproduced (e.g. the position of the ground state peak), while others are not
(e.g. excited state peaks and ground state width). The choice of 푃 [휌|퐼] determines in what way we will approach the
true result, as the input data quality is improved. I.e. it is imperative to understand what artifacts are present and how
they are related to the regularization. The use of mock input data, i.e. correlators computed from known input spectra
play an important role in doing so.
Both MEM and BR feature a convex prior, leading in principle to a unique extremum of the posterior. For the
MEM, when studying spectra with sharp peaks and otherwise vanishing spectral weight, the convergence to the global
extremum is impeded by the fact that the Shannon Jaynes entropy takes on a finite value −푚 as 휌 → 0, leading
effectively to a flat direction, where numerical optimization algorithms are not efficiently pulled towards the global
extremum. In the BR method the prior diverges as 휌→ 0, avoiding this issue.
Since in quarkonium studies from lattice QCD we are faced with the problem that only a relatively small number
of datapoints will be available in the near future푁휏 ∼ (10 − 40) the most relevant artifact in the BR method and theMEM is the presence of ringing. The appearance of unphysical wiggly structures interferes with the identification of
the relevant physical structures, which also come in the form of peaks. Different strategies exist on how to mitigate
the effects of ringing.
Let us first discuss the BR method. Due to its weak curvature the BR prior is more susceptible to ringing than the
Shannon Jaynes entropy. In order to obtain meaningful results in the presence of only a small number of datapoints,
the smooth BR prior has been proposed. The strategy will be to tune the smoothing hyperparameter 휅 based on a
mock-data analysis involving realistic and analytically known input spectral functions. In practice these will often be
the non-interacting spectral functions. Reconstructing such spectra featuring broad structures from correlator data that
is discretized in the same fashion as the actual simulation data, one finds a minimum value for 휅 at which it effectively
suppresses ringing, while still allowing us to pick up peaked structures that are actually encoded in the input data.
Let us now discuss the MEM. Dealing with ringing in the MEM has traditionally been avoided by incorporating
an additional smoothing in the MAP procedure. There are two independent proposals in the literature on how to do
so. Both propose that the global extremum of the posterior is located in a subspace spanned by a collection of smooth
functions related to the transpose Kernel 퐾 푡.
In the state-of-the-art implementation by Bryan [94], the spectral function is parametrized in terms of deviations
from the default model 휌푙 = 푚푙exp[푎푙]. It is then argued that the parameters 푎푙 are restricted to a functional spacecorresponding to the first푁휏 columns of the matrix 푈 arising from the singular value decomposition of the transpose
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kernel퐾 푡 = 푈Σ푉 푡. Here푈 refers to an푁휔×푁휔 matrix containing the orthonormal basis of eigenvectors of퐾 푡퐾 , Σ isa푁휔 ×푁휏 diagonal matrix containing the푁휏 finite singular values. 푉 푡 denotes an orthonormal푁휏 ×푁휏 matrix. Themore recent proposal by Jakovac [103] implicitly solves for the MAP solution leading to a restricted search space for
the 푎푙’s spanned directly by the columns of 퐾 푡. If the reconstruction problem were purely linear (the forward problemobviously is) then the two formulations are equivalent. I.e. the columns of 퐾 푡 span the same image space as the first
푁휏 columns of the matrix 푈 obtained by the SVD. In both cases the smoothness of the solution is directly related tothe number of input datapoints provided.
Jakovac already observed that the two prescriptions lead to different results in practice (see Fig.28 in [103]), indicat-
ing that they are actually not equivalent. In turn the question arises whether the global extremum in general is contained
within the image space of 퐾 푡. This question is further emphasized by a counterexample to the SVD restriction, which
has been put forward in Ref. [104].
Since it will help us understand the systematics of theMEMmore clearly, let us discuss the counterexample in more
detail by considering the historic MEM. The SVD search space is fully specified once the range and discretization of
휏 and 휔 have been selected. For 푁휏 input data the search space is parametrized by the first 푁휏 columns of 푈 . Thisstatement is made independent of the input data and independently from the recipe of how to choose the value 훼.
Now let us choose instead the 푁휏 + 1st column of 푈 as mock spectrum 휌 and compute from it the correspondingEuclidean data. Then, by construction, this data cannot be reproduced within one sigma from within the SVD search
space, while it is still possible to reproduce it in the full search space. Taking the errors on that mock input data to zero,
the minimal value of 퐿 in the SVD subspace can be made arbitrarily large. And since the Shannon Jaynes entropy
is negative definite it cannot compensate the large values of L. In turn the posterior probability of that 휌 in the SVD
subspace can be made smaller than in the full search space, disproving the general claim that the extremum of the
posterior always lies in the SVD subspace.
Thus the claim of the counterexample is that the smoothing introduced by restricting the search space to the image
of 퐾 푡 is ad-hoc and may lead to artificially smoothed results. In practice it turns out that the SVD prescription works
well for problems where accurate prior information is already available. This corresponds to cases where the true
global extremum indeed lies within the SVD subspace, as the default model is located close enough to it in parameter
space apriori. However in situations where both only a relatively small number of input data is available (e.g. (10))
and the prior information is limited, the SVD search space may not provide the Bayesian answer to the inversion task.
Of course, since the global extremum of the MEM posterior is unique if it exists, we can still solve for it in the full
search space. Systematically extending the search space has been considered in [104, 105].
The last point to consider is how to estimate the uncertainties in the spectral reconstruction. Bayes theorem makes
explicit that the posterior depends on two ingredients, data and prior information. If one samples the posterior using
Monte-Carlo methods, the spread in that distribution encodes the combined uncertainty arising from spread in both
the likelihood and prior. If on the other hand one only computes a point estimate, such as the MAP, the uncertainty
must be estimated in addition. One proposal in the literature [97] is to evaluate how pronounced the maximum of the
posterior is, taking its curvature as a measure for the robustness of the solution. While intuitive, it has been found in
practice that this criterion may underestimate the full uncertainty budget.
In general to estimate the statistical uncertainties of the result, one of the many different bootstrapping methods can
be deployed. E.g. the blocked Jackkknife procedure remains a simple and computationally cheap option [48]. Instead
of using all available lattice realizations of the correlator 퐷 for the reconstruction, one forms 푁퐽 so called Jackknifeaverages 퐷푗 , where for each 푗 a consecutive subset of 푁conf∕푁퐽 realizations of the correlator have been excludedfrom the average. This leads to 푁퐽 reconstructions of the spectral function 휌푗 . The variance of the spectral functioncomputed from the full statistics average is then estimated as
휎2휌 =
푁퐽 − 1
푁퐽
푁퐽∑
푗=1
(휌푗 − 휌)2. (110)
Quantifying the systematic uncertainties arising from prior information is less formalized. E.g. one often does
not possess a reliable estimate of the uncertainty of the values of the default model. However since Bayes theorem
makes the influence of the prior information explicit, it may also be varied in a straight forward fashion. I.e. one should
repeat the reconstruction using default models, which posses different functional forms in those regions, where accurate
information on 휌 is absent. In addition deploying different prior distributions that are applicable to the problem at hand
provides additional insight on how the regularization affects the end result. The variation among the reconstructions
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from different default models and priors is then summarized into a systematic error bar. The prescription on how to
do so differs between studies in the literature, some taking the maximum deviation, others the quadratic mean.
2.4.2. Pade approximation based reconstruction
The second class of reconstruction prescriptions that find application in quarkonium studies falls into the category
of projection based methods. I.e. in these methods the simulation data in Euclidean time 휏 is first Fourier transformed
into imaginary frequencies 푞0 before being projected onto a set of analytically known functions. In essence one is
expanding the data in a particular basis set. The basis functions can then be analytically continued in an appropriate
fashion to yield the retarded propagator퐷푅(휔) in real-time frequencies, whose imaginary part is directly related to the
spectral function Im[퐷푅(휔)] ∝ 휌(휔).
Carrying out a projection does not require prior information. On the other hand, the fact that one is projecting not
only the true Euclidean data but also noise means that these methods suffer strongly from statistical uncertainties in the
input. The ill-conditioned-ness of the analytic continuation can be understood intuitively. While the basis functions in
Euclidean time are mostly monotonously damped functions, in real-time they behave oscillatory, often with strongly
growing amplitudes. Thus to linearly combine these basis functions into a finite and damped real-time correlator the
coefficients obtained from the projection need to be computed with extremely high precision.
In the case of relativistic Euclidean correlators, which exhibit periodic behavior along Euclidean time, a projection
method based on the so called Pollaczek polynomials has been proposed in Ref. [106]. The prescription is straight
forward, i.e. the expansion parameters can be explicitly computed from the input data, as can be the analytically
continued approximant in terms of Laguerre polynomials. Unfortunately it turned out that in practice the fact that only
a finite number of input datapoints are available and that statistical errors are present, leads to a significant deterioration
of the reconstruction results [107]. Hence this method has so far not been applied at a large scale.
Amore general approach, also applicable to Euclidean correlators without specific symmetry properties, is the Pade
approximation. It expresses the correlator of interest in terms of a rational function. Depending on the choice of the
highest monomial contributing to the numerator 푛 or denominator 푚 one refers to a (푛, 푚) Pade approximation 푅(푛,푚).The (푛, 0) approximation corresponds to the simple Taylor series to order 푛. Interest in this method has recently been
rekindled by studies of spectral reconstructions from approximate non-perturbative analytic computations [93, 108]
and the arrival of very high statistics lattice QCD ensembles.
In the context of spectral function reconstruction the close relation between Pade approximants and continued
fractions is exploited in the following way. In order for the analytic continuation of the approximant to be stable
one wishes to construct expressions with either the same highest monomial power in the numerator and denominator
(푛, 푛) or even better, with one power less in the numerator (푛 − 1, 푛). For 푁data input data points 퐷푗 along imaginary
frequencies 푞0푗 , one can construct the approximant
퐷̃푁data (푞
0) =
퐷푀 (푞00)
1+
푎0(푞0 − 푞00)
1+
푎1(푞0 − 푞01)
1+
…
푎푁data−1(푞
0 − 푞0푁data푎−1)
1+
,
which corresponds to the ((푁data − 1)∕2, (푁data − 1)∕2) approximation in case that 푁data is odd and to (푁data∕2 −
1, 푁data∕2) if 푁data is even. The expansion coefficients 푎푖 can be determined recursively [109] by the Schlessingermethod
푎푙(푞0푙+1 − 푞
0
푙 ) = −
{
1 +
푎푙−1(푞0푙+1 − 푞
0
푙−1)
1+
+
푎푙−2(푞0푙+1 − 푞
0
푙−2)
1+
⋯
푎0(푞0푙+1 − 푞
0
0)
1 − [퐷푀 (푞00) −퐷푀 (푞
0
푙+1)]
}
. (111)
The resulting interpolation 퐷̃푁data (푖휔) exactly reproduces the input data퐷푀 at the imaginary frequencies 푞0푙 provided.The retarded correlator needed to compute the spectral function may now be obtained by Wick rotating the imaginary
frequency argument of the approximant 퐷푅(휔) ≈ −퐷̃푁data (푞0 → 휔 − 푖휖) approaching 휖 → 0+ from above.As in any direct projection method, cancellations occur in the evaluation of the continued fraction, in particularly
if there are symmetries in the input data. This requires the evaluation of the intermediate steps in the computation to
be carried out with high precision arithmetic. As we will show in the explicit application of the Pade approximation
to the determination of the in-medium heavy quark potential, currently available lattice QCD data is of high enough
quality for this direct projection method to be of use.
While the Pade reconstruction does not presuppose explicit prior information, analyticity of the approximant is
required for meaningful results. I.e. if the correlator contains divergences or otherwise non-analytic features the
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accuracy of the Pade based reconstruction may suffer. In the context of studying the spectral functions of gluons it has
been found [110] that the Pade reconstruction often violates the spectral decomposition of the correlator. I.e. plugging
the reconstructed spectrum back into Eq. (99) will produce a Euclidean correlator deviating from the input data by
significantly more than one standard deviation. In addition, since positive definiteness never entered the analysis,
the Pade reconstruction may lead to artificial excursions into negative values. The stability of reconstructed spectral
features needs to be ascertained with a Jackknife analysis, as well as by testing how the removal of input datapoints
affects the end result.
These artifact however do not spell doom for the method, if our goal is to study only subsets of the spectral features.
As will be discussed, the position of e.g. the ground state peak may be well captured by the Pade reconstructed spectral
function, while its width and the higher lying structures are not accurately reproduced. It is therefore paramount to test
in each individual reconstruction scenario whether the Pade method is able to capture the spectral features of interest,
given a certain quality of input data.
Summary: Bayesian inference of spectral functions provides a systematic prescription of how to incorporate
prior domain knowledge into the regularization of the otherwise ill-posed inversion task. By interrogating the
posterior 푃 [휌|퐷, 퐼] expressed in terms of the likelihood 푃 [퐷|휌, 퐼] and prior 푃 [휌|퐼], the most probable spectral
function, given simulation data and prior information, may be found. Prior information on the data generation
may enter the likelihood, most prior information however resides in the prior probability itself. The MEM and
BR method provide two different implementations of 푃 [휌|퐼], based on different underlying axioms. They have in
common that positivity of 휌 is enforced. While for a finite number of datapoints with finite uncertainty the most
probable spectral function may differ between the methods, they will converge to a unique answer in the Bayesian
continuum limit. For reconstructions based on a small number of (10 − 40) datapoints, similar to what is often
encountered in 푇 > 0 quarkonium studies, ringing constitutes an important numerical artifact. In the MEM it is
suppressed by restricting the solution ad-hoc to a smooth functional subspace while in the smooth BR method it
is treated by self-consistently tuning an additional hyperparameter 휅. Since prior information is made explicit, its
role in the total uncertainty budget can be straight forwardly be estimated by comparing results based on different
default models and prior probabilities. In case of high precision input data also direct projection based methods
become viable. The Pade approximation e.g. exploits the analyticity of the correlator and does not require further
prior information. Its sensitivity to statistical fluctuations however also requires careful error estimation.
2.5. Open Quantum Systems
In the preceding sections we have discussed how the presence of a separation of energy scales allows us to sim-
plify the description of heavy quarkonium using a non-relativistic language. So far we restricted ourselves to a fully
equilibrated scenario, since lattice QCD simulations are limited to Euclidean time. Extracting spectral functions and
e.g. thermal widths from these simulations gave first insight into the real-time dynamics of heavy quarkonium in equi-
librium with its environment. In the context of a heavy-ion collision however we need to go beyond equilibrium to
understand the physics of heavy quarkonium. Indeed insight is required on how a heavy quarkonium state reacts to a
QCD environment with which it initially is not equilibrated at all.
One of the exciting developments of the past decade is the realization that heavy quarkonium is an ideal example of
an open quantum system (OQS) and we may understand many aspects of its real-time properties in and out-of equilib-
rium from this viewpoint. One example is the concept of decoherence that provides a new perspective on the dynamics
of quarkonium melting. The framework of OQS has a long history in condensed matter physics and we thus benefit
from many established results in that field. For an excellent introduction to OQS see e.g. Ref. [111]. On the other
hand, the strongly coupled nature of QCD and the particular physics of the color quantum number introduce additional
complexities, leading to rich phenomenology not present in other OQS. While considerations of a separation in energy
scales forms the basis for deriving effective descriptions in thermal equilibrium it is the separation of timescales that
will allow us to come up with effective descriptions of the quarkonium real-time dynamics. Bridging the language of
the effective field theories NRQCD and pNRQCD and the OQS framework is a central focus of current research on
in-medium quarkonium dynamics.
A system is well suited to the open-quantum-systems approach if its d.o.f. can be separated into an environment 퐸
and a small subsystem 푆 coupled via common interactions. In case that 퐸 consists of an infinite number of degrees of
freedom it is usually referred to as a reservoir, if in addition it is in thermal equilibrium we may call it a heat bath. It is
the presence of a continuous distribution of modes in a reservoir and the fact that its dynamics do not show recurrence
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that will lead to the emergence of dissipative effects when considering the dynamics of the small subsystem. In our
case the environment is represented by a thermal QCD medium and the small subsytem is formed by the quarkonium
two-body system.
In the following we will give an introduction to the aspects of OQS relevant for the treatment of quarkonium,
following closely the exposition in Ref. [111]. As the concept of the open system is not commonly treated in high
energy physics contexts, we will discuss in detail the derivation of two equations of motion arising from two different
time scale hierarchies: the quantum optical and quantum Brownian motion limit.
The overall system consisting of medium and heavy quark d.o.f. is of course closed and possesses a hermitean
Hamiltonian. It can be decomposed in terms of a Hamiltonian acting only on the environment d.o.f. 퐻E, one only inthe subsystem퐻S and an interaction term퐻int that connects both
퐻tot = 퐻S ⊗ 퐼E + 퐼S ⊗퐻E +퐻int . (112)
The density matrix of the full system 휎tot initialized using state vectors |휓푘(푡0)⟩ of the full system
휎tot(푡0) =
∑
푘
푝푘|휓푘(푡0)⟩⟨휓푘(푡0)|, 푑푑푡휎tot(푡) = −푖[퐻tot(푡), 휎tot(푡)], 휎tot(푡) = 푈 (푡, 0)휎tot(푡0)푈†(푡, 0), (113)
evolves according to the well known von-Neumann equation, captured in a unitary time evolution operator 푈 (푡, 0) = exp[−푖 ∫ 푑푡퐻int(푡)]. While solving the dynamics of the whole system may be too demanding it is also not our goal.Instead we wish to focus on the evolution of the quarkonium system only, which we may formally achieve by tracing
out all medium degrees of freedom. This leads to the reduced density matrix
휎S(푡) = TrE[휎tot(푡)], 휎S(푡) = 푉 (푡)휎S(0). (114)
The quantity 휎S is the central focus in the open quantum systems approach and we will set out to formulate its explicitequation ofmotion, a so calledmaster equation. Time evolution of 휎S is formally implemented via a so called dynamicalmap 푉 . While 푉 (푡) can in general be a very complicated operator there is a class of systems, where its form simplifies to
that of a semi-group, i.e. 푉 (푡1)푉 (푡2) = 푉 (푡1+푡2). This is the case when the dynamics of the system isMarkovian, i.e. ifthe next infinitesimal step in the system evolution only depends on the current state of the system. Neglecting memory
effects is admissible if a separation of timescales exists between the fast damping of correlations in the environment
휏E and the relaxation scale of the subsystem 휏rel. In that case the linear map may be written in terms of a generator ofthe dynamical semi-group  and a linear evolution equation for 휎푆 emerges
푉 (푡) = exp
[푡], 푑
푑푡
휎S(푡) = 휎S. (115)
The most general form of such a Markovian master equation has been derived independently by two groups [112, 113]
and is known as the GKS or Lindblad equation
푑
푑푡
휎S = −푖[퐻̃S, 휎S] +
∑
푘
훾푘
(
퐿푘휎S퐿
†
푘 −
1
2
퐿†푘퐿푘휎S −
1
2
휎S퐿
†
푘퐿푘
)
. (116)
The quantities 퐿 are called Lindblad operators and encode the coupling of the system to its environment. They can
always be chosen to be traceless. The Hamiltonian 퐻̃S not necessarily agrees with the Hamiltonian퐻S in Eq. (112). Ifthe 퐿’s are made dimensionless, the quantities 훾푘 > 0 take on the dimensions of 1∕time and represent relaxation ratesfor modes that decay over time in 푆. In practice the 훾’s are given by correlation functions of the environment degrees
of freedom. Special care needs to be taken if strong external fields are present (for oscillatory fields e.g. Floquet theory
is invoked). Note that the time evolution implemented by Eq. (116) is irreversible, as sketched in Fig. 10 and we will
show explicitly that entropy increases with time inside the small subsystem.
Formulating the dynamics of an OQS in terms of a Lindblad equation is of particular interest as it can be proven
that the resulting time evolution preserves the fundamental properties of the reduced density matrix, i.e. positivity,
hermiticity and unitarity
⟨푛|휎S|푛⟩ > 0,∀푛, 휎†S = 휎S, Tr[휎S] = 1. (117)
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reversible dynamics
irreversible dynamics
integrating out
the environment
Figure 10: Sketch of the two formulations of the time evolution of the quarkonium systems. The top row operates on
the level of the total system including both medium and subsystem d.o.f., which leads to reversible unitary time evolution.
The bottom row follows from integrating out the environment and leads to irreversible dynamics, formulated in terms of
the reduced density matrix.
If the Lindblad operators 퐿 do not explicitly depend on time, the time evolution of a Heisenberg operator 푂(푡) can be
formulated by simply replacing 휎S by 푂(푡) in Eq. (116).To understand the different types of approximations often invoked in the derivations of master equations in practice,
it is instructive to consider a simple weakly coupled example. We will encounter three different timescales, whose
hierarchy determines what kind of dynamics emerges. Considering 퐻int = ∑푚 Σ푚 ⊗ Ξ푚 in terms of operators in theenvironment Ξ푚 and the subsystem Σ푚 we have:
• 휏E: the timescale along which correlations in the medium ⟨Ξ푚(푡)Ξ푛(0)⟩ decay.
• 휏S: intrinsic timescale of the evolution in the subsystem, defined by a typical value of neighboring frequenciescontributing in the spectral decomposition 휏S = |휔 − 휔′|−1.
• 휏rel: the subsystem relaxation time, which e.g. for a single heavy particle subsystem is defined from the random-ization timescale of its momentum ⟨푝⟩(푡) ∝ 푒−푡∕휏rel⟨푝⟩(0)
In the interaction picture, where Heisenberg operators evolve via the interaction Hamiltonian, let us consider the
full density matrix written in integral form
휎tot(푡) = 휎tot(0) − 푖∫
푡
0
푑푠[퐻int(푠), 휎tot(푠)], (118)
from which, assuming TrE[[퐻int(푡), 휎tot(0)]] = 0, the evolution of the reduced density matrix follows as
푑
푑푡
휎S(푡) = −∫
푡
0
푑푠TrE
[
[퐻int(푡), [퐻int(푠), 휎tot(푠)]]
]
. (119)
The first approximation made to simplify the equation of motion is the Born approximation, which amounts to a weak-
coupling assumption between the system and environment leading to 휎tot(푡) ≈ 휎S(푡)⊗ 휎E
푑
푑푡
휎S(푡) = −∫
푡
0
푑푠TrE
[
[퐻퐼 (푡), [퐻퐼 (푠), 휎S(푠)⊗ 휎E]]
]
. (120)
Note that this approximation is less strict as may seem at first sight, since it does not automatically require that the
d.o.f. of the environment or the medium themselves are weakly interacting. The next simplification, the Markovian
approximation invokes a separation of timescales. If excitations of the environment decay much faster than what the
dynamics of the subsystem resolves, we may replace 휎S(푠) by 휎S(푡). In addition, if the integrand decays appreciablyfor times 푠 ≫ 휏E we may also extend the integral boundary to infinity after taking 푠 → 푡 − 푠. This leads to a masterequation coarse grained in time of the form
푑
푑푡
휎S(푡) = −∫
∞
0
푑푠TrE
[
[퐻퐼 (푡), [퐻퐼 (푡 − 푠), 휎S(푡)⊗ 휎E]]
]
. (121)
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In order to arrive at a Lindblad equation one often invokes another approximation, which involves the intrinsic time
scale 휏S. In order to see its role, one can introduce a spectral decomposition in terms of the system Hamiltonian퐻푆 ,so that퐻int(푡) = ∑푚,휔 푒−푖휔푡Σ푚(휔)⊗ Ξ푚(휔). The resulting e.o.m. reads
푑
푑푡
휎S(푡) =
∑
휔,휔′
∑
푚,푛
푒푖(휔
′−휔)푡Γ푚푛(휔)
(
Σ푛(휔)휎S(푡)Σ푚(휔′) − Σ†푚(휔
′)Σ푛(휔)휎s(푡)
)
, (122)
where
Γ푚푛(휔) = ∫
∞
0
푑푠푒푖푠휔⟨Ξ†푚(푡)Ξ푛(푡 − 푠)⟩ and Γ푚푛(휔) = 12훾푚푛 + 푖푆푚푛(휔). (123)
If 휏rel ≫ 휏E only the diagonal terms with 휔 = 휔′ contribute. This is called the rotating wave approximation. Further,decomposing Γ푚푛 into a hermitean part 푆푚푛 = (Γ푚푛−Γ∗푚푛)∕2푖 and the positive matrix 훾푚푛 = (Γ푚푛+Γ∗푚푛), the followingmaster equation is obtained
푑
푑푡
휎S(푡) = −푖[퐻̃S, 휎S(푡)] +
∑
휔
∑
푚,푛
훾푚푛(휔)
(
Σ푛(휔)휎S(푡)Σ†푚(휔) −
1
2
{
Σ†푚(휔)Σ푛(휔), 휎S(푡)
})
, (124)
where 퐻̃S = ∑휔∑푚푛 푆푚푛(휔)Σ†푚(휔)Σ푛(휔). Equation (124) goes over into Lindblad form, if the matrix 훾푚푛 is diago-nalized. This master equation is based on the separation of scales
휏S ≪ 휏rel, 휏E ≪ 휏rel the quantumoptical limit. (125)
As a consistency check one can convince oneself that the late time limit of the the above master equation is indeed the
thermal distribution 휎thermS = exp[−훽퐻̃푆 ]∕TrS[푒−훽퐻̃푆 ].While the above discussion provided an easily accessible example of the derivation of a microscopic master equa-
tion the underlying separation of timescales did not apply to quarkonium. Indeed, due to the large rest mass of the
constituent quarks we expect that the intrinsic dynamics of the subsystem are actually slow compared to that of the
medium. In this case the Markovian approximation may hold but the following separation of scales is considered
휏E ≪ 휏S, 휏E ≪ 휏rel the quantumbrownianmotion limit, (126)
i.e. the rotating wave approximation may not apply.
A well known model of Markovian quantum Brownian motion is the Caldeira-Leggett model at high temperature.
In this model a (heavy) point particle is coupled to a bath consisting of a large number (eventually infinitely many)
of light harmonic oscillators. It thus represents a very crude but intuitive analogy for a heavy quark. The model
Hamiltonian reads
퐻S =
푝2
2푚
+ 푉푐(푥), 퐻E =
∑
푛
ℏ휈푛
(
푏†푚푏푛 +
1
2
)
, 퐻int = −푥
∑
푛
휅푛푥푛 = −푥
∑
푛
휅푛
√
ℏ
2푚푛휈푛
(푏푛 + 푏†푛) = −푥Ξ.
(127)
Here the creation and annihilation operators of the harmonic oscillators with mass 푚푛 and frequency 휈푛 are denoted
by 푏푛 and 푏†푛. A linear interaction term between the point particle and the environment is used. If continuous reservoirmodes are considered, the interactions leads to a renormalization of the potential. This effect is compensated by adding
to the heavy particle potential 푉 (푥) a correction 푉푐(푥) = 푉 (푥) + 푥2∑푛 휅푛∕(2푚푛휈2푛 ) = 푉 (푥) +퐻푐(푥).The derivation of the master equation at first proceeds very similarly, invoking the Born and Markov approxi-
mations. In this model we assume that the particle is immersed in a heat bath of temperature 훽 = 1∕푘퐵푇 so that
휎E = exp[−훽퐻E]∕TrEexp[−훽퐻E]. We had seen that correlation functions of the medium d.o.f. play an important rolewhich motivates introducing the following thermally averaged commutator and anti-commutator
퐷(푠) = 푖⟨[Ξ,Ξ(−푠)]⟩ = 2ℏ∫ ∞0 푑휔퐽 (휔)sin(휔푠), (128)
퐷1(푠) = ⟨{Ξ,Ξ(−푠)}⟩ = 2ℏ∫ ∞0 푑휔퐽 (휔)coth[ℏ휔∕2푘퐵푇 ]cos(휔푠), (129)
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which are known as the dissipation and noise kernel respectively. All the information about the medium in this model
is encoded in the two kernel functions, which may be written in terms of the bath spectral density
퐽 (휔) =
∑
푛
휅푛
2푚푛휈푛
훿(휔 − 휈푛). (130)
The equation of motion so far takes the form
푑
푑푡
휎S(푡) = −
푖
ℏ
[퐻푆 +퐻푐 , 휎S(푡)] +
1
ℏ2 ∫
∞
0
푑푠
( 푖
2
퐷(푠)[푥, {푥(−푠), 휎S(푡)}] −
1
2
퐷1(푠)[푥, [푥(−푠), 휎S(푡)]]
)
. (131)
We are interested in a reservoir with infinitely many d.o.f. in order to observe genuine damping of modes. Thus
we will consider the continuous counterpart of 퐽 (휔), whose 휔 dependence is determined from the particular form of
the interactions 휅푛. An analytically solvable case is obtained with the following model ansatz
퐽 (휔) = 2푚훾
휋
휔 Ω
Ω2 + 휔2
. (132)
Here the small frequency regime behaves linear, modeling an Ohmic damping of modes in the subsystemwith damping
constant 훾 . The high frequency regime on the other hand is regularized by a cutoff function. Let push the analogy
with QCD a bit further at this point. Since the coupling of the heavy quark to the bath occurs via gluons the spectral
density considered above will be linked to a gluon spectral function, while the kernels퐷 and퐷1 are the correspondinggluon correlators. In case of quarkonium it will turn out that since the gluon correlators at high temperature are also
the building blocks to describe the real- and imaginary part of the in-medium heavy quark potential, 퐷 and 퐷1 areintimately related to Im[푉 ].
The master equation Eq. (133) can be further simplified by invoking the time scale separation of Brownian motion.
In case of the model spectral density 퐽 (휔) the decay of the kernel functions contains contributions from all finite
Matsubara frequencies 휔푛 = 2휋푛푇 with 푛 > 0 up to the UV cutoff ΛUV. I.e. the medium relaxation scale is givenby 휏E = max[Λ−1UV, ℏ∕휔1]. Instead of the rotating wave approximation, we here consider the case that the typicaltimescale of the system is much larger than that of the medium.
Carefully evaluating all expressions in Eq. (133) under 휏E ≪ 휏S one arrives at the Caldeira-Leggett master equation
푑
푑푡
휎S(푡) = −
푖
ℏ
[퐻푆 , 휎S(푡)] −
푖훾
ℏ
[푥, {푝, 휎S(푡)}] −
2푚훾푘퐵푇
ℏ2
[푥, [푥, 휎S(푡)]]. (133)
The von-Neumann like term describes the coherent dynamics of the subsystem similar to when no environment is
present. The second term arises from the contributions associated with the function 퐷 and encodes dissipation of
energy from the system to the medium. Its strength is governed by the damping rate 훾 that enters 퐽 . The effects of
thermal fluctuations on the other hand are encoded in the third term related to 퐷1. At this stage the master equationis not in Lindblad form but it can be made such by adding a term that is parametrically small at high temperatures
− 훾8푚푘퐵푇 [푝, [푝, 휎S]]. In order for fluctuations and dissipation to work in tandem it makes sense that 훾 will appear alsoin the noise related terms. This yields a Lindblad master equation with a single relaxation rate 훾 and the Lindblad
operator
퐿 =
√
4푚푘퐵푇
ℏ2
푥 + 푖
√
1
4푚푘퐵푇
푝. (134)
We will find Lindblad operators of similar form when considering heavy quarks and heavy quarkonium in QCD. Let
us briefly list the Ehrenfest equations of motion for position and momentum of the heavy particle in this model
푑
푑푡
⟨푥⟩ = 1
푚
⟨푝⟩, 푑
푑푡
⟨푝⟩ = −⟨푉 ′(푥)⟩ − 2훾⟨푝⟩. (135)
For a free particle we find
⟨푥(푡)⟩ = ⟨푥(0)⟩ + 1
2푚훾
(1 − 푒−2훾푡)⟨푝(0)⟩, ⟨푝(푡)⟩ = 푒−2훾푡⟨푝(0)⟩, (136)
Alexander Rothkopf: Preprint submitted to Elsevier Page 40 of 129
Heavy Quarkonium in Extreme Conditions
so that the average momentum relaxes to zero exponentially with a rate of 2훾 and the average position at late times is
displaced by the value ⟨푥̇(0)⟩∕2훾 .
While already much closer to the case of quarkonium, the Caldeira-Leggett model also does not in general accom-
modate its physics, since the above derivation assumes that the extend of the heavy particle is always smaller than the
correlation length of the medium. Since quarkonium possesses an internal structure, its radius can however easily be
of the same order or larger than the medium correlation length in practice.
In practice we will often encounter the situation where the medium d.o.f. are formulated in terms of a path integral.
Feynman and Vernon [114] developed a systematic treatment of how to derive the system-medium interactions in such
a case. Consider the expression for the density matrix evolution on the Schwinger-Keldysh contour, where we denote
the d.o.f. in the environment with capital letters, those in the subsystem with lowercase letters
휎tot(푥, 푦,푋, 푌 , 푡) = ∫ 푑[푥0, 푦0]∫ 푑[푋0, 푌0]⟨푥0, 푋0|휎̂tot(0)|푦0, 푌0⟩∫ 푦0푥0 [푥, 푦]∫
푌0
푋0
[푋, 푌 ]푒푖푆[푥,푋]−푖푆[푦,푌 ].
(137)
The forward path houses the 푥,푋 d.o.f., while the backward path contains 푦, 푌 . The trace operation over the environ-
ment in the language of functional integrals is implemented by integrating over푋 and 푌 and inserting a delta function,
assuming 휎tot(0) = 휎S ⊗ 휎E we find
휎S(푥, 푦) = ∫ [푋, 푌 ]훿(푋 − 푌 )휎tot(푥, 푦,푋, 푌 , 푡) = ∫ 푑[푥0, 푦0]⟨푥0|휎̂S(0)|푦0⟩∫ 푦0푥0 [푥, 푦]푒푖푆S[푥]−푖푆S[푦]퐹 [푥, 푦].(138)
The Feynman-Vernon influence functional 퐹 [푥, 푦] together with the subsystem action 푆S encodes all the informationon the subsystem and its interaction with the medium, required to construct a master equation. It can equally well be
written as an effective action contribution in the path integral weight 푆FV[푥, 푦] = log[퐹 [푥, 푦]]. When expressing thetime evolution of the reduced density matrix in terms of its Greens function 퐾휎
휎S(푥푓 , 푦푓 , 푡) = ∫ 푑푥푖 ∫ 푑푥′푖퐾휎(푥푓 , 푦푓 , 푡푓 , 푥푖, 푦푖, 푡푖)휎S(푥푖, 푦푖, 푡푖), (139)
we can read off its path integral representation. The challenge in practice then lies in reverse engineering the operator
expressions for the corresponding equation of motion for 휎S starting from the c-number valued path integral. It is theinverse operation to the original construction of the path integral starting from the Greens function for an individual
wavefunction. A similar task exists in lattice QCD studies, where the Hamilton operator for a lattice discretized path
integral is constructed via the so called transfer matrix. For the Caldeira-Leggett model the Feynman-Vernon influence
functional has been considered in [115].
After having gained some insight into the description of open quantum systems via Lindblad type master equa-
tions we turn our attention to one of the characteristic phenomena occurring in open quantum systems: Decoherence.
Whenever our subsystem evolves in contact with its environment, correlations among the d.o.f. arise. Very often this
leads to a particular behavior in the subsystem, once the environment is traced out. I.e. certain sets of states in 푆
are singled out by the interaction, a so called preferred basis, which in turn remain stable under time evolution. Any
superpositions of these states on the other hand are damped away. The timescale of this damping 휏퐷 is often muchshorter than the intrinsic timescales of the subsystem. Decoherence in the context of heavy quarkonium will be often
be found to be accompanied by a decay of populations of states but in general such decay is not necessarily a byproduct
of decoherence.
The dynamics of decoherence is often characterized by a so-called decoherence function Γ, which describes the
decay of the off-diagonal entries of the reduced density matrix, expressed in the preferred basis. Let us consider the
particularly chosen interaction 퐻int = ∑푚 Σ푚 ⊗ Ξ푚 = ∑푚 |푚⟩⟨푚| ⊗ 휉푛, where the states |푚⟩ are eigenstates of thesubsystem Hamiltonian 퐻S. Starting out from an initial state given by |휓(0)⟩ = ∑푚 푐푚|푚⟩ ⊗ |휙푚⟩ the system willevolve into
|휓(푡)⟩ =∑
푚
푐푚|푚⟩⊗ |휙푚(푡)⟩, 휎S(푡) = Tr[|휓(푡)⟩⟨휓(푡)|] =∑
푚,푛
푐푚푐
∗
푛 |푚⟩⟨푛|⟨휙푛(푡)|휙푚(푡)⟩. (140)
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Due to unitarity, the norm of ⟨휙푚(푡)|휙푚(푡)⟩ = 1 is preserved and the diagonal entries of 휎S remain constant. I.e. onlythe off-diagonal terms are affected by the evolution and we may define the decoherence function Γ푚푛 via|⟨휙푛(푡)|휙푚(푡)⟩| = exp[Γ푚푛(푡)], 푛 ≠ 푚, Γ푚푛(푡) ≤ 0, (141)
whose values are of course highly dependent on the system parameters and also the choice of initial state. The typical
timescale over which the overlap ⟨휙푛(푡)|휙푚(푡)⟩ decreases is denoted by 휏퐷 the decoherence time. If the overlap ap-proaches zero the reduced density matrix takes on the form of an incoherent mixture of the states |푚⟩. We can consider
the linear entropy 푆푙[휎] = 1 − Tr[휎2] in the subsystem, which starts out as 푆푙[휎푆 (0)] = 0 but evolves to
푆푙[휎푆 (푡)] = 1 −
∑
푚푛
|푐푚|2|푐푛|2exp[2Γ푚푛(푡)], (142)
approaching at late times 푆푙[휌푆 (푡 → ∞)] = 1 −∑푚 |푐푚|4.One interesting effect of decoherence is the localization of the states in position space, which occurs e.g. in quantum
Brownian motion at high temperature. Neglecting the effects of dissipation, i.e. taking the recoilless limit, let us
consider the master equation
푑
푑푡
휎S(푡) = −푖[퐻S, 휎S(푡)] −
2푚훾푘퐵푇
ℏ2
[퐱, [퐱, 휎S(푡)]] (143)
with a simple 퐻S = 퐩2∕2푚. It turns out that the decay of the off-diagonals occurs much faster than the evolution ofthe diagonals and the free part, hence we may neglect the퐻S contribution and solve approximately
휎S(퐱, 퐱′, 푡) ≈ exp
[
−
2푚훾푘퐵푇
ℏ2
(퐱 − 퐱′)2푡
]
휎S(퐱, 퐱′, 0). (144)
The resulting decoherence function, which damps away off-diagonal terms in position space, is linear in time and we
can read off the corresponding decoherence time
Γ(푡) = −
2푚훾푘퐵푇
ℏ2
Δ푥2푡, 휏퐷 =
ℏ2
2푚훾푘퐵푇Δ푥2
. (145)
It remains to get an impression of how the decoherence time relates to the relaxation time of the subsystem. The
latter is defined from the relaxation of the square of the momentum, which from the Ehrenfest e.o.m. is 휏rel = 1∕4훾 .
Expressed in the thermal wavelength of the medium 휆th = ℏ∕
√
2푚푘퐵푇 we then find
휏퐷
휏rel
= 4
(휆th
Δ푥
)2
, (146)
which especially for macroscopic objects can be an extremely small ratio.
In order to observe the phenomenon of decoherence and its consequences in practice, i.e. in realistic systems
such as quarkonium, a numerical implementation of the Lindblad equation is required. On the one hand one could
attack the problem head on and setup a simulation of ⟨푥|휎S|푦⟩ in coordinate space and discretize the resulting partialdifferential equation. In three dimensions this leads to a six dimensional matrix equation which is computationally very
demanding. On the other hand one can unravel Eq. (116) into the stochastic evolution of an ensemble of wavefunctions|휓(푡)⟩ whose fluctuations allow us to reconstruct the density matrix
휎S = ⟨|휓(푡)⟩⟨휓(푡)|⟩ensemble . (147)
In that case one has to deal with the evolution of three-dimensional wavefunctions only. It is important to note that the
time evolution described by Eq. (116) in general cannot be unravelled in terms of a deterministic Schrödinger equation.
Introducing a gradient expansion it may be possible to unravel it into unitary and linear time evolution of a wavefunction
with stochastic noise contributions. For the full dynamics, the Quantum State Diffusion (QSD) approach has proven to
be an important tool [116]. It tells us that in general to unravel any Lindblad master equation the following non-linear
stochastic Schrödinger equation can be considered
|푑휓⟩ = −푖퐻̃S +∑
푚
(
2⟨퐿†푚⟩휓퐿푚 − 퐿†푚퐿푚 − ⟨퐿†푚⟩휓⟨퐿푚⟩휓)|휓(푡)⟩푑푡 +∑
푚
(
퐿푚 − ⟨퐿푚⟩휓)|휓(푡)⟩푑휉푖. (148)
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The stochastic nature of the evolution is implemented via complex valued Gaussian noise of the form
⟨푑휉푖⟩ensemble = ⟨Re(푑휉푖)⟩ensemble = ⟨Im(푑휉푗)⟩ensemble = 0, (149)⟨
Re(푑휉푖)Re(푑휉푗)
⟩
ensemble =
⟨
Im(푑휉푖)Im(푑휉푗)
⟩
ensemble = 훿푖푗푑푡. (150)
The non-linearity on the other hand arises from the fact that in terms such as ⟨퐿푚⟩휓 the expectation value with respectto the wavefunction is computed. Once the Lindblad operators are specified the above prescription offers a straight
forward recipe for implementation of numerical simulations.
Summary: The open quantum systems approach considers systems, which can be decomposed in a small sub-
system 푆 and a large environment 퐸 and thus naturally accommodates in-medium quarkonium. By tracing out
the medium degrees of freedom a simplified description of the irreversible dynamics of the subsystem is devel-
oped, formulated as a master equation for the reduced density matrix 휎S. Interactions between 푆 and 퐸 inducecorrelations in their d.o.f. which leads to the phenomenon of decoherence in the subsystem. A set of preferred
basis states remains stable but superpositions are damped away. Exploiting a separation of time scales between
the subsystem and the medium 휏E ≪ 휏rel Markovian master equations in the Lindblad form can be derived, whichpreserve the positivity and hermiticity of the reduced density matrix. Simulating the time evolution often involves
unravelling of the master equation in terms of stochastic evolution of an ensemble of wavefunctions. The quantum
state diffusion method provides a straight forward implementation.
3. Quarkonium in thermal equilibrium
Our exploration of heavy quarkonium in extreme conditions begins with its physics in thermal equilibrium. Here
the quark–anti-quark pair is immersed into an infinitely extended QCD medium at a constant temperature 푇 (and in
this report we restrict to vanishing Baryo-chemical potential 휇퐵 = 0). The advantage of investigating such an idealizedscenario is that quantum field theoretical methods, such as lattice QCD, are capable of providing direct non-perturbative
insight from first principles. I.e. no modeling assumptions need to be made. We may learn about various aspects of
in-medium heavy quarkonium, which will support the analysis of its physics in more complicated and experimentally
relevant scenarios, such as in relativistic heavy ion collisions.
In the following we will assume that enough time has passed so that the momentum distribution of the individual
quarks has fully equilibrated, becoming Fermi-Dirac distributed. At very high energies 푇 ≫ 2푚푄 heavy quark pairsmay be spontaneously created from thermal fluctuations, i.e. their occupation number also follows the thermal dis-
tribution. They system is said to be chemically equilibrated. Since 퐸bind < 푚푄 for quarkonium, one does not expectstable bound states to exist in this regime. On the other hand at lower temperatures 퐸bind > 푇 where quarkonium maysurvive, the thermal occupancy for heavy quarks is very low. If we consider a 푄푄̄ in this regime, some other process
must have produced it and placed it in the medium. I.e. the system is kinetically but not chemically equilibrated. Such
settings are commonly considered today, as they are the idealized counterpart to a heavy-ion collision, where it is the
hard partonic processes in the early stages that create a quark antiquark pair, which subsequently finds itself surrounded
by the hot bulk matter.
The central goal will be to understand how the binding properties of quarkonium vacuum states are altered in
the presence of a thermal medium. We will explore this question from several angles: screening of color fields in
thermal QCD, the modification of binding in terms of an in-medium potential and the manifestation of binding in the
spectral properties of quarkonium states. On the way we will learn to connect the weakening of interquark binding to
the concept of a Debye mass and eventually consider what the insight of the past decade tells us about the dynamical
process of quarkonium melting.
3.1. Screening of color fields in thermal QCD
Heavy quarkonium bound states in vacuum are sustained by an exchange of gluons among the constituent charm or
bottom quarks. Since the heavy quark velocities are small it is expected that color electric interactions dominate over
color magnetic ones. If immersed into a thermal QCD medium one expects that the exchanged gluons will interact
with the medium d.o.f. and that their properties become modified. In analogy with electromagnetically interacting
media (see e.g. Debye-Hückel theory [117]) it is furthermore expected that this leads to a weakening of the strength
of binding. Our goal in this section is thus to gain an understanding of how the medium influences the propagation
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of QCD color fields. Note that at this point we are asking about a property of the medium and not yet one of the
quarkonium system.
Consideration of limiting cases, whether physical or not, is a central tool of the physicist toolbox to explore the log-
ical consequences of hypotheses. In classical electrodynamics the idealized concept of a test charge plays an important
role to shed light on field configurations and their modification in medium. In the study of QCD a similar role is taken
up by considering infinitely heavy quarks. We have already seen in Eq. (59) that in this static limit the propagation
of a quark in time reduces simply to a change in its 푆푈 (3) color phase, given by a temporal Wilson line. The spatial
position of the quark is obviously fixed.
In QED, screening properties of static electric and magnetic fields are well understood in a gauge invariant manner.
The gluons responsible for sustaining the electric field acquire amass from interactions with themedium. For amedium
of fermions with charge 푒 this leads to an electric photon self energy
lim
퐩→0
ΠQED00 (휔 = 0,퐩) = 푚퐷, 푚퐷 =
1√
3
푒푇 + (푒2푇 2) (151)
and in turn the electric field becomes short ranged. Correlation functions between static electric fields are damped
exponentially ⟨퐄(퐱)퐄(퐲)⟩ ∼ exp[−푚퐷|퐱− 퐲|] at large distances with the in-medium mass, christened the Debye mass.It is possible to compute the QEDDebye mass perturbatively, with the lowest order being proportional to 푒푇 . Magnetic
fields on the other hand remain unscreened lim퐩→0 ΠQED푖푗 (휔 = 0,퐩) = 0 and remain effective on large distance scales.In QCD on the other hand screening is more involved. The first stumbling block is that the concept of color electric
and magnetic field is not gauge invariant anymore. So a simple inspection of gluon self energies does not lead to an
unambiguous concept of electric or magnetic screening, as one component can be rotated into another. Instead one has
to define adequate gauge invariant quantities, whose symmetry properties agree with the symmetries associated with
an electric and magnetic field.
It turns out that at asymptotically high temperatures, where QCD is weakly coupled, color electric fields are
screened at a scale 푔푇 , where 푔 is the strong coupling. I.e. there exists a QCD counterpart to the Debye mass,
which at leading order scales as 푚퐷 ∼ 푔푇 . In contrast to QED magnetic fields also become screened at a lower energyscale 푚푀 ∼ 푔2푇 but the physics of this magnetic screening is fully non-perturbative (even at high temperatures). Notonly is 푚푀 not accessible via perturbative means but also 푚퐷 receives non-perturbative contributions beyond the firstlogarithmic correction that itself can be evaluated in perturbation theory. The general result for 푆푈 (푁푐) gauge theorywith푁푓 active fermion flavors in the medium reads
푚퐷 =
√
푁푐
3
+
푁푓
6
푔푇 + 1
4휋
푁푐푔
2푇 log
[√푁푐
3
+
푁푓
6
1
푔
]
+ 휅푔2푇 + (푔3푇 ), (152)
where 휅 already escapes perturbative evaluation.
There are currently two main approaches found in the literature to define and determine screening masses in QCD
non-perturbatively. Both rely on considering static quarks as test color charges and deploy specifically constructed
correlation functions between such a static quark and antiquark pair to reveal how their interactions are damped when
the spatial distance between them is increased. Interestingly the intimate relation between Euclidean QFT at finite
temperature and statistical physics allows us to connect the evolution of static quarks in imaginary time to a thermody-
namic property of the system, its free energy. One may ask how a genuinely gauge dependent concept, such as a color
phase rotation can lead to a gauge invariant thermodynamic quantity. As it turns out the compactness of the imaginary
time axis plays a key role.
Let us recall how the free energy is connected to static quark propagation, as first discussed in Ref. [118]. The free
energies 퐹 (퐱1,… , 퐱푛, 퐱푛+1,… , 퐱푛+푚) of a system with 푛 static quarks and 푚 antiquarks present, located at positions
퐱푖 may be related to the partition function via
exp[−훽퐹 ] = 1
푁푐푛+푚
∑
푠
⟨푠|푒−훽퐻 |푠⟩ = 1
푁푐푛,푚
∑
푞
⟨푞|푄(퐱1, 0)…푄(퐱푛, 0) 푒−훽퐻 푄̄(퐱푛+1, 0)… 푄̄(퐱푛푚 , 0)|푞⟩.
(153)
Here the states |푠⟩ are those that contain both the medium degrees of freedom an the static quarks and |푞⟩ only refer to
the medium. Using the fact that 푒−훽퐻 is the generator of imaginary time translations and that these time translations
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only change the affected fields by a color rotation, we may write
exp[−훽퐹푛,푚] =
1
푁푛+푚푐
Trmedium
[
Tr푐
[
퐿(퐱1)
]
…Tr푐
[
퐿(퐱푛)
]
Tr푐
[
퐿†(퐱푛+1)
]
…Tr푐
[
퐿†(퐱푛푚 )
]]
. (154)
The above expression is written in terms of the color trace of the Polyakov loop
퐿(퐱) =  exp[푖∫ 훽0 푑휏퐴4(퐱, 휏)
]
=
푁휏∏
푖=1
푈4(퐥, 푖), (155)
which on the lattice is given by a product of links in imaginary time direction closing around the compact Euclidean
domain. Note that if the color trace is taken Tr푐퐿 is indeed is gauge invariant. The Polyakov loop is hence related tothe free energy of a single quark in the medium. It is furthermore the order parameter of the 푆푈 (3) center symmetry
and in the absence of light quark degrees of freedom ⟨퐿(0)⟩ in turn takes the role of an order parameter for the, in
that case well defined, confinement-deconfinement phase transition. In QCD with dynamical fermions the change
of the Polyakov loop with temperature still provides a clear signal for the crossover transition from hadrons to the
quark-gluon-plasma.
In order to get access to the free energies on the lattice, we need to rewrite Eq. (154) in terms of an actual expectation
value, i.e. we need to normalize by the partition function of the medium without quarks present. Hence we compute
the difference Δ퐹푛,푚 = 퐹푛,푚 − 퐹0,0 in the free energy between a system with and without the static quarks present
exp[−훽Δ퐹푛,푚] =
1
푁푛+푚푐
⟨Tr푐[퐿(퐱1)],… ,Tr푐[퐿(퐱푛)]Tr푐[퐿†(퐱푛+1)]…Tr푐[퐿†(퐱푛푚 )]⟩. (156)
The main interest in this section lies in the interactions between one static quark and one antiquark, i.e. we consider
the spatial correlations of a Polyakov loop and its complex conjugated counterpart
푃2(푟 = |퐱 − 퐲|) = exp[−훽Δ퐹1,1] = ⟨Tr푐[퐿(퐱)]Tr푐[퐿†(퐲)]⟩, lim푟→∞푃2(푟) = |⟨Tr푐[퐿(0)]⟩|2. (157)
We may understand the corresponding free energy as encoding (after proper renormalization) the amount of work that
is required to pull apart the two quark anti-quark pair to a distance 푟. At very large distances the correlator 푃2 will goover into a constant, given by the expectation value of a single Polyakov loop squared. In pure gauge theory at low
temperatures this quantity diverges as color confinement prevents the separation of the two static quarks. In QCD with
dynamical fermions the phenomenon of string breaking occurs even in vacuum, where the energy stored in the color
field between the static quarks is transformed into a light quark–antiquark pair, which in turn forms a color neutral state
with the static color sources.
Screening masses from electric and magnetic correlators
Let us consider the first strategy for defining and extracting the QCD screening masses. It relies on the work of
Ref. [119], where it has been shown that transformation properties under Euclidean time reversal and charge conju-
gation  allow one to make the distinction between color electric and magnetic operators in a non-perturbative fashion.
In short, an operator even (odd) under  is considered to be magnetic (electric). The large distance spatial decay of
correlators of such operators are expected to reveal the corresponding magnetic (electric) screening masses. This con-
cept has already been used to study QCD at very high temperature (remember that even there magnetic screening is
non-perturbative) using the dimensionally reduced effective field theory EQCD in Ref. [120]. We will now discuss
how it can be used in the study of screening in fully dynamical lattice QCD.
Ref. [119] first pointed out that since the Polyakov loop as written in Eq. (155) does not have well defined trans-
formation properties under Euclidean time reversal 퐿 = 퐿† and charge conjugation 퐿 = 퐿∗ it mixes both color
electric and color magnetic contributions. If its correlator, i.e. the free energy difference Δ퐹1,1(푟) shows exponentialdecay at large distances it is most probably dominated by the magnetic screening mass 푚푀 < 푚퐸 , as electric con-tributions have already died out before. Note that if we wish to connect the electric screening mass obtained in that
fashion to the perturbatively defined concept of Debye mass we will have to divide with a factor two. The reason is
that at small distances perturbation theory tells us [121] that Δ퐹1,1(푟) is dominated by two-gluon exchange. In turn
a −훼2푆exp(−2푚퐷푟)∕푟2 behavior arises, from which we take it that the screening masses found from such traced outPolyakov loop correlators will represent twice the value of the corresponding gluon mass.
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As proposed first in the lattice study of Ref. [122] (WHOT collaboration) we can instead consider
퐿푀 =
1
2
(퐿 + 퐿†), 퐿퐸 =
1
2
(퐿 − 퐿†), 퐿푀± =
1
2
(퐿푀 ± 퐿∗푀 ), 퐿퐸± =
1
2
(퐿퐸 ± 퐸∗푀 ), (158)
where the only two non-vanishing contributions Tr[퐿푀+] and Tr[퐿퐸−] represent the real and imaginary part of thePolyakov loop respectively. The corresponding magnetic and electric correlation functions are written as
퐶푀+(푟) =
⟨∑
퐱
Tr푐
[
퐿푀+(퐱)
]
Tr푐
[
퐿푀+(퐱 + 퐫)
]⟩
−
|||||
∑
퐱
Tr푐
[
퐿(퐱)
]]|||||
2
, (159)
퐶퐸−(푟) =
⟨∑
퐱
Tr푐
[
퐿퐸−(퐱)
]
Tr푐
[
퐿퐸−(퐱 + 퐫)
]⟩
. (160)
If the above defined correlators show a large distance exponential decay we may use them to extract the magnetic and
electric screening masses in a non-perturbative fashion. The high temperature effective field theory of dimensionally
reduced QCD, called EQCD, suggests [123] that the correlator takes on the asymptotic form
퐶푀+(푟→ ∞) ∼ 훾푀
푒−푚푀 푟
푟푇
, 퐶퐸−(푟→ ∞) ∼ 훾퐸
푒−푚퐷푟
푟푇
, (161)
which has been found to describe lattice QCD simulations well even at temperatures around the crossover transition.
While several studies have considered correlators of Polyakov loops in lattice QCD over the past two decades, it
is only recently that fully continuum extrapolated results with dynamical quarks close to the physical pion mass have
been obtained in the temperature range up to 푇 = 350MeV in Ref. [124] and up to 푇 = 1451MeV in Ref. [125]. The
electric and magnetic correlators have been investigated previously only in Ref. [122].
Let us consider the electric and magnetic screening masses obtained in Ref. [124] (Budapest-Wuppertal collab-
oration). The simulations in that study are based on a Symanzik improved gauge action and a stout smearing im-
proved staggered quark action tuned to reproduce physical quark masses. Scale setting along the line of constant
physics has been implemented using the gradient flow scale 휔0. The continuum limit is taken on lattices with differentimaginary time extent from 푁휏 = 6…16, where the physical volume is kept approximately constant with a ratio of
푁푠∕푁휏 ≈ 5…6. As a fixed box approach, temperature is varied by changing the lattice spacing.Since the naive Polyakov loop diverges in the continuum limit, so does its correlator at large separation distances
and hence the free energies. I.e. to take the continuum limit in a meaningful way this divergence needs to be subtracted.
One possibility (for a detailed discussion see [124]) is to define the renormalized quantity
Δ퐹 ren1,1 = Δ퐹1,1(푟, 푇 ) − Δ퐹1,1(푟→ ∞, 푇0) (162)
at a fixed reference temperature 푇0. Since the divergence is UV dominated it is the same at any temperature and bychoosing one fixed 푇0 the renormalization procedure remains temperature independent, as required.In the left plot of Fig. 11 the continuum extrapolated results for Δ퐹 ren1,1 from Ref. [124] are presented. At everytemperature considered, the values approach a common low temperature form for small enough distances, where the
influence of the thermal medium becomes insignificant. At large distances and high temperatures on the other hand
we find that the free energy difference asymptotes to a constant value, which indicates that indeed screening is present.
It manifests itself also as an exponential decay in the underlying correlation function of Polyakov loops. It is clear that
screening weakens as the temperature is reduced. At lower temperatures around and below the crossover transition
푇푐 = 155MeV the effects of screening will eventually become mixed with those arising from string breaking. A recentanalysis of string breaking effects in 푇 = 0 lattice QCD (yet without continuum extrapolation) in Ref. [126] indicates
a string breaking distance of 푟푐 = 1.224(15)fm, so that the flattening off in the 푇 = 150MeV result shown here up to
푟 = 0.7fm is most likely still an indication of the onset of screening.
In order to extract the electric and magnetic screening masses, the Yukawa like decay of the corresponding corre-
lators 퐶퐸−(푟) and 퐶푀+(푟) is fitted and the results are given in the right plot of Fig. 11 as ratios with the temperature.The values of the magnetic mass 푚푀∕푇 together with the full error budget including statistical and continuum extrap-olation uncertainty are plotted as the red band, the electric mass 푚퐷∕푇 as blue band. One finds that the separation of
푚퐸 > 푚푀 holds with 푚퐸∕푚푀 (푇 = 300MeV) = 1.63(8), even in the regime just above the crossover temperature.
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Figure 11: (left) The continuum extrapolated and renormalized free energy difference for a system with and without a
static 푄푄̄ pair inserted. (right) The continuum extrapolated values for the electric (blue, top) and magnetic (red, bottom)
screening masses from Yukawa fits to the large distance decay of the electric and magnetic correlation functions. Figure
adapted from Ref. [124].
While not shown in Fig. 11, the value of the magnetic screening mass obtained from 퐶푀+(푟) is expected to agree withthat from Δ퐹1,1, as had been observed previously in Ref. [122].Within the errorbars the results do not show a significant dependence on temperature, which suggests that the
masses indeed scale linearly with temperature. The results obtained in this analysis are consistent with previous studies
using EQCD, keeping inmind that applying EQCD at such low temperatures pushes the envelope of its range of validity.
EQCD with both푁푓 = 2 and푁푓 = 3 massless quarks in the medium predicts 푚퐸∕푚푀 (푇 = 300MeV) = 1.8(2).As we argued that the electric screening mass extracted here non-perturbatively relates to the Debye mass as 푚퐸 =
2푚퐷, we can compare its values to the predictions of NLO perturbation theory in Eq. (152). One finds that the latticevalues are systematically larger than the weak-coupling results by a factor between 1.8 and 2.0.
Screening masses from color singlet and averaged free energies
The second approach followed in the literature considers the transformation properties of the Polyakov loops under
color rotations instead of Euclidean time reversal. In the non-interacting theory a product of two color matrices indeed
can be unambiguously decomposed according to 3⊗3̄ = 1⊕8 into a color singlet and a color octet (adjoint) contribution
exp[−훽Δ퐹1] =
1
푁푐
⟨Tr푐[퐿(퐱)퐿†(퐲)]⟩ (163)
exp[−훽Δ퐹푎] =
1
푁2푐 − 1
⟨Tr푐[퐿(퐱)푇 푎퐿†(퐲)푇 푎]⟩ (164)
= 1
푁2푐 − 1
⟨Tr푐[퐿(퐱)]Tr[퐿†(퐲)]⟩ − 1푁푐(푁2푐 − 1) ⟨Tr푐[퐿(퐱)퐿†(퐲)]⟩ (165)
The quantities, where the trace is on the outside of the product of loops are by themselves not gauge invariant. One
conventionally chooses Coulomb gauge when determining their values on the lattice. The physical free energy thus
contains both singlet and adjoint contributions
exp[−훽Δ퐹1,1] =
1
푁2푐
exp[−훽퐹1] +
푁2푐 − 1
푁2푐
exp[−훽퐹푎] (166)
In the interacting theory the above decomposition may become modified. Following the discussion of Ref. [125]
(and references therein) there exist two linear combinations of the color singlet and adjoint contributions that renor-
malize multiplicatively. Since each comes with their own renormalization constant, distilling the renormalized singlet
contribution from the differently traced Polyakov loop correlators in principle requires knowledge of both of them. I.e.
depending on the scale, the naively defined singlet correlator of Eq. (163) may in principle receive admixtures from
the adjoint sector, even if these are in practice small over the phenomenologically relevant distance scales.
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Figure 12: (left) The continuum extrapolated and renormalized color singlet free energies 퐹1. (right) The continuum
extrapolated values for the electric (blue, top) and magnetic (red, bottom) screening masses from Yukawa fits to the large
distance decay of the electric and magnetic correlation functions. The solid, dotted and dashed lines correspond to the
predictions of the NLO Debye mass using the scales 휇 = 휋푇 , 2휋푇 , 4휋푇 respectively. Figure adapted from Ref. [125].
The temperature dependence of these quantities has been studied various lattice QCD scenarios in the literature.
Starting with 푆푈 (2) gauge theory in Refs. [127, 128, 129, 130, 131, 132] in 푆푈 (3) pure gauge in [133, 134, 135,
136, 137, 138, 139] and dynamical QCD with 푁푓 = 2 in [140, 141, 142, 143, 144, 145, 146] and 푁푓 = 3 in [147].Continuum extrapolated results with푁푓 = 2 + 1 dynamical flavors have been presented in [124, 125].The underlying idea to extract electric screening masses from 퐹1 is to realize that at 푇 = 0 the color singlet con-
tribution agrees with the real-valued interquark potential Δ퐹1(푟, 푇 = 0) = 푉 (0)푆 (푟, 푇 = 0), which represents colorelectric field interactions among the constituent quarks. Hence by investigating the finite temperature counterpart
Δ퐹1(푟, 푇 > 0) and how it asymptotes to a constant at large distances (manifest as an exponential decay in the corre-sponding correlation function), one expects to extract the electric screening mass. Considering Δ퐹1,1 itself, as arguedbefore will reveal the magnetic screening mass.
Let us consider the latest results from Ref. [125] (TUMQCD and HotQCD collaboration) where the color singlet
free energies 퐹1 and the gauge invariant Δ퐹1,1 have been investigated using a Szymanzik improved gauge action andthe highly improved staggered (HISQ) action to describe 푁푓 = 2 + 1 dynamical light quark flavors. The scale alongthe line of constant physics has been set using the Sommer scale 푟1 and light quark parameters are tuned to lead to aphysical strange quark mass 푚푠 = 20푚푙 and a pion mass that is close to its physical value 푚휋 ≈ 160MeV. Using afixed box approach, i.e. changing temperature with the lattice spacing, the study covers a temperature range between
116 < 푇 < 5814MeV. Some ensembles at temperatures above 푇 > 400MeV use larger pion mass 푚휋 ≈ 320MeV tospeed up the simulations, the effects of which has been checked to be insignificant. The continuum limit is taken on
lattices with temporal extent between푁휏 = 4…16 keeping an aspect ratio of푁푠∕푁휏 = 4 and 6.The free energies are renormalized by first subtracting from their bare value twice the bare value of free energy
of a single quark and then adding twice the value of the renormalized single quark free energy obtained from the
renormalized Polyakov loop. This procedure leads to a well defined continuum limit for the color singlet free energy
퐹1 if performed in Coulomb gauge, while other gauge choices leave remnant divergencies in place [148].In the right plot of Fig. 12 the continuum extrapolated values of the renormalized color singlet free energies 퐹1 areshown at different temperatures. At small distances, this quantity exhibits a−훼푆exp[−푚퐷푟]∕푟 behavior, as perturbationtheory [149] tells us that it is dominated by single gluon exchange. Note the difference toΔ퐹1,1. We also clearly see thatat small distances all simulation points fall on top of the 푇 = 0 curve. If considered in terms of rescaled distances 푟푇
in-medium effects only become significant for 푟푇 > 0.3. At large distances also 퐹1 shows screening, as it asymptotesto a constant value, indicated by the horizontal solid lines.
One of the goals of Ref. [125] is to elucidate in which region of distances and temperatures the lattice results on the
different free energies become amenable to a perturbative description. It was shown that for 푟푇 ≪ 1 the perturbatively
matched EFT pNRQCD provides a good description, while for intermediate distances 푟푇 ≲ 1 the effective theory
EQCD agrees with the lattice data within its scale uncertainty. At the asymptotic large distances, where the screening
masses are defined, however neither EQCD not perturbation theory can be deployed and the previously discussed
Yukawa fits were used.
The screening mass 푚1 obtained from the color singlet free energies divided by temperature is plotted in the right
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panel of Fig. 12. The values at several different lattice spacings are shown and it is found that for 푁휏 > 8 no morecutoff effects remain, providing the result essentially in the continuum limit. Here a much larger temperature range is
considered as in the study of 퐶퐸−. It appears that the ratio shows a tendency to decrease as temperature is increased,while the relatively large uncertainty at푁휏 = 12 does not yet allow to make a definite statement.Since the color singlet free energies perturbatively are dominated by single gluon exchange, the screening mass
푚1 is expected to agree with the Debye screening mass itself at high temperatures. Hence its values may be directlycompared to the NLO prediction of Eq. (152). Interestingly, as shown by the dotted and dashed curve, the temperature
dependence of the lattice quantities appears to resemble qualitatively the NLO prediction at the scale 휇 > 휋푇 but
is systematically larger by a factor of 1.6-2.0. The screening masses obtained here from the renormalized Δ퐹1 arecompatible with the values of Ref. [124] for temperatures above 푇 = 300MeV.
The study of asymptotic screening masses at temperatures below 푇 = 200MeV is challenging due to the low singal
to noise ratio in the Polyakov loop correlators in that regime. Thus the errorbars of the extracted screening masses also
increases as temperature is lowered. On the other hand the region around the phase transition and below is of particular
interest in order to understand the fate of screening in the hadronic phase. In pure gauge theory, where there exists
a genuine phase transition, one would expect that below 푇퐶 screening is strongly suppressed, as it is only glueballsthat may interfere with the binding of the (by now) confined static color charges. I.e. the expectation is that 푚퐷 quiteabruptly takes on very small values, probably even vanishes, as e.g. indicated by the results of Ref. [134]. In full QCD
without a genuine transition this change in 푚퐷 will proceed more gently but eventually at 푇 = 0 it also has to vanish.Therefore it will be interesting to see how the lattice results, which down to 푇 = 160MeV show either a flat or even
an increasing ratio of 푚퐷∕푇 will behave at temperatures below 푇푐 . A first indication of a downward trend in the ratiohas been observed in 푚푀 in Ref. [125] however only at the lowest temperatures where a continuum limit is not yetavailable.
We have seen that two independent approaches to electric screening masses 푚퐸 ≡ 2푚퐷 and 푚1 ≡ 푚퐷 provideconsistent results on the values of the corresponding Debye mass in the QGP phase. In addition different lattice QCD
setups agree within uncertainty on the values of the magnetic screening mass extracted from Δ퐹1,1 in the continuumlimit. Quantitatively the Debye masses obtained from the lattice in the QGP phase, characterizing electric screening,
turn out to be up to a factor 2 larger than what is predicted by NLO perturbation theory. This is pertinent information
when it comes to understanding heavy quarkonium binding, as it tells us that the (color electric) interactions that sustain
the bound states will receive significant modification in the deconfined medium.
There are efforts ongoing in the lattice community to extend the computation of screening masses to a mediumwith
finite Baryo-chemical potential 휇퐵 , via the Taylor expansion method [144] or analytic continuation from imaginarychemical potential [150, 151]. In the latter case charge conjugation symmetry is broken explicitly and the standard
prescription discussed here to separate color electric andmagnetic contributions is inapplicable. With a refined strategy
it is found that at finite lattice spacing the presence of a small but finite 휇퐵 increases both electric and magneticscreening masses. The change is of the same order of magnitude as expected for the Debye mass from lowest order
perturbation theory.
Screening masses from parton properties
In contrast to using gauge invariant correlators of static test charges, the screening properties of QCD may also be
elucidated by investigating the in-medium behavior of gluons themselves (for studies of in-medium quark properties
see e.g. Refs. [152, 100, 153]). This line of research is pursued using both non-perturbative lattice QCD, as well as
analytic methods, such as the functional renormalization group and Dyson-Schwinger equations.
A study of gluon properties necessarily involves gauge fixing (usually to Landau gauge), where transverse (mag-
netic) and longitudinal (electric) contributions to the gauge fields can be separated by adequate projection. In high
temperature QCD, gluons are understood as actual propagating quasiparticle d.o.f. and their interaction with the en-
vironment endows them with a dynamically generated mass. This picture underlies the perturbative definition of
the Debye mass. Now if a quasiparticle-like structure can be identified in gluon spectral functions, obtained non-
perturbatively e.g. from lattice QCD, changes in its position with temperature may substantiate the presence of such a
thermal mass.
Extracting gluon spectral functions is extremely challenging due to the additional technical complication that it is
possibile for them to contain non-positive regions. This is in particular relevant in both the small frequency regime,
as has been recently pointed out in Ref. [110] and as is known from perturbative arguments at very large frequencies.
Hence so far only a few studies of in-medium gluon spectral functions on the lattice have been carried out (for two
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Figure 13: (left) Dispersion relation according to the position of the magnetic gluon quasiparticle peak (colored symbols)
identified in the transversal gluon spectral function in Landau gauge. Shown are the lowest and highest temperature results
at 푇 = 151MeV (violet) and 푇 = 381MeV (green). Solid lines denote best fit with 휔(|퐪|) = 퐴√퐵2 + |퐪|2. The dashed red
line shows the value of (right) Same quantities shown for the electric gluon from the longitudinal gluon spectral function.
Figures adapted from Ref. [154].
recent ones see e.g. Refs. [155, 154]).
Using simulations of theQCDmedium by the tmft collaboration, which implements푁푓 = 2+1+1 dynamical quarkflavors in the twisted mass formalism, gluon correlators and spectral functions in Landau gauge have been investigated
in Ref. [154]. The study focused on a set of lattices with relatively small lattice spacing 푎 = 0.0646fm but with a
still unphysically high pion mass of 푚휋 = 369MeV. A fixed box approach allowed investigating a temperature rangebetween 푇 = 152 − 381 MeV changing the number of Euclidean points between 푁휏 = 20 − 8. The deconfinementcrossover temperature on these lattices is 푇퐶 = 193Mev. Spectral reconstructionswere performed using the generalizedBR method [91]. One needs to be aware that due to the KMS relation only half of the input points provide independent
information so that the reconstructions are based on a relatively small number of input data. This drawbackwas partially
compensated for by the very good signal to noise ratio in the underlying gluon correlators. A well defined lowest lying
spectral feature was observed at all temperatures in both the longitudinal and transversal spectral functions, which in
the QGP phase has been interpreted as representing a gluon quasi-particle.
In Fig. 13 the dispersion relation for the magnetic (left) and electric (right) gluon quasiparticle is plotted normalized
by temperature. The lattice values (colored symbols) are obtained from fitting the position of the dominant low lying
spectral peak in the corresponding gluon spectral function. The lowest temperature 푇 = 151MeV (violet) and the
highest temperature results 푇 = 381MeV (green) are shown together with fits (solid lines) based on the simple ansatz
휔(|퐪|) = 퐴√퐵2 + |퐪|2. The good agreement with the lattice values shows that while a linear dispersion relation is
recovered at large momenta close to the origin the behavior is cut-off, leading to a finite intercept with the y-axis.
Evaluating the fit at 푇 > 푇퐶 for |퐪| → 0 provides an estimate for the corresponding screening masses in the QGP.One finds that even in this still non-perturbative regime the magnetic screening mass 푚푇 takes on significantly lowervalues than the electric screening mass 푚퐿
푚푇 ∕푇 (푇 = 381MeV) = 1.68 ± 0.156, 푚퐿∕푇 (푇 = 381MeV) = 2.97 ± 0.159, (167)
which itself is larger at that temperature than the prediction fromNLO perturbation theory. A result that is qualitatively
compatible with those obtained from the gauge invariant correlation functions discussed previously.
Summary: The phenomenon of screening in a QCD medium can be investigated by considering the correlations
among test color charges in the form of infinitely heavy quarks evolving in Euclidean time. In contrast to QED
not only electric fields become screened but also magnetic ones, i.e. at large enough distances all gluons acquire a
thermal mass. Expressed as Polyakov loops, the static quark correlation functions are intimately related to the free
energy of static pairs in the medium. Electric and magnetic screening masses can be extracted from appropriately
constructed Polyakov loop correlators. In the literature three independent approached are considered. The first two
construct gauge invariant quantities with definite transformation properties w.r.t. Euclidean time reversal or w.r.t.
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color rotations. Corresponding screening masses have been computed in lattice QCD in the continuum limit and it
has been found that the perturbative prediction of푚퐸 > 푚푀 , as well as푚퐸∕푇 ≈ const. and푚푀∕푇 ≈ const. holdsapproximately even in the non-perturbative regime close to the crossover transition. Quantitatively it has been
established on the lattice that electric screening, most relevant for the binding of quarkonium states ismore efficient
than predicted by NLO perturbation theory by a factor of 1.6 to 2.0 in terms of the Debye mass. Alternatively
screening may be investigated directly from the in-medium modification of gluon spectral functions, which yields
qualitatively consistent behavior of electric and magnetic screening masses.
3.2. The in-medium static inter quark potential
In the previous section we have discussed the phenomenon of screening of static color fields in the QGP and found
that in the relevant temperature range for current heavy ion collisions electric screening is not only present but it is
stronger than predicted byNLOperturbation theory. This finding begs the question, how themedium affects the binding
of actual heavy quarkonium. Due to the separation of scales between the heavy quark rest mass, as well as temperature
푇 ∕푚푄 ≪ 1 andΛQCD∕푚푄 ≪ 1we have seen in Section 2.2.2 that significant aspects of the physics of quarkonium canbe captured in a real-time potential, which corresponds to a non-local Wilson coefficient in the effective field theory
pNRQCD. The leading order contribution to the color singlet potential in the heavy quark velocity expansion is given
by the static interquark potential 푉 (0)푆 (푟), which is independent of the heavy quark velocity 푣.
In this section we will consider evaluating this proper real-time potential 푉 (0)푆 in QCD at finite temperature accord-ing to the defining relation based on the real-time Wilson loop
푉 (0)푆 (푟) = lim푡→∞
푖휕푡푊□
푊□
. (168)
Perturbative determination of the in-medium potential
The real-time definition of the static potential has been evaluated in thermal equilibrium for the first time in
Ref.[156] using hard thermal loop perturbation theory [157]. For a pedagogical treatment see [41]. The setting chosen
in Ref.[156] corresponds to the particular scale hierarchy where 푚푣 ∼ 푔푇 [158]. Unexpected at that time, it turns out
that the real-time potential besides its real-part also features a finite imaginary part, the explicit expressions of which
are given by
Re[푉 (0)푆,퐻푇퐿](푟) = −
푔2퐶퐹
4휋
[
푚퐷 +
exp(−푚퐷푟)
푟
]
= −훼푆
[
푚퐷 +
exp(−푚퐷푟)
푟
]
, (169)
Im[푉 (0)푆,퐻푇퐿](푟) = −훼푆푇휙(푚퐷푟), 휙(푥) = 2∫
∞
0
푑푧푧
(푧2 + 1)2
[
1 − sin(푧푥)
푧푥
]
. (170)
where 훼푆 = 푔2퐶퐹 ∕4휋 is used as definition of the strong coupling constant, similar to the convention in the quarkoniumphenomenology literature. At intermediate distances, where the running of the strong coupling is not pronounced, the
temperature dependence of the real part is solely determined by the value of 푚퐷, while the imaginary part carries an
explicit dependence on the temperature 푇 . We plot the values for Re[푉 (0)푆,퐻푇퐿] in the left panel of Fig. 14 and the valuesof the function 휙(푚퐷푟) on the right, spanning a range of Debye mass values from 푚퐷 = 0…1GeV. The smallest valueof 푚퐷 corresponds to the dark blue lines, the largest value to the red line.As expected from the discussion of screening in QCD, one finds that the real-part of the potential shows a Debye
screened behavior. It asymptotes at large distances to a constant that represents twice the heavy quark in-medium mass
shift [159]. Interestingly to this lowest order in the HTL approximation the expression for Re[푉 (0)푆,HTL] coincides withthe color singlet free energies 퐹1,HTL(푟) in Coulomb gauge. This agreement is however only coincidental, as from thenext higher order in the perturbative approximation the two quantities are not equal anymore. On the other hand, as
we will see, current lattice QCD results suggest that the difference between the two remains relatively small.
The imaginary part of Eq. (170) starts out quadratically and eventually asymptotes to a finite value, twice that of
the heavy quark thermal width [41]. It had been already understood in [156] that in this scale hierarchy Im[푉 (0)푆,퐻푇퐿]arises from the phenomenon of Landau damping, which corresponds to the low-frequency gluon mediating the binding
between the heavy quarks loosing energy to a medium parton with a higher energy∼ 푇 . As in a perturbative calculation
the origin of Im[푉 (0)푆,퐻푇퐿] can be traced back to particular diagrams, which appear also in other contexts, it is possibleto relate it e.g. to the energy loss of single heavy quarks and their diffusion in a hot medium.
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Figure 14: (left) The real part of the real-time static interquark potential from HTL perturbation theory. We plot its
values for a selection of Debye masses 푚퐷 = 0…1GeV, lowest values are denoted by the dark blue line, the largest value
by the red line. (right) The function 휙(푚퐷푟) that governs the non-trivial separation dependence of the imaginary part of
the static potential.
In other scale hierarchies, the values for Re[푉 ] and Im[푉 ] can take on significantly different values [44, 160, 161].
The imaginary part may receive additional contributions from the phenomenon of gluo-dissociation, where a singlet
state absorbs a colored gluon from the medium, changing into an octet and subsequently dissolves. Note that this is a
particular case where the interaction with ultrasoft gluons can still be recast in the form of a time independent potential.
At small distances, where the heavy quarks effectively do not see the thermal medium it turns out that Im[푉 ] becomes
exponentially suppressed.
It is important to stress at this point that the potential we have discussed so far governs the time evolution of
the medium averaged color singlet correlator of point split meson operators. In particular it does not describe the
evolution of the microscopic wavefunction of a heavy quarkonium state. This distinction is important in order to avoid
misinterpretations of the imaginary part of the potential.
Im[푉 ] has been derived in the static limit, where the heavy quarks are fixed to their spatial positions and never
meet to annihilate. I.e. the probability to find the two heavy quarks in the system remains constant and Im[푉 ] cannot
tell us that the amplitude of the wavefunction of the two-body system decays exponentially. Instead if understood as
implementing the damping of the unequal time correlator of singlet fields, the role of the imaginary part becomes
clear. It encodes the loss of coherence between the state of the heavy quarkonium particle at initial time (when it was
just inserted into the medium) and its state at later time after interacting with the medium. Intuitively, one expects
the medium fluctuations to perturb the wavefunction of the quarkonium stochastically until it has equilibrated with its
surroundings. Decoherence represented via Im[푉 ] is an aspect of the thermalization of the quarkonium system. In the
context of open-quantum-systems we will return to the question of how to implement the microscopic dynamics for
the wavefunction of heavy quarkonium based on the knowledge of the complex static potential from pNRQCD.
While a lot has been learned about the potential acting between static quarks from perturbative studies, the ques-
tion remains how quarkonium states behave in the non-perturbative regime just above the crossover transition, where
perturbative methods are inapplicable. I.e. to approach an understanding of quarkonium in heavy-ion collisions we
need to evaluate Eq. (168) using lattice QCD.
Lattice QCD determination of the in-medium potential
The real-time definition of the static in-medium potential in Eq. (168) is formulated in Minkowski time and thus
not directly amenable to an evaluation in lattice QCD. Bridging the real- and imaginary-time domain is however
possible by resorting to the technical concept of spectral functions. We saw that all different types of meson correlation
functions are ultimately governed by a single positive definite function, i.e. the correlator can be expressed in terms
of a convolution of the spectral function with an appropriate kernel function.
Since theWilson loop corresponds to the infinite mass limit of the forward correlator of point split meson operators,
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its spectral decomposition in Euclidean time, as shown in Ref. [18], leads to the simple relation
푊□(푟, 휏) = ∫
ΛUV
−2푚푄
푑휔푒−휔휏휌□(푟, 휔), 휌□(푟, 휔) =
∑
푛,푚
푃푛(푇 )|푀푛,푚(푟)|2훿(휔 − 퐸푄푄̄푚 (푟) + 퐸푛). (171)
The spectral function (in a finite volume) is composed of a finite number of delta peaks. Here 퐸푛 denotes the energy
of an eigenstate |푛⟩ of the system without a 푄푄̄ pair and 퐸푄푄̄푚 (푟) the energy of a state with a static 푄푄̄ pair present ata distance 푟. The matrix element푀푛,푚 = ⟨푛|푀(퐱+ 퐫, 퐱, 푡 = 0)|푚⟩ also carries an 푟 dependence, while the Boltzmann
factor 푃푛(푇 ) = 푒−퐸푛∕푇 ∕[∑푛 푒−퐸푛∕푇 ] only depends on temperature T. Note that the positions of the peaks in 휌□ are 푇independent but their amplitude surely is, due to 푃푛(푇 ). In the infinite volume limit the delta peaks bunch and theirenvelope will form a continuous function along real-time frequencies 휔.
Analytic continuation of the Wilson loop to Minkowski time changes the Laplace-type kernel of Eq. (171) into
nothing but a Fourier transform over the spectral function
푊□(푟, 푡) = ∫
ΛUV
−2푚푄
푑휔푒−푖휔푡휌□(푟, 휔). (172)
In case that we have access to the spectral function we may then straight forwardly relate the value of the potential to
휌□(휔) by plugging Eq. (172) back into Eq. (168)
푉 (0)푆 (푟) = lim푡→∞
∫ 푑휔휔푒−푖휔푡휌□(푟, 휔)
∫ 푑휔푒−푖휔푡휌□(푟, 휔) . (173)
This relation forms the basis for lattice studies of the proper static interquark potential.
The fact that a late time limit is taken, indicates that only spectral features at small frequencies are relevant for the
potential. I.e. at 푇 = 0 where there exists a single well separated lowest lying delta peak in 휌□, it alone determines
the value of 푉 (0)푆 (푟). If we plug a single delta peak at position 휔0 into Eq. (173) we obtain a purely real Re[푉 ] = 휔0and Im[푉 ] = 0 as expected. The single delta peak present in 휌□ at 푇 = 0 makes it possible to rewrite the real-timedefinition of the potential in terms of Euclidean quantities, recovering the conventional definition of the vacuum heavy
quark potential 푉 (0)푆 (푟, 푇 = 0) = lim휏→∞ 1휏 log[푊□(푟, 휏)]. I.e. the single delta peak in 휌□ leads to single exponentialdecay of the Euclidean Wilson loop at late imaginary times and its decay constant may be extracted by considering
the logarithm of the Wilson loop. It is often customary to this end to compute the effective potential, which is just
the effective mass (see Eq. (83)) of the Euclidean Wilson loop. Note that at finite temperature, due to the compact
Euclidean domain we cannot take the 휏 → ∞ limit anymore. Furthermore it turns out that the Wilson loop at the latest
available time 휏 = 훽 is not related directly to the proper in-medium potential.
At finite but not too high temperature the single delta peak starts to broaden, while still being well separated from
any higher lying spectral structures. In the simplest case we may expect a Breit-Wigner like shape to emerge in 휌□ atlow frequencies. Inserting such a shape into Eq. (173) it tells us that the position of the peak provides the real- and
the width of the peak the imaginary part of the potential. Note that finding in 휌□(휔) only a single Breit-Wigner wouldindicate that the evolution of the Wilson loop at any time is governed by a time independent potential.
Having derived the relation between the Wilson loop and the static potential at timescales, much longer than the
characteristic scales of the medium, based on the lowest order of the multipole expansion, it has to be checked whether
also non-potential effects can affect the time evolution of푊□ in practice. Since early and late times both contribute tothe Fourier transform it is important to disentangle them in order to identify the relevant spectral structures encoding
the potential. This has been achieved in Ref. [162]. Consider the general time evolution equation of the Wilson loop,
which follows from its spectral decomposition
푖휕푡푊□(푟, 푡) = Φ(푟, 푡)푊□(푟, 푡). (174)
It contains a complex valued and time dependent functionΦ(푟, 푡). If the potential picture is validΦ(푟, 푡)will asymptote
to a time independent quantity, we identify with the potential
lim
푡→∞
Φ(푟, 푡) = 푉 (푟). (175)
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We wish to understand how the time dependence in Φ(푟, 푡) affects the shape of the lowest lying peak, which encodes
the potential. To this end let us decompose Φ(푟, 푡) = 푉 (푟) + 휙(푟, 푡) into a time dependent part 휙(푟, 푡) which vanishes
after a characteristic time 푡푄푄̄ has passed. Only after 푡푄푄̄ have enough gluon exchanges taken place that the retardedfield theoretical interaction may be viewed through the coarse grained lens of an instantaneous exchange potential.
We can formally solve Eq. (174) at positive times 푡 > 0. For the solution to be convergent at late times the imaginary
part of the potential needs to be negative Im[푉 ](푟) < 0. One obtains
푊□(푟, 푡) = exp
[
− 푖
(
Re[푉 ](푡)푡 + Re[휎](푟, 푡)
)
− |Im[푉 ](푟)|푡 + Im[휎](푟, 푡)].
where the function 휎(푟, 푡) = ∫ 푡0 휙(푟, 푡)푑푡 is defined from integrating over the time dependent contribution to Φ, and
휎∞(푟) = 휎(푟, |푡| > 푡푄푄̄) = ∫ ∞0 휙(푟, 푡)푑푡 denotes its asymptotic value. The solution of the Wilson loop at negativetimes can be directly obtained from the symmetry condition푊□(푟,−푡) = 푊 ∗□(푟, 푡). Now we are ready to solve for thecorresponding spectral function, which reads
휌□(푟, 휔) =
1
2휋 ∫
∞
−∞
푑푡 exp
[
푖
(
휔 − Re[푉 ](푟)
)
푡 − 푖Re[휎](푟, |푡|)sign(푡) − |Im[푉 ](푟)||푡| + Im[휎](푟, |푡|)].
We can distinguish two contributions here, one from within the time range −푡푄푄̄ < 푡 < 푡푄푄̄ and those beyond
휌□(푟, 휔) =
1
2휋
푒Im[휎∞](푟) ∫
∞
−∞
푑푡 exp
[
푖
(
휔 − Re[푉 ](푟)
)
푡 − |Im[푉 ](푟)||푡| − 푖Re[휎∞](푟)sign(푡)] (176)
+ 1
2휋 ∫
푡푄푄̄
−푡푄푄̄
푑푡 exp
[
푖
(
휔 − Re[푉 ](푟)
)
푡 − |Im[푉 ](푟)||푡|](푒−푖Re[휎](푟,|푡|)sign(푡)+Im[휎](푟,|푡|) − 푒−푖Re[휎∞](푟)sign(푡)+Im[휎∞](푟)).
We can solve the integral in the first line analytically, as it extends over the whole time axis. It corresponds to a well
defined peak structure, which encodes the values of the potential. It is this peak structure, which we wish to identify
in actual lattice QCD spectral functions and fit the shape around its maximum in the region (휔 − Re푉 (푟))푡푄푄̄ ≪ 1.The integral in the second line will produce a spectral structure, which acts as background to the potential peak. In
order to capture its effect we expand the first exponential in the second integral exp [푖(휔 − Re[푉 ](푟))푡] around the peak
frequency. This leads to the following final expression
휌□(푟, 휔) =
1
휋
푒Im[휎∞](푟)
|Im[푉 ](푟)|cos[Re[휎∞](푟)] − (Re[푉 ](푟) − 휔)sin[Re[휎∞](푟)]
Im[푉 ](푟)2 + (Re[푉 ](푟) − 휔)2
+푐0(푟) + 푐1(푟)푡푄푄̄(Re[푉 ](푟) − 휔) + 푐2(푟)푡2푄푄̄(Re[푉 ](푟) − 휔)
2 +⋯ (177)
The first term, related to the potential, takes the form of a skewedBreitWigner and reduces to a naive Breit-Wigner peak
only in case that non-potential effects are absent 휕푡Φ(푟, 푡) = 0. In addition to the phase 휎∞, when fitting the potentialpeak structure one needs to be aware of the background terms 푐푖(푟), also arising from the early time dependence of
Φ(푟, 푡). I.e. even in the region close to the tip of the peak, where all 푐푖(푟)with 푖 > 0 can be ignored, the influence of theearly time physics influences the spectral shape through 푐0 and Re[휎∞](푟), which implies that these two coefficientshave to be included no matter what fitting range is chosen. In early attempts of extracting the potential e.g. in Ref. [163]
the authors were not aware of this fact, which lead to results overestimating the values of the real part of the potential.
While at first sight it is not clear what kind of potential results from inserting Section 3.2 into Eq. (173) it turns out
that thanks to the late time limit, none of the coefficients 푐푖(푟), nor the terms with 휎∞ contribute and a time independentpotential emerges. In essence, only the the principal part from the skewed Lorentzian, i.e. the term with one negative
power of 휔 survives.
Let us benchmark the extraction of the in-medium potential from Wilson loop spectral functions within HTL
perturbation theory, where both the values of the potential and the spectral function are known analytically. To this
end in Ref. [164] the authors computed 휌□ at 푇 = 2.33푇퐶 = 630MeV using a UV cutoff of ΛUV = 5휋GeV tomimic the effects of a lattice regularization, the outcome of which is plotted for different spatial separation distances
푟 = 0.066−0.466fm in the left panel of Fig. 15. At this temperature deep in the QGP phase one finds a clear signal for
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Figure 15: (left) The Wilson loop spectral functions evaluated in Hard thermal loop perturbation theory at 푇 = 2.33푇퐶 .
One can clearly identify a well defined lowest lying peak, which is embedded in a significant background structure. (center)
The real-part of the potential obtained from fitting the peak structure in the Wilson loop spectrum using different sets
of fitting functions (filled symbols). The solid line corresponds to Re[푉 ] for the same IR and UV regulator used in the
perturbative computation. (left) The imaginary part of the potential fitted from the spectral peak (solid symbols). Figure
reproduced from Ref. [164]
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Figure 16: Spectral function of the Wilson line correlator in Coulomb gauge computed in HTL perturbation theory at
푇 = 2.33푇퐶 . Figure reproduced from Ref. [164]
a lowest lying spectral peak, which however is immersed in a large background structure. If one now tries to extract
the peak position and width from the spectrum to read out the values of Re[푉 ] and Im[푉 ] one finds that a naive Breit
Wigner ansatz will systematically overestimate the real part, as seen in the blue circles in the center panel of Fig. 15.
Once the skewing and constant background term are included the actual values are reproduced excellently. Here one
should compare to the solid line, which represents the HTL result for Re[푉 ] in the presence of the UV cutoff. The
same holds for the extraction of the imaginary part, which, as shown in the left panel, clearly requires the inclusion of
the constant background term to yields an accurate result.
On the one hand this analysis in principle bodes well for performing a potential reconstruction in lattice QCD. On
the other hand the behavior of the Wilson loop spectrum tells us that the large UV spectral weight will lead to a strong
suppression of the Euclidean Wilson loop and in turn it will be very difficult to obtain a good signal to noise ratio at
intermediate 휏 values where the potential peak signal dominates. The reason for the large (unphysical) background
structures in 휌□ is a class of UV divergences, called cusp divergencies [165, 166], which arise from the 90 degreecorners of the Wilson loop. The authors of Ref. [164] therefore explored another quantity, the Wilson line correlator
in Coulomb gauge푊||, which corresponds to the Wilson loop with its spatial Wilson lines removed. This in generalgauge dependent quantity goes over into the Wilson loop when axial gauge 퐴0 = 0 is chosen. It was found that thisquantity at leading order in HTL perturbation theory encodes exactly the same potential peak as the Wilson loop but
exhibits a significantly reduced background, as shown in Fig. 16. It is this quantity which currently forms the basis for
the extraction of the proper in-medium potential on the lattice. (At 푇 = 0 it has been established [167] that the Wilson
line correlator and the Wilson loop encode the same potential also non-perturbatively.)
We have established that if a potential picture is valid its values can be extracted from spectral functions using
appropriate fits to the lowest lying spectral structure. In practice we will turn this argument around and take the
presence of a well defined lowest lying peak structure as indication that the late time behavior of the Wilson loop is
indeed governed by a simple potential.
The central challenge in lattice QCD based studies of the in-medium potential lies in the reconstruction of the
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Figure 17: Sketch of the extraction strategy for the proper real-time heavy quark potential from lattice QCD Wilson loop
correlators. Figure adapted from Ref. [168]
spectral function of the Wilson loop or Wilson lines from the Euclidean time observables. As a simple spectral de-
composition of the Wilson loop exists (see Eq. (171)) this task is but one example of the inverse problem discussed
in Section 2.4 amenable to both Bayesian spectral reconstruction and the Pade method. The full recipe is sketched in
Fig. 17.
The first attempts of extracting spectral functions for the determination of the potential were based on the standard
implementation of the MEM by Bryan. Since generally only a small number of simulation datapoints (10 − 40) are
available, it was found that the restricted SVD search space of the MEM was unable to accurately recover the narrow
and strongly peaked spectral feature encoding the potential. Its position was systematically overestimated. The situa-
tion improved after an MEM implementation with an extended search space had been developed in Refs. [104, 105].
As has been benchmarked with HTL correlator data in Ref. [164] this leads to more accurate values for Re[푉 ]. On
the other hand even with an extended search space the MEM was found to produce spectral features, which resemble
Gaussian peaks [163], even if the underlying spectral function contains a Breit-Wigner like structure. This is a serious
drawback, since a Gaussian peak inserted into Eq. (173) will lead to the incorrect conclusion that the imaginary part
of the potential grows with time. It took the development of a completely redesigned reconstruction approach, the
BR method, to achieve reconstructions that faithfully reproduce not only the overall functional form, but also quan-
titatively the position and the width of the encoded peaks (see Ref. [99]). Note that, as is common for all spectral
reconstruction approaches, the robust determination of the peak width requires input data of a much higher quality
than the determination of the peak position.
The first extraction of the potential from Wilson line correlators using both the BR method and the appropriate
fitting strategy was presented in Ref. [169]. This study on the one hand investigated lattice Wilson correlators from
pure gauge 푆푈 (3) fixed scale simulations on 푁푠 = 32 lattices with the naive anisotropic Wilson action. A relativelyfine lattice spacing 푎 = 0.039fm at 훽 = 7 and renormalized anisotropy 휉푟 = 4 was chosen as originally introducedin Ref. [170]. On the other hand the study used fixed box simulations on isotropic 푁푠 = 48 grids with 푁푓 = 2 + 1flavors of light quarks (푚휋 ≈ 300Mev) described by the asqtad action originally deployed in Ref. [171] (HotQCDcollaboration). Updated results for quenched QCD on lattices with significantly larger physical volume using the
parameter set 훽 = 6.1, 푎 = 0.097 and 휉푏 = 4 originally tuned in Ref. [172] were subsequently discussed in [173],clarifying the effect of finite volume artifacts in the previous studies.
In Fig. 18 we show in the top row concrete examples of reconstructed spectral functions from quenched lattice
simulations of Wilson line correlators in Coulomb gauge from Ref. [173]. In order to avoid possible divergent terms,
as well as to reduce the influence of lattice artifacts, the reconstruction is carried out by excluding the first 휏 = 0
and last correlator point 휏 = 1∕푇 along imaginary time. The effects of regularization are checked by carrying out
the reconstruction not just with a constant default model but also deploying polynomials 푚(휔) = 푚0(휔min − 1)훾 infrequency with positive and negative powers 훾 , as well as different amplitudes 푚0.The left panel corresponds to a temperature of 푇 = 113MeV deep in the confined phase, while the right panel
contains the results at 푇 = 406MeV, where the gluonic medium is already deconfined (푇 훽=6.1푐 = 290MeV). Thecurves of different shades correspond to different spatial separation distances between 푟∕푎 = 1…17, from darkest to
lightest. One clearly sees that in all cases a well defined lowest lying peak is recovered, which has the form of a skewed
Breit Wigner. In turn the spectral reconstruction indicates that indeed a potential description emerges at sufficiently
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Figure 18: (top row) Reconstructed spectral functions from anisotropic 푆푈 (3) simulations of Wilson lines in Coulomb gauge
at (left) low temperatures 푇푐 > 푇 = 113MeV in the confined phase and (right) at high temperatures 푇푐 < 푇 = 406MeV
in the deconfined phase. In both cases a well defined lowest lying peak structure is visible at all separation distances
푟∕푎 ∈ [1, 17]. (bottom row) The corresponding values of the (left) real part and (right) imaginary part of the potential.
For better readability the former has been shifted by hand in y- the latter in x-direction for different temperatures. Errorbars
denote statistical uncertainty, while gray errorbands represent systematic uncertainties such as default model dependence.
Figures adapted from Ref. [173]
late Minkowski times. Note that due to the fixed scale approach there are much less datapoints푁휏 = 20 vs. 푁휏 = 72available at high temperatures but the BR method is still able to identify a well defined lowest lying peak, as well
as indications of the shoulder structures at higher frequencies akin to what was found in the HTL computations in
Fig. 16. Using the fit ansatz of Section 3.2 the real and imaginary part can be estimated, as shown in the left and right
panel of the bottom row respectively. The datapoints of Re[푉 ] are shifted by hand in y-direction for better readability.
Correctly renormalized they take on the same values at small distances, recovering the 푇 = 0 behavior there. The
Im[푉 ] values on the other hand are shifted by hand in x-direction, they originally all vanish at distance 푟 = 0. The
errorbars denote statistical uncertainties based on a Jackknife resampling, while the gray errorbands encode systematic
uncertainty, among others the dependence on the choice of default model.
At this point let us focus on the qualitative behavior seen in the real- and imaginary parts. In the confined phase
the potential exhibits a Cornell like behavior with a Coulombic part at small distances 푟 < 0.3fm and a linearly rising
part at larger distances. In the absence of dynamical quarks no string breaking occurs. Interestingly the lattice results
indicate that below 푇푐 in the absence of deconfined color charges no significant screening occurs. The heavy mass ofthe glueball excitations suppresses their interference with the binding of static quarks. Once the deconfined phase is
reached at 푇 = 295MeV a very different behavior emerges, the real part starts to flatten off and approaches a constant
at large distances, indicative of screening. Such a rather abrupt change in behavior is interpreted as a manifestation of
the phase transition that emerges in the infinite volume limit.
Another interesting finding is that Re[푉 ] lies quite close to the color singlet free energies extracted on the same
lattices (not shown). This is a nontrivial finding, as the data point 푊||(푟, 휏 = 훽), which encodes the free energies is
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Figure 19: The Wilson line correlator at spatial separation distance 푟∕푎푠 = 2 in quenched QCD (훽 = 7, 휒 = 3.5, 푁푠 =
32, 푁휏 = 24) at 푇 = 839MeV. The different datasets correspond to different deviations Δ from the Coulomb gauge fixing
condition (colored points). The slope of the correlator, corresponding to the real-part of the potential is fitted by a single
exponential in the range given in the legend and shown as solid line. One finds that while the color singlet free energies,
defined from the correlator at 휏 = 훽 depend on the position in gauge space beyond statistical errors, the slope remains
unchanged.
Figure 20: Estimates for the real- (left) and imaginary part (right) of the real-time potential from dynamical QCD. The
values of Re[푉 ] are shifted manually in y-direction, those of Im[푉 ] in x-direction for better readability. The top two
datasets in the left panel correspond to two 푇 = 0 results at different lattice spacing. Since only 푁휏 = 12 datapoints
underly the necessary spectral reconstruction the values of Im[푉 ] are considered to be tentative only. Errorbars encode
both the statistical, as well as estimates of the systematic uncertainty. Figures adapted from Ref. [175]
not even included in the reconstruction of the spectral function. There exists however a clear difference in behavior
between 퐹1 and Re[푉 ] in the confined phase of quenched QCD. As illustrated in Ref. [174] the former shows a clearovershoot of its 푇 = 0 value. Since it is expected that for a microscopic interaction potential thermal effects lead at
most to a weakening, it is reassuring that Re[푉 ](푇 > 0) indeed does not show a similar overshoot.
The extraction of the imaginary part is much less robust. Below 푇푐 an artificial width is present in the reconstructedspectra, which changes with the choice of default model. I.e. no significant signal for a finite imaginary part is found
below 푇 < 290MeV. On the other hand in the deconfined phase, the spectral width grows significantly and Ref. [173]
concludes that indeed a finite Im[푉 ] has been observed. Note that these results are obtained at a finite lattice spacing
and volume and that so far no continuum limit extrapolation for the proper potential in quenched QCD exists.
The use of theWilson line correlator to extract the potential begs the question of how the choice of gauge influences
the analysis outcome. To shed light on this issue we present in Fig. 19 the Wilson line correlator in quenched QCD
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from an anisotropic 323 × 24 lattice at 훽 = 7 and 휉푟 = 4. The colored points correspond to a spatial separation of
푟∕푎푠 = 2. After iteratively fixing to Coulomb gauge down to a tolerance of Δ = 10−15 (blue squares) we act with arandom gauge transformation and again step towards Coulomb gauge computing the Wilson line correlator on the way
for different tolerances Δ = 10−1, 10−2, 10−6. One clearly sees that the absolute value of the correlator changes as the
gauge is changed. This e.g. affects the value of the color singlet free energies, which are defined from the logarithm of
the correlator at the latest available Euclidean time. Their values change beyond the statistical errorbars. At the same
time, an inspection of the behavior of the correlator in the intermediate 휏 region, which is where the low lying spectral
peak dominates, reveals that its slope remains unaffected by the deviation from Coulomb gauge. In turn the real-part of
the potential in this example is equally unaffected. The picture that emerges is that the Wilson line correlator contains
both gauge dependent and gauge independent information. The position of its lowest lying spectral peak appears to
be insensitive to a change of gauge, while its tails at low frequencies (dominating the 휏 = 훽 regime) as well as the
spectral structures at high frequencies (dominating at small 휏) are modified significantly. This crosscheck, while far
from a proof, is at least an indication that the extraction of the real part of the potential fromWilson line correlators in
Coulomb gauge is fathomable.
First estimates for the real and imaginary part of the real-time potential in full QCD have been presented in
Ref. [169, 175]. The results for the real part are shown in the left panel of Fig. 20 with the values at different tempera-
tures shifted by hand in y-direction for better readability. The two topmost datasets correspond to 푇 = 0 simulations at
different lattice spacings. As only푁휏 = 12 Euclidean time points were available in that study the extracted values for
Im[푉 ] are taken to be tentative only and are plotted in the right panel. Those values are shifted by hand in x-direction
for different temperatures, as they all start out as zero at the origin.
At very low temperatures a Cornell-like behavior is found but no indications of string breaking up to 푟 = 1.2fm. The
relatively heavy pion mass pushes the string breaking radius to higher values in this case. The in-medium behavior
of Re[푉 ] in the presence of dynamical fermions shows differences compared to quenched QCD, as expected. I.e.
instead of an abrupt onset of screening one finds a smooth decrease of the string like part from the hadronic to the
QGP regime. At the highest temperature 푇 = 1.66푇푐 = 286MeV the values show a clear trend towards a constant atlarge distances, indicative of Debye screening. Again it is found that the values of Re[푉 ] lie close to those of the color
singlet free energies, without however matching exactly. In the presence of dynamical fermions 퐹1 also does not showan overshoot of its 푇 = 0 values anymore, behaving more in line with Re[푉 ]. There are signs of a finite imaginary
part above 푇푐 , however the uncertainties, as indicated by the sizable errorbars, are still large.The analysis of the real-time potential in full QCD is currently ongoing on realistic high statistic lattices from the
HotQCD and TUMQCD collaboration, a status update has been presented at the 2018 Quark Matter conference in
Ref. [176]. Using the HISQ action to implement푁푓 = 2+1 light quarks flavors with almost physical pion mass 푚휋 =
160MeV on 푁푠 = 48 and 푁휏 = 12 (see [52]), as well as 푁휏 = 16 grids (see [177]), a large number of configurations(푁conf = 4 − 9 × 103) has been generated. Deploying a fixed box approach, the ensembles span a temperature rangebetween 푇 = 150 − 1451MeV, much further than previous studies. In the regime 푇 > 198MeV spectral structures
become extended enough that the BR method starts to exhibit ringing artifacts, as it tries to reconstruct these features
from a very small number of input datapoints. Since Bayesian methods only improve as both the number of datapoints
is increased and the errors on the input is reduced, the available high statistics alone cannot remedy this situation.
However with sub percent errors in the correlators one may expect the Pade reconstruction approach of Section 2.4.2
to be a viable alternative.
The feasibility of the Pade approach is tested by using the HTLWilson line correlators corresponding to the spectral
functions at 푇 = 2.33푇퐶 given in Fig. 16. Discretized with the same 푁휏 = 12 points available on the lattice anddistorted with Gaussian noise that leads to constant relative errors Δ푊 ∕푊 = 10−2, the real- and imaginary part
of the HTL potential have been estimated in the left and right panel of Fig. 21 respectively. Surprisingly even with
uncertainties much larger than in the actual lattice data, the Pade methodmanages to captureRe[푉 ]within its errorbars.
The average value slightly overestimates the potential though. On the other hand the spectral width, i.e. the imaginary
part of the potential is not captured well at all by the Pade with푁휏 = 12. Further tests have revealed that if the numberof input points is increased to푁휏 = 48 an acceptable reconstruction of Im[푉 ] can be achieved up to 푟 ≈ 0.4fm.Deploying the Pade reconstruction to the actual lattice data one obtains the values for Re[푉 ] shown as colored
symbols in the left panel of Fig. 22. Again the values are shifted manually in y-direction for better readability. The
smooth transition, observed already in simulations with higher pion masses, from a Cornell behavior at small temper-
atures (upper datasets) to a Debye screened behavior at high temperatures (lower datasets) persists. In the absence of
a default model dependence, the errorbars here correspond to the combined statistical uncertainty from a Jackknife
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Figure 21: Feasibility tests of the Pade reconstruction method based on Euclidean Wilson line correlators computed
from HTL perturbation theory. The right panel shows the successfully reconstructed real-part from input data with
Δ푊 ∕푊 = 10−2 relative error (an error much worse than present in the actual lattice data). The right panel on the other
hand shows that the Pade method is unable to capture the imaginary part from 푁휏 = 12 datapoints. Figures adapted from
Ref. [176]
Figure 22: The current best estimates of the real-time potential from realistic HISQ lattices. The real part (left) as
obtained from the Pade reconstruction (colored symbols) together with the color singlet free energies (gray cricles). The
tentative estimates of the imaginary part (right) are obtained with the BR method, at 푇 ≤ 198MeV where it is free from
ringing artifacts. Figures adapted from Ref. [176]
resampling, as well as from removing one or two datapoints from the large 휔 region of the Matsubara correlator used
in the Pade method. Within those still sizable errorbars the values of Re[푉 ] are compatible with the color singlet
free energies shown as gray filled circles. Since the Pade approach at 푁휏 = 12, 16 does not allow us to capture theimaginary part in a meaningful fashion, we deploy the BR method at those temperatures, where is is free of ringing
artifacts, i.e. up to 푇 = 198MeV. The tentative values obtained after subtracting the artificial spectral width, induced
by the spectral reconstruction method at 푇 = 0, are shown in the right panel of Fig. 22, indicating the presence of a
finite Im[푉 ] in the QGP phase.
The values of the real-time potential on HISQ lattices so far have not been published, as the full uncertainty budget
of the computation has not been established. In particular the question remains whether the spectral reconstruction
from a discrete set of delta peaks leads to artifacts as of yet unaccounted for. This analysis is currently work in progress.
The spectral reconstruction presents an ill-posed inverse problem and both the Bayesian as well as the Pade recon-
struction can introduce methods artefacts into the extracted potential values that may not have been spotted by mock
data analyses so far. Thus there are ongoing efforts to devise extraction strategies that operate directly on the Euclidean
correlator or its moments, denoted here as 휇푛. The first moment is nothing but the effective potential, the second mo-ment is defined as 휇2 = −휕휏휇1. A first study has been presented at the Hard Probes conference 2013 as Ref. [178],where the Wilson line correlator in the QGP phase was fitted using the HTL functional form of the spectral function
with modified frequency arguments 휌HTL|| (휆(휔−퐸)). 휆 and 퐸 are taken as fit parameters. At high temperatures, whereQCD becomes weakly coupled and on very fine lattices, where the cutoff is far from the relevant spectral structures,
this approach is promising. On the other hand around the crossover transition the question remains whether such an
ansatz is well justified. In a follow up study presented at Quark Matter 2017 as Ref. [179] a Breit-Wigner fit without
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skewing has been performed in order to reproduce the first and second moments. In both studies the values for Re[푉 ]
that have been obtained are significantly larger than those from the direct spectral reconstruction and lie close to the
푇 = 0 results. On the one hand the use of a Breit-Wigner without skewing may partially contribute such a larger
value. On the other hand these result pose the question whether in general fits of a discrete spectral function com-
posed of delta peaks using a continuous ansatz suffer from sparseness in frequency. At the Lattice 2019 conference an
interesting alternative proposal has been put forward [180], which by combining Euclidean Wilson correlators in the
forward푊 (휏) and backward푊 (훽 − 휏) direction proposes to single out the real- and imaginary part from a plateau fit
of the corresponding Euclidean data itself. Progress in direct methods would indeed be highly appreciated to reduce
the systematic uncertainties arising from the spectral reconstructions.
3.2.1. Analytic parametrization of the in-medium potential
At first sight the advent of a first principles definition of a proper real-time in-medium interquark potential and its
extraction from lattice QCD appears to render potential models irrelevant. On closer inspection however it turns out
that only their role has shifted. Lattice QCD results come in the form of discrete datapoints forRe[푉 ] and Im[푉 ]which
cannot be directly used for solving e.g. a Schrödinger equation for the forward quarkonium correlator 퐷>. I.e. the
first role of potential models today is to provide an analytic parametrization of lattice QCD results, best described by
as small as possible a number of parameters. The main parameter responsible for the in-medium modification is often
called the Debye mass, in analogy with the original works of Debye and Hückel [117]. If secondly the construction of
the potential model provides an intuitive physical picture to explain the temperature dependence of the lattice potential,
it may help us interpret the otherwise "black box" results arising from the numerical simulation. The third role formodel
potentials can lie in opening up avenues to explore the values of the potential in parameter ranges, where lattice QCD
simulations are currently unavailable, be it at finite Baryo-chemical potential or finite center of mass velocity.
Over the past two decades several studies have put forward proposals on how to construct appropriate analytic
parameterizations of the interquark potential at finite temperature. Before the 2007 discovery that the potential is
complex valued, the focus lay on capturing its real part. The starting point of all these models is the realization that
the 푇 = 0 potential is very well described by the Cornell form
푉 vac(푟) = −
훼푆
푟
+ 휎푟 + 푐, (178)
with 훼푆 = 퐶퐹 푔2∕4휋 the (running) strong coupling constant defined in accord with the phenomenology literature. 휎denotes the string-tension and 푐 is an additive constant. These three parameters will have to be determined using 푇 = 0
lattice QCD simulations.
The first work in this context is the study by Karsch, Mehr and Satz [181]. Using arguments based on the two-
dimensional Schwinger model, an exponential screening of both the Coulombic and string like part was proposed
푉 KMS(푟) = 휎
푚퐷
(1 − 푒−푚퐷푟) −
훼푆
푟
푒−푚퐷푟, (179)
which depends on a single temperature dependent parameter 푚퐷 and reduces to the Cornell form as 푚퐷 → 0. Thein-medium string part of the KMS potential has also been argued to arise from a non vanishing gluon condensate as
proposed in [182].
The KMS expression for the string real part may be obtained by modelling the quark antiquark interactions as being
effectively one-dimensional and string like as proposed in version 1 of Ref. [183]. In addition Ref. [184] suggests that
an entropic force may influence the interquark binding. Using an ad-hoc identification of the real part of the potential
with thermodynamic quantities such an entropic term may be added and as shown in Ref. [183] leads to
Re푉 SB(푟) = 2휎
푚퐷
(1 − 푒−푚퐷푟) − 휎푟푒−푚퐷푟. (180)
Compared to the KMS result this expression shows a weaker dependence on 푚퐷. I.e. using the same value for 푚퐷KMS shows a stronger deviation from the 푚퐷 = 0 behavior. The same form of the potential had been proposed byBazow and Strickland in Ref. [185] using a different line of reasoning. They start from the KMS potential and subtract
an entropy related term, arriving at the expression in Eq. (180).
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Another set of studies have exploited the fact that the concept of Gauss-law, well known from the study of classical
electrodynamics, can be extended (for a derivation see Ref. [186]) to potentials with arbitrary monomial powers in
the separation distance. In Ref. [187] for the first time the Gauss-law was combined with Debye Hückel theory to
describe the in-medium screening of the Cornell potential. The resulting functional form did not yet allow to capture
the behavior of the color singlet free energy in lattice QCD, which at that time was taken as a proxy for Re[푉 ].
Introducing an additional free fit parameter 휅 improved the agreement with numerical data, but its relation to 푚퐷remained unclear.
The first step toward consistently parametrizing a complex valued potential was taken in Ref. [188]. It is based on
linear response theory where the in-medium electric field is computed by dividing the vacuum potential by the static
dielectric constant of the medium in momentum space (see e.g. Ref. [25])
푉 (퐩) = 푉
vac(퐩)
휀(퐩, 푚퐷)
. (181)
The authors propose to use the permittivity of a weakly coupled QGP obtained from HTL perturbation theory
휀−1
(
푝, 푚퐷
)
= 푝
2
푝2 + 푚2퐷
− 푖휋푇
푝푚2퐷(
푝2 + 푚2퐷
)2 . (182)
In this expression all medium effects are governed by a single temperature dependent parameter, the Debye mass 푚퐷.Since 휀 is complex valued, so will be the in-medium potential. Computing the inverse Fourier transform separately for
the Coulombic and string like part and subsequently adding the two contributions leads to
Re푉 TKP(푟) = −훼푆푚퐷
(푒−푚퐷푟
푟
+ 1
)
+ 2휎
푚퐷
(푒−푚퐷푟 − 1
푟
+ 1
)
, (183)
Im푉 TKP(푟) = −훼푆푇휙(푚퐷푟) +
2휎푇
푚2퐷
휒0(푚퐷푟). (184)
휙 is the same function that appears in the HTL result in Eq. (170) and 휒0 is given by
휒0(푥) = 2∫
∞
0
d푧
푧
(
푧2 + 1
)2 (1 − sin(푥푧)푥푧
)
. (185)
This potential model suffers from two drawbacks. The first and most critical is the fact that the in-medium real part
arising from the string-like contribution of the Cornell potential exhibits an unscreened 1∕푟 term, which is both counter
intuitive and also does not reflect the actual behavior found in the lattice QCD potential. It appears that the linear
response relation alone does not yet self consistently implement screening. The second issue is related to the fact that
the imaginary part arising from the vacuum string diverges logarithmically. As we will discuss below this can be
remedied by implementing string breaking.
Another proposal using direct Fourier transforms was put forward in version 2 of [183]. The authors add a term to
the perturbative gluon propagator, which at 푇 = 0 behaves as ∝ 푝−4. At 푇 > 0 it is washed out in momentum space
by appropriately placed factors of 푚퐷. In vacuum this implements the Cornell potential ansatz. At finite temperatureit represents an independent way of incorporating medium effects into the string part of the potential. In practice this
setup recovers the KMS real-part and leads in addition to a modified imaginary part, which remains finite in the large
distance limit.
In order to implement screening based on the HTL permittivity in a self consistent fashion Ref. [189] proposed
to return to the generalized Gauss law, combining the ideas of the Debye Hückel theory from [187] with the use of
the HTL permittivity from [188]. At that time the authors however were not able to solve the resulting differential
equations without introducing an ad-hoc assumption about the form of the string part at finite temperature. Only
recently Ref. [190] succeeded in that respect, starting from the generalized Gauss law
∇ ⋅
(
퐄vac
푟푎+1
)
= 4휋푞훿(퐫) , (186)
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applicable to electric fields 퐄vac (푟) = −∇푉 vac(푟) = 푞푟푎−1푟̂. For 푎 = −1, 푞 = 훼푆 it reduces to the standard Gauss lawfor the Coulomb potential, but also accommodates a linearly rinsing potential via 푎 = 1, 푞 = 휎. The expression for
general powers of the separation distance 푎 in terms of the Gauss-law operator 푎 reads
vac푎 [푉 ] = − 1푟푎+1∇2푉 vac(푟) +
1 + 푎
푟푎+2
∇푉 vac(푟) = 4휋푞훿(퐫) , (187)
The decisive step is to apply the Gauss law operator to the linear response relation of Eq. (181)
푎 [푉 (푟)] = 푎 ∫ 푑3푦
(
푉 vac(푟 − 푦)휀−1(푦)
)
= 4휋푞
(
훿 ∗ 휀−1
)
(푟) = 4휋푞 휀−1(푟, 푚퐷). (188)
The second equal sign follow from the fact that the convolution commutes with 푎. Considering the Coulombic andstring part separately one thus obtains two sets of differential equations for the in-medium potential
−∇2푉퐶 (푟) = 4휋훼푆 휀−1(푟, 푚퐷), (189)
− 1
푟2
d2푉푆 (푟)
d푟2
= 4휋휎 휀−1(푟, 푚퐷). (190)
At this point the coordinate space expression for the HTL permittivity is needed, which may be computed from the
explicit expression Eq. (182)
Re 휀−1
(
푟, 푚퐷
)
= −
푚2퐷푒
−푚퐷푟
4휋푟
, (191)
Im 휀−1
(
푟, 푚퐷
)
= −
푚퐷푇
4푟
√
휋
퐺 2,11,3
(
− 12
− 12 ,−
1
2 ,0
||||| 14푚2퐷푟2
)
. (192)
Using Eqs. (191) and (192) in Eq. (189) reproduces the original HTL result [156]
Re푉퐶 (푟) = −훼푆
[
푚퐷 +
푒−푚퐷푟
푟
]
, (193)
Im푉퐶 (푟) = −훼푆
[
푖푇휙(푚퐷푟)
]
, 휙(푥) = 2∫
∞
0
d푧 푧(
푧2 + 1
)2 (1 − sin(푥푧)푥푧
)
, (194)
while for the string part one obtains
Re푉푆 (푟) =
2휎
푚퐷
−
푒−푚퐷푟
(
2 + 푚퐷푟
)
휎
푚퐷
, (195)
Im푉푆 (푟) =
√
휋
4
푚퐷푇휎 푟
3 퐺 2,22,4
(
− 12 ,−
1
2
1
2 ,
1
2 ,−
3
2 ,−1
||||| 14푚2퐷푟2
)
. (196)
Note that the string in-medium real part obtained here, takes on the same form as Eq. (180). Interestingly this means
that a contribution similar to an entropic force terms arises naturally in this model setup.
Added together we arrive at the Gauss-law expression for the complex in-medium potential.
Re푉 = Re푉퐶 + Re푉푆 + 푐, Im푉 = Im푉퐶 + Im푉푆 , (197)
in which the values of both Re[푉 ] and Im[푉 ] are governed by a single temperature dependent parameter 푚퐷.A first inspection of the real-part of the Gauss-law parameterization shows that it smoothly recovers the Cornell
potential as 푚퐷 → 0. At short distances, where temperature effects are small it also recovers the 푇 = 0 form.Screening at large distances is reflected in an exponential flattening of Re[푉 ] ∼ 푒−푚퐷푟 governed by 푚퐷. Consistentwith expectations, the string contribution to the real part becomes increasingly suppressed at high temperatures and
large values of 푚퐷, as it carries an additional factor of 1∕푚퐷. I.e. eventually the pure HTL result will dominate at
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high 푇 . For the Coulombic Im[푉 ], consistent with Landau damping, we find that it asymptotes to a constant at large
distances.
Similar to what we had seen in previous attempts of constructing parametrizations of the in-medium potential,
also here the naively evaluated string contribution to Im[푉 ] diverges at large distances. Ref. [190] proposed that this
behavior is connected with the unphysical and unregulated rise in the Cornell potential at 푇 = 0 and can be remedied
by modeling the phenomenon of string breaking. After identifying the IR divergence which underlies the unphysical
behavior, it is regularized by introducing the term Δ퐷 = Δ∕푚퐷 that effectively cuts off very small momenta, wherethe Debye mass not already does so
Im푉푆 (푟,Δ퐷) =
휎푇
푚2퐷
휒(푚퐷푟,Δ퐷), 휒(푥) = 2∫
∞
0
d푝 2 − 2 cos(푝푥) − 푝푥 sin(푝푥)√
푝2 + Δ2퐷
(
푝2 + 1
)2 . (198)
The expression for Im[푉 ] above has been rewritten in a very similar form to the Coulombic contribution, i.e. as
a temperature dependent prefactor with dimensions of energy, which is multiplied by a dimensionless momentum
integral. The regularization condition is simply that this dimensionless integral shall asymptote to unity for 푟 → ∞,
as does the Coulombic one. This leads to the temperature independent value of
Δ퐷 = Δ∕푚퐷 ≃ 3.0369. (199)
Consistent with expectation, based on this regularization, the imaginary part goes over to the pure HTL result, as
temperature is increased.
Up to this point the running of the strong coupling in the 푇 = 0 Cornell potential has not yet been considered.
Upcoming lattice QCD results on grids with very fine lattice spacing however will require to take this effect into
account, as already indicated by the study of color singlet free energies in [191]. I.e. the parameter 훼푆 needs to beelevated to a function of distance 훼푆 (푟), which for the purposes of the Gauss-law model is written as a power series
푉 vac(푟) = −
훼푆 (푟)
푟
+ 푐 + 휎푟 = ... −
훼(−1)푆
푟2
−
훼(0)푆
푟
+
(
푐 − 훼(1)푆
)
+
(
휎 − 훼(2)푆
)
푟 + ... , (200)
where contributions from 훼(1)푆 and 훼(2)푆 can be absorbed into the already present vacuum parameters. To accommodatethe terms besides 푎 = −1, 1 the corresponding Gauss law operator 푎 needs to be considered, which leads to thefollowing closed expression for the in-medium Re[푉 ] and Im[푉 ]
Re푉푎(푟) = 푐0 + 푐푎
푟푎
푎
− 푞(
푚퐷
)푎 [Γ(푎, 푚퐷푟) + Γ(1 + 푎, 푚퐷푟)] , Γ(푠, 푥) = ∫ ∞푥 d푡 푡푠−1푒−푡, (201)
Im푉푎(푟) = 푐0 +
1
푚퐷
[
푐푎
푚퐷푟푎
푎
−
√
휋푞푟푎푇퐺 2,22,4
(
1
2 ,1−
푎
2
3
2 ,
3
2 ,0,−
푎
2
||||| 14푚2퐷푟2
)]
. (202)
The divergence of the in-medium imaginary part for 푎 ≥ 1 requires a similar regularization strategy as discussed above
for the string like part.
Themain benchmark for any potential parametrization is whether it is able to faithfully reproduce the non-perturbative
lattice QCD data. Since the model presented here operates with a single temperature dependent parameter 푚퐷 this isnon-trivial. Based on the published data from [175, 169], plotted in Fig. 20, the Gauss-law parametrization presented
here has shown to succeed better in this task than the proposals of Ref. [188] and Ref. [189]. For the determination of
the vacuum parameters 훼푆 , 휎 and 푐 of the Cornell potential, two low temperature ensembles were utilized. It was foundthat at the distance scales 0.1 < 푟 < 1.2fm available on these lattices and within the uncertainties of the reconstruction
the running of the coupling is negligible. I.e. as shown in the left panel of Fig. 23 the naive Cornell ansatz reproduces
the two 푇 = 0 datasets (gray) very well. Since the results here are not continuum extrapolated a small lattice spacing
dependence of the vacuum parameters is observed.
Once the values of 훼푆 , 휎 and 푐 are set, a fit of the single temperature dependent parameter 푚퐷 allows one toreproduce the values of Re[푉 ] equally well (solid lines). The errorbands include both the uncertainty of the 푇 = 0 and
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Figure 23: (left) The Gauss law fit of the real-part of the proper real-time interquark potential in the temperature range
of 푇 = 0.85…1.64푇퐶 = 148…286MeV (colored solid lines). Combined uncertainty from 푇 = 0 and 푇 > 0 fits shown as
errorbands. The 푇 = 0 calibration (gray solid lines) is based on the two dataset depicted by gray symbols. (right) The
corresponding best fit values of the Debye mass parameter 푚퐷. Note that the crossover transition 푇퐶 ≈ 174MeV is occurs
at higher than physical values on these lattices. Figures adapted from Ref. [190].
푇 > 0 fits. interestingly Eqs. (193) and (195) describe the functional form of the real-part not only at asymptotically
large distances but also in the intermediate regime, where a remnant of the confining behavior persists even above 푇퐶 .An inspection by eye previously revealed a smooth transition of Re[푉 ] from Cornell to Debye screened behavior in
Fig. 20. Consistently a finite value of 푚퐷 is observed even in the hadronic phase. The best fit values are plotted in theright panel of Fig. 23. Note that on the lattices considered here the critical temperature lies at around 푇퐶 ≈ 174MeV.The 푚퐷 parameter introduced in the Gauss-law parametrization is of phenomenological origin and not equallyrigorously related to the concept of screening, as e.g. the screening mass 푚퐸 defined in Section 3.1. It simply attemptsto summarize the in-mediummodification as observed in the numerically determined lattice potential but should reduce
to the perturbatively defined Debye mass at high temperatures (where the Gauss-law parametrization goes over into
the HTL potential). Bearing these differences, as well as the fact that the results are not continuum extrapolated in
mind, we may compare 푚퐷 to the NLO prediction from perturbation theory as well as the values extracted from bothsinglet free energies and the electric correlator 퐶퐸−. What we find is that approaching 푇퐶 from above, the Gauss-lawparameter 푚퐷∕푇 takes on smaller and smaller values, consistent with the fact that Re[푉 ] eventually approaches theCornell form within the hadronic phase. A similar downward trend is not observed in neither 푚푆 nor 푚퐸 so far. Attemperatures well above 푇퐶 the ratio here takes on slightly smaller values than those arising in 푚푆 or 푚퐸 but still islarger than the NLO perturbative prediction.
Since both Re[푉 ] as well as Im[푉 ] are controlled by 푚퐷, the Gauss-law parametrization enables an additionalsanity check. Once the values of the real-part have been fitted by tuning 푚퐷 we can compute a prediction for theimaginary part. As shown in Fig. 24, a (surprisingly) good agreement between the prediction of Eqs. (194) and (198)
(solid lines) and the tentative values of the imaginary part from the lattice (colored symbols) down to temperatures
well within the hadronic phase is indeed found.
After all it appears that the Gauss-law parametrization provides a efficient prescription to summarize the in-medium
behavior of the non-perturbative in-medium heavy quark potential based on three vacuum parameters as well as the
temperature dependent Debye mass 푚퐷.
Non effective field theory definitions of the potential
So far we have focused on the heavy quark potential defined in the context of non-relativistic effective field theories
of QCD. As discussed in Section 2.2 the appeal of using such EFTs lies in their systematic power counting, which
allows well controlled matching to QCD using expansions in the heavy quark mass (HQET) or heavy quark velocity
(NRQCD). The static potential 푉 (0)푆 represents the lowest order Wilson coefficient in this sense for pNRQCD.On the other hand there are two other types of potentials found in the literature, which we will briefly discuss in
the following. The first utilizes a relativistic notion of a potential based on the concept of the Bethe-Salpeter (BS)
equation and the corresponding BS wavefunction. The second class defines the potential from the propagation of the
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Figure 24: The Gauss-law prediction for Im[푉 ] (solid lines) from fits of the 푚퐷 parameter to Re[푉 ]. The tentative values
of the imaginary part from lattice QCD simulations with the asqtad action are given as colored symbols. Figure adapted
from Ref. [190]
time evolution of an analog of heavy quarks using the AdS/CFT conjecture.
The Bethe-Salpeter equation has been developed to treat the scattering, as well as bound state formation of two
particles in a manifest relativistic fashion (for a review see e.g. [192]). The starting point is the time ordered four-point
function 퐷 = ⟨Ω|휙1휙2휙3휙4|Ω⟩ of the involved fields in vacuum |Ω⟩. It represents the transition amplitude of goingfrom two asymptotic incoming particles with relative four-momentum 푝 and total four momentum 푃 to two asymptotic
outgoing ones with relative momentum 푞. Rearranging its perturbative expansion yields an implicit relation
퐷(푝, 푞;푃 ) = 퐺(1
2
푃 + 푝)퐺(1
2
푃 − 푝)훿(4)(푝 − 푞) + ∫ 푑4푘푉 (푝, 푘;푃 )퐷(푘, 푞;푃 )퐺(12푃 + 푝)퐺(12푃 − 푝), (203)
where the sum of all irreducible two-particle diagrams has already been suggestively assigned the letter V. 퐺(푘, 푃 )
denotes the propagator of the involved fields. In order to describe the formation of a bound state 휓 from the particles
of 휙1 and 휙2 the BS wavefunction Φ = ⟨Ω|휙1휙2|휓⟩ is considered instead, for which a similar recursive definitionas in Eq. (203) can be derived. It then acts as the relativistic generalization of the wavefunction of the Schrödinger
equation.
Since it is not possible to include all diagrams in 푉 in practice, a truncation needs to be employed. The ladder
approximation is the most common one. There the 퐺(푘, 푃 ) are taken to be the free field Feynman propagators of the
underlying fields and only single particle interactions are included in 푉 . In general the notion of a potential emerges
if the diagrams resummed in the interaction Kernel 푉 lead to a time independent and local quantity in position space.
Note that for heavy quarks such a potential would contain not only the contributions from static interactions of the
푚→ ∞ limit but also correction due to finite velocity, spin etc. that are absent in 푉 (0)푆 .The BSwavefunction has been used to extract potential-like interaction kernels from non-perturbative 푇 = 0 lattice
QCD simulations, a procedure that involves two steps of reasoning. First, if the time evolution of the BS wavefunction
in an interacting theory proceeds according to a Schrödinger equation with interaction potential then this potential
can be reverse engineered from the computed values of Φ. Secondly, at 푇 = 0 the evolution in Minkowski time
and in Euclidean time are governed by the same potential, i.e. 푉 may be read off from an appropriate imaginary
time correlation function. Both in the study of nucleon-nucleon interactions [193] (HAL-QCD collaboration) and for
charmonium in vacuum this strategy has been deployed [194, 195, 196, 197, 198].
At finite temperature the so called T-matrix approach has been developed to describe both quarkonium and open
heavy flavor particles (for a recent overview see [199]). It starts from the fact that the Bethe-Salpeter transition ampli-
tude is related to the scattering S-matrix, whose nontrivial part is christened the T-matrix. The ladder approximation
is deployed for both light and heavy degrees of freedom in the system. The interaction diagrams for the T-matrix are
expressed by using the free finite temperature quark and gluon propagators 퐺. In this approach the interaction kernel
for both light and heavy quarks is modeled by a real-valued two-body potential that implements screening with differ-
ent screening masses for the Coulombic 푚퐷 and string like part 푚′퐷, as well as a third parameter 푐푠 to take into account
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string breaking effects
푉 RL = −훼푆
푒−푚퐷푟
푟
− 휎
푚′퐷
푒−푚
′
퐷푟−(푐푠푚
′
퐷푟)
2 (204)
Note that starting with a real-valued microscopic potential here does not preclude the self energies computed via the
T-matrix from becoming complex. In turn scattering effects are included in the evolution of meson-meson correlators
and one may still find an imaginary part in the potential governing the evolution of the medium averaged quantities.
To determine the values of 푉 RL the authors of Ref. [199] computed several quantities, such as the free energy
differences in the presence of heavy quark pairs in the T-matrix approach and compared those to first-principle sim-
ulations on the lattice. In addition they compared their computations to open-heavy flavor [200] and bottomonium
observables [201]. While the output of the iterative procedure to obtain 푉 RL depended on the initialization according
to a weak- or strong-coupling potential ansatz, it shows consistently larger values than those found for 푉 (0)푆 directly onthe lattice. Since 푉 RL in the T-matrix approach governs not only the interactions of heavy quarks but also those of the
light d.o.f. it is actually surprising that not larger differences compared to the static EFT potential are observed.
There have been proposals put forward in Refs. [202, 203] to utilize the Euclidean time BS wavefunction at finite
temperature to reverse engineer a potential for in-medium quarkonium. While straight forward in implementation,
this strategy suffers from the absence of an equally rigorous theoretical connection between the imaginary time and
real-time BS wavefunction as at 푇 = 0.
For completeness let us also mention another more exploratory proposal to determine the static interquark potential
non-perturbatively. In a two step process first the real-time gluon propagator is determined from the lattice in Landau
gauge and subsequently Fourier transformed to obtain the in-medium potential. A first implementation at 푇 = 0 has
been presented in Ref. [204] and a finite temperature generalization could make use of gluon spectral function results
presented e.g. in [154].
Instead of staying within QCD and being limited to the Euclidean domain for first principles computations, one
may go over to QCD-like systems, where strong-coupling computations can be carried out directly in real-time. One
such strategy to approximate the physics of QCD at finite temperature and density is based on the AdS/CFT conjecture
(for a review see [205]). Roughly speaking a pair of static test charges propagating in four-dimensional space-time
is interacting via a string, which spans between the constituents and which extends into a fifth dimensions, called
the bulk. Finite temperature fluctuations are implemented via the presence of a Hawking-radiating black-hole in that
extra dimension. At small t’Hooft coupling quarkonium in AdS/CFT is expected to be hydrogenlike as discussed in
Ref. [206], so the potential at small distances will be dominated by a Coulombic behavior. At large coupling on the
other hand the behavior is more involved. It is found in Ref. [207] that even though the Wilson loop does not exhibit
an area law, i.e. confinement is absent in the traditional sense, the asymptotic states of the theory are color neutral
with the color charge being screened. The latter fact is understood from a process in analogy with string breaking.
Separating two quarks analogues far enough apart breaks the string between them and leads to the generation of a light
quark analogue pair, which then compensates for the color charge of the heavy color sources.
The propagation of the static pair of test charges can be on the one hand described by the real-time Wilson loop
and on the other hand may be related to the Nambu-Goto action for the connecting string (the first works in this regard
being Refs. [208, 209]). The further the charges are spatially separated the deeper the string extends into the bulk,
approaching the horizon of the black hole. Following e.g. Refs. [210, 211, 212], one finds that the finite temperature
potential remains purely real until at a threshold distance, an imaginary part abruptly sets in arises. At this point the
string has not yet touched the black hole horizon. Once it does, the computations as of yet cannot be meaningfully
continued to further separation distances. For details on the involved difficulties related to identifying the appropriate
string configurations contributing to the evolution of the Wilson loop see [212] and references therein.
The decisive advantage of the AdS/CFT computations is that they are carried out directly in a real-time setting
in the four-dimensional gauge theory. This gives access to the values of the AdS/CFT counterpart of the QCD static
potential defined from the late-time behavior of the real-time Wilson loop. Comapring the definition of the proper
real-time potential 푉 (0)푆 and the free energies 퐹1 it has to be stated that what is computed in e.g. Ref. [212] andprevious studies is not the free energies but the real-time potential itself. This fact is not correctly reflected in the
title of these studies. An important contribution to the field was made in Ref. [212] as the correct renormalization
of the potential has been addressed. It leads to a Re[푉 ], which, as physically expected, reduces to the 푇 = 0 result
at small separation distances at any temperature of the thermal medium. Prior to this study a temperature dependent
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renormalization scheme had been deployed. One current challenge lies in extending the results for the potential in the
original AdS/CFT framework to geometries, in which the conformal symmetry is broken, in order to accommodate
more realistically the behavior of QCD.
Summary: The proper real-time potential between static quarks at finite temperature in general takes on com-
plex values and its Re[푉 ] shows Debye screening at high temperature. The potential can be extracted non-
perturbatively from imaginary time simulations by inspecting the spectral functions 휌□ of the Wilson loop푊□.If a well defined lowest lying spectral feature is present and takes on the shape of a skewed Breit-Wigner, its
position and width encode the real- and imaginary part of 푉 (0)푆 respectively. Using improved Bayesian spectralreconstruction methods (BR method) as well as the Pade approximation on Wilson line correlators in Coulomb
gauge, first estimates of Re[푉 ] and Im[푉 ] in quenched and dynamical QCD with 푁푓 = 2 + 1 light flavors havebeen obtained. In both cases well defined spectral peaks have been observed at all temperatures investigated. A
transition from a Cornell to a Debye screened behavior is found in Re[푉 ] and as expected it proceeds relatively
abruptly in the quenched and smoothly in the dynamical case. All studies so far report indications of a finite
imaginary part for 푇 > 푇퐶 . The in-medium behavior of the potential can be well reproduced by means of simplepotential models. One successful example is the Gauss-law parametrization. Combining self consistently the Cor-
nell ansatz at 푇 = 0 with the HTL medium permittivity it reproduces the 푇 and 푟 dependence of the lattice data
using a single temperature dependent fit parameter 푚퐷, identified with the Debye mass in the high temperaturelimit. 푚퐷∕푇 on the lattice is found to approach zero shortly below 푇퐶 and at 푇 > 푇퐶 takes on larger values thanpredicted by NLO perturbation theory. Alternative non-EFT potentials based on the Bethe-Salpeter equation, the
T-matrix approach and the AdS/CFT correspondence have been studied in detail in the literature.
3.3. Quarkonium in-medium properties
Up to this point we have investigated quark binding and screening of color fields in the context of static color
sources. With these preparations at hand, we take the next step in this section, and shed light on the in-medium
properties of realistic quarkonium with finite mass. To this end we will investigate quarkonium spectral functions,
comparing those at 푇 = 0 with those at 푇 > 0 so that changes in their peak structures reveal the influence that the
medium exerts. This section is divided into four subsections presenting computations of heavy quarkonium spectral
functions according to the involved compromise between accuracy and precision.
We will start out with quarkonium formulated fully relativistically in lattice QCD. This approach does not entail
any truncations and in principle is able to reproduce in-medium quarkonium properties highly accurately. We will see
however that the numerical effort required to extract spectral functions is extremely high and has so far limited the
quantitative insight into in-medium spectral properties of individual states. To obtain an understanding of the overall
in-medium modification among quarkonium states with the same quantum numbers, the Euclidean time correlation
functions will also be studied.
The second approach we consider is the effective field theory NRQCD discretized on the lattice. While still chal-
lenging, the extraction of spectral functions from its meson current correlation functions is less demanding than in full
QCD and first quantitatively robust determinations of in-medium ground state properties indeed have been achieved.
The price to pay is that the physics of the heavy quarks is only captured up to the order in which the NRQCD expansion
is implemented numerically.
The third approach uses the static in-medium potential defined from the effective field theory pNRQCD evaluated
non-perturbatively on the lattice. Combining the static potential with a kinetic term with a finite mass, the Schrödinger
equation governing the real-time point split forward meson correlator is computed. Taking the imaginary part of its
Fourier transform after removing the spatial splitting yields an approximation of the meson spectral function. This
approach provides the most precise determination of in-medium spectral functions but misses so far any corrections
of the in-medium potential according to finite velocity and spin.
In the fourth subsection we will briefly survey results on quarkonium in-medium spectral functions that are not
based on lattice QCD or effective field theory. These include QCD sum rules, the T-matrix approach and the AdS/CFT
correspondence.
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In-medium quarkonium from relativistic lattice QCD
Relativistic meson current correlators in Euclidean time 1 that can be simulated in lattice QCD at finite temperature
in principle contain a wealth of vital information on in-medium heavy quarks. On the one hand they encode the in-
medium quarkonium spectral functions, whose peak structures inform us about the changes in mass and lifetime of
each individual state. On the other hand, whenever a correlator is related to a conserved charge, in addition, the spectral
function may contain a so called transport peak, describing the propagation of that conserved charge over large distance
scales. This is the case for the vector, scalar and axial vector channel. While the vector channel Γ = 훾푖 is related tothe approximately conserved heavy flavor quark number, the scalar channel with Γ = 1 is related to the fermionic
contribution to the trace anomaly.
The challenge for lattice QCD lies in the fact that the discretization artifacts for heavy quarks go in powers of 푎푠푚푄,requiring extremely finely spaced grids for the study of bottomonium. So far, most dynamical QCD studies have thus
focussed on charmonoium, while bottomonium is treated mainly in the quenched approximation, where large enough
lattices can be efficiently simulated. A wealth of studies has scrutinized correlation functions and spectra over the past
two decades. The first spectral reconstructions in this context have been pioneered in Ref. [170]. On the one hand
there are those works that remain in the quenched approximation (see e.g. Refs. [215, 216, 103, 217, 218]), which
allows them to deploy large grids and recently even perform continuum extrapolations (see Ref. [219]). On the other
hand heavy quarkonium correlators and spectra have been investigated using isotropic and anisotropic dynamical QCD
scenarios in Refs. [220, 221, 222]. All studies at 푇 > 0 so far deploy a form of improved Wilson fermions to discretize
the heavy d.o.f. The extraction of spectral functions from relativistic correlators is particularly challenging, since the
input data are symmetric around 휏 = 1∕2푇 and thus only half the points simulated on the lattice provide independent
information. The presence of a transport contributions leads to an additional challenge. As was first pointed out
by Ref. [223], the physics of the transport peak and the in-medium modification of the bound state spectra become
intertwined in the correlator and particular care is needed to disentangle them.
To gain insight into the in-medium properties without having to deal with the additional uncertatinty from a spectral
reconstruction one starts with an inspection of the imaginary time correlators themselves. Naively one might expect
that the ratio of the in-medium correlation function and the vacuum correlation function is a good quantity in this
regard. In the relativistic formulation however the current correlator according to Eq. (34) contains two sources of
temperature dependence. One arises from the kernel and is not informative, the other is from changes in the spectral
function which is our main focus. To eliminate the effect of the temperature dependence of the kernel in ratios of
correlators, according to Ref.[216, 217] one may construct the so called reconstructed correlator
퐷rec(휏, 푇 , 푇 ′) =
푁 ′휏−푁휏+휏∕푎∑
휏′∕푎=휏∕푎,Δ휏′∕푎=푁휏
퐷퐸(휏′, 푇 ′). (206)
Here 푇 ′, 휏′ and 푁 ′휏 denote the temperature, imaginary time and Euclidean extent for the simulated correlator 퐷퐸 .The quantity퐷rec now represents the Euclidean correlator where the same spectral function underlying퐷퐸 is encodedwith a kernel at 푇 and correspondingly 푁휏 . A ratio of unity between the in-medium correlator 퐷퐸(휏, 푇 > 푇퐶 )and 퐷rec(휏, 푇 , 푇 ′ < 푇퐶 ) indicates that no medium modification is present. It has to be kept in mind however thatchanges in the underlying spectral function in different frequency regimes may cancel out, once the convolution with
the in-medium kernel is taken. This is a manifestation of the inherent exponential information loss induced by the
convolution.
Another quantity that is considered in the literature is the midpoint subtracted correlators퐷sub(휏) = 퐷퐸(휏)−퐷(휏 =
1∕2푇 ). If the transport contribution is of the free theory form of Eq. (35), i.e. 휌transp(휔) = 휔훿(휔) only, then subtractingthe midpoint 퐷(휏 = 1∕2푇 ) from the Euclidean corelator (or taking its derivative) will remove it completely. On the
other hand in an interacting theory the transport peak is expected to be of Breit-Wigner type [26] and subtractions will
only remove part of its contribution.
1Some works also consider spatial correlation functions along a single axis. These are related to the spectral function via a Fourier transform
퐷s푀 (푥3,퐩⟂, 휔푛) =
∑
푥1 ,푥2 ,휏
exp[−푖퐩⟂(푥1, 푥2) − 푖휔푛휏]퐷퐸 (퐱, 휏) (205)
and their exponential decay at large spatial separation distances is connected to the concept of spatial hadronic screening mass, which is helpful in
investigations of symmetry properties of finite temperature QCD (see e.g. Refs. [213, 214]). We will not consider these correlators further here.
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Figure 25: The in-medium correlator divided by the low temperature reconstrcuted correlator for the pseudoscalar channel
(top row) and the vector channel (bottom row). (left column) results from a quenched QCD simulation on large isotropic
푁푠 = 128 lattices with 푎 = 0.01fm. The comparison temperature for 퐺rec is 푇 ′ = 0.73푇퐶 . (right column) results from
isotropic lattices with 푁푓 = 2 + 1 dynamical wilson fermions on 푁푠 = 64 lattices. The pion mass is relatively heavy
푚휋 = 545MeV and 푇 ′ ≈ 0.6푇푐 . Figures adapted from Refs. [217, 221]
In Fig. 25 the results for the ratio of the in-medium and a low temperature reconstructed correlator from two
representative studies of charmonium on isotropic lattices are shown. In both cases the particles are considered at rest,
i.e. the correlators are summed over all spatial positions. The left column shows data fromRef. [217] on large quenched
QCD lattices 푁푠 = 128 with a fine spacing of 푎 = 0.01fm, where the low reference temperature is 푇 ′ = 0.73푇퐶 . Onthe right hand side the plots were obtained in Ref. [221] in simulations with 푁푓 = 2 + 1 dynamical Wilson fermionswith still relatively large pion masses of푚휋 = 545MeV on푁푠 = 64 lattices. The reference temperature is 푇 ′ = 0.6푇퐶 .The top row shows the pseudoscalar channel, containing the two particles 휂푐(1푆) and 휂푐(2푆) below the퐷퐷̄ threshold.The bottom row on the other hand corresponds to the vector channel, which houses 퐽∕휓 and 휓 ′ below threshold. We
have to keep in mind that even though the 휂푐 and 퐽∕휓 have significantly different decay widths [2], the latter being ofkeV magnitude, while in the former being on the MeV level, the spectral function underlying the correlators shown
here only relate to electromagnetic decays [20]. I.e. dilepton decay 퐽∕휓 → 퓁−퓁+ and diphoton decay 휂푠 → 훾훾 , whichare of the same order of keV the latter smaller than the former. Since the mass difference between the 퐽∕휓 and 휂푐can be understood as hyperfine splitting, it is only a few tens of MeV with 휂푐 being a bit more strongly bound. Theexcited states 휂′푐 and 휓 ′ both lie less than 100MeV away from the 퐷퐷̄ threshold, i.e. their vacuum binding energiesare similarly small and should be similarly affected by medium effects.
We find that the two studies show very similar behavior, which due to the large pion masses may not be surprising.
For the pseudoscalars the ratios at small 휏 is consistent with unity and then shows a downward trend, which becomes
stronger and sets in at earlier imaginary time as temperature increases. The vector channel shows the opposite behavior,
i.e. while starting out at unity for small 휏 it bends upward. The full QCD result indicates that the bending up actually
becomes stronger as as temperature rises. The deviations from unity in both cases are between 10−20% at the highest
temperature with those for 휂푐 being smaller than those for 퐽∕휓 . Note that both computations use a fixed scale approach,which means that the UV behavior of the underlying spectral functions is the same at all temperatures.
From the point of view of the vacuum bound state content alone, such a different behavior is not expected. On the
other hand only the pseudoscalar channel is expected to be free from the transport contribution. This has led to attempts
to remove the related transport peak from the correlator in order to showcase only the modification of the bound states.
In Fig. 26 we thus show on the left the values of the in-medium correlator with the reconstructed correlator at a lower
reference temperature subtracted in quenched QCD from Ref. [217]. On the right the ratio of the midpoint subtracted
correlator with the correspondingly subtracted reconstructed correlator is shown in푁푓 = 2+ 1 dynamical QCD fromRef. [221].
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Figure 26: Additional comparison of correlators to disentangle the transport contribution and in-medium modificaiton of
bound states. (left) The difference between in-medium correlator and the reconstructed correlator divided by 푇 3 for the
pseudoscalar (top) and vector channel (bottom) in quenched QCD. (right) The ratio between the midpoint-subtracted
in-medium correlator and the midpoint subtracted reconstructed correlator for the pseudoscalar (top) and vector channel
(bottom) in 푁푓 = 2 + 1 dynamical QCD. Figures adapted from Refs. [217, 221]
Roughly speaking: the increasing magnitude, combined with being negative, of the difference 퐷퐸 − 퐷rec in thepseudoscalar channel (top left) is interpreted as indicating that the amplitudes in the underlying spectral function of
퐷퐸 decreases. This is in agreement with expectations for a weakening bound state content. On the other hand in thevector channel the upward movement is indicative of parts of the spectrum amplitude increasing, which is interpreted
as arising from an increasing transport peak. This interpretation is supported by the ratio of the midpoint subtracted
correlators on the right, which shows that the difference in the 휂푐 channel do not change significantly compared to theunsubtracted ratio, while in the vector channel the deviation from unity is markedly reduced.
While these above arguments are consistent, it turns out that the upward behavior observed here in the vector
channel, which is attributed mainly to the transport peak will be present also in ratios of NRQCD correlators, which
are free from transport contributions. In addition in a recent computation [222, 224] of charmonium correlators on
anisotropic lattices with푁푓 = 2+1 dynamical Wilson fermions with a lighter pion mass 푚휋 = 380MeV a much moresimilar behavior between pseudoscalar and vector channel ratios has been observed. It will be highly interesting to
compute these ratios in the future on lattices much closer to the physical pion mass to further elucidate the question of
the transport contribution.
Another way of understanding the physics encoded in a correlation function is to compare to those from a model of
the underlying spectral function. For the pseudoscalar correlator of both charmonium and bottomonium this has been
achieved using continuum resummed perturbation theory for the high energy region and a pNRQCD computation
at the threshold. These analytic results are then compared to continuum extrapolated correlators in the quenched
approximation. As discussed in detail in Ref. [219] the behavior of the pseudoscalar charmonium channel already at
푇 = 1.1푇퐶 can be reproduced using a (slightly rescaled) spectrum that does not show any peak structure besides anenhanced onset of the threshold. At the same time for bottomonium the correlator at 푇 = 1.1푇퐶 is compatible with thepresence of a well distinguishable in-medium remnant peak. At 푇 = 2.25푇퐶 neither for 휂푏 nor 휂푐 a peak is required toreproduce the correlator within errors. A similar analysis of the vector channel is currently work in progress.
Let us also consider the scalar and axial-vector channel encoding the P-wave states. When computed in the
quenched approximation and even more so in the dynamical theory the ratios show an upward bend whose devia-
tion from unity is much larger than in the S-wave channels. It easily reaches 50% and more, indicating that sizable
in-medium changes already occur for these channels just above 푇퐶 .Up to this point we have only discussed quarkonium at zero momentum but also the finite momentum situation has
been considered, e.g. in the quenched approximation in Ref. [218] on anisotropic푁푠 = 64 lattices with 푎푠∕푎푡 = 4 and
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Figure 27: Vector channel charmonium correlator in quenched QCD at finite momentum divided by the 푝 = 0 correlator.
Figure adapted from Ref. [218]
Figure 28: Pseudoscalar spectral function from quenched QCD resconstructed via the Maximum Entropy Method. (left)
the results from isotropic 푁푠 = 128 lattices with 푎 = 0.01fm and (right) results from anisotropic 푁푠 = 64 lattices with
푎푠 = 0.039. Figures adapted from Refs. [217, 218]
푎휏 = 0.00975fm (see also Ref. [213]). If a quarkonium bound state peak exists, it will follow a dispersion relation, inwhich the peak position will move to higher frequencies for larger values of p. The stronger decay in the corresponding
Euclidean correlator is expected to lead to a lower than unity ratio to the 푝 = 0 case. As shown in Fig. 27 this is exactly
what is observed in practice. Note that two sets of curves are shown representing the longitudinal and transversal
components defined in Eq. (25).
Let us next consider the spectral functions themselves. All the studies quoted above have used the in-medium
correlation functions to extract the underlying spectral functions deploying mostly the MEM, one also used the BR
method. These computations are particularly challenging since only 푁휏∕2 individual datapoints exist and in addi-tion the physical Euclidean range reduces as temperature increases. In the MEM, as discussed in Section 2.4.1 the
smoothing induced through the restricted SVD subspace becomes stronger, as the number of datapoint is reduced. At
the same time the amount of information on the ground state decreases as the imaginary time extend decreases. In
the BR method there is no additional smoothing present which in case of a small number of datapoint may instead
lead to numerical ringing. I.e. besides the actual in-medium effects manifesting themselves in the spectral function,
the reconstruction efficiency of the deployed methods changes at different temperatures. Those effects need to be dis-
entangled. The clearest comparison is obtained when taking the low temperature reference correlator and use it to
compute a reconstructed correlator at high temperature. Subsequently the spectral reconstruction is performed both on
that 퐷rec, as well as the actual high temperature correlator and compared, as suggested and for the first time deployedin Ref. [222].
It is currently still difficult to arrive at a quantitative interpretation of the reconstructed spectra due to the involved
reconstruction uncertainties. As presented in Fig. 28, on the one hand Ref. [218] shows clear peaks for both the vector
and pseudovector channel charmonium at 푇 = 1.62푇퐶 , while Ref. [217] already at 푇 = 1.46푇퐶 shows a very washedout lowest lying feature. In both studies the in-medium spectral feature appears to move to higher frequencies above
푇퐶 . Note that both studies use a similar MEM reconstruction and that the authors of Ref. [218] also carried out thereconstruction based on the reconstructed correlator in Ref. [225] indicating that the shift in the peak position may
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Figure 29: (left) pseudoscalar and (right) vector channel charmonium spectral function extracted from푁푓 = 2+1 dynamical
QCD on anisotropic lattices with the BR method. Comparison between the reconstructed high temperature spectrum and
the low temperature spectrum encoded via the reconstructed correlator at the same Eucldiean extend reveals little signs
of in-medium modification. Errorbands denote both Jackknife statistical uncertatinty, as well as systematic one due to
default model dependence. Figures adapted from Ref. [222]
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Figure 30: (left) scalar and (right) axial vector channel charmonium spectral function extracted from 푁푓 = 2+1 dynamical
QCD on anisotropic lattices with the BR method. Comparison between the reconstructed high temperature spectrum and
the low temperature spectrum encoded via the reconstructed correlator at the same Eucldiean extend reveals signs of
large in-medium modification already close to 푇퐶 . Errorbands denote both Jackknife statistical uncertatinty, as well as
systematic one due to default model dependence. Figures adapted from Ref. [222]
not simply be a methods artifact. The difference between the two results lies in that the former is carried out on
anisotropic lattices with roughly twice the spatial volume compared to the latter. On the other hand the UV cutoff is
located at a lower energy in the former. Especially in light of the results from modelling the pseudoscalar correlator
in the continuum limit, it is paramount to clarify the situation further. Let us note that in Ref. [218] no significant
difference between the longitudinal and transversal reconstructed spectral functions was observed even though at finite
temperature these two components need not agree. In the case of dynamical QCD on anisotropic lattices, as shown e.g.
in Fig. 29 from Ref. [222] (a continuation of the FASTSUM results presented in Ref. [220]), the comparison between
the actual high temperature reconstructed spectrum and the one reconstructed from the low temperature reconstrcuted
correlator show only very small differences around 푇퐶 . At 푇 = 1.9푇퐶 indications for in-medium modification arevisible. While there are hints for the in-medium ground state peak moving to higher frequencies (similar to what was
found in the quenched approximation in Ref. [218]), it will require more robust reconstructions in dynamical QCD to
draw a final conclusion on this point.
The P-wave states in the scalar and axial vector channels, shown in Fig. 30 due to the smaller signal to noise ratio
exhibit larger uncertainties. Again we plot both the reconstruction of the actual in-medium spectrum, as well as the
reconstructions from the low-temperature reference reconstructed correlator. The sizable in-medium modification of
the correlator translates into significant changes of the spectra already around 푇퐶 , with no discernible peak structureremaining at 푇 = 0.95푇퐶 . This is in stark contrast to the S-wave states, which are much less affected. It will beimportant to improve the signal to noise ratio in the P-wave channels to more robustly ascertain the full extend of the
in-medium effects.
The study of the effect of finite momentum in the spectral functions suffers from less systematics, since for a fixed
temperature the Euclidean extend stays the same among different momenta. Ref. [218] confirmed that the less than
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unit ratio between the 푝 > 0 and 푝 = 0 correlator indeed translates into an in-medium peak, which moves to higher
frequencies. Extracting the dispersion relation of this peak structure, it was observed that it differed only minutely from
the vacuum form, both indicating that this peak actually encodes a particle d.o.f. and that its in-medium modification
is apparently weak.
Summary: A concerted effort is undertaken to elucidate the in-medium properties of quarkonium based on
the relativistic formulation in lattice QCD. It is now understood that an investigation of the pseudoscalar sector
allows to disentangle transport from bound state physics. Modeling its physics content using perturbation theory
and pNRQCD indicates a fast disappearance of any peak structures for charmonium around 푇퐶 , while the latticedata indicates the presence of a bottomonium remnant peak up to around 푇 ≈ 2푇퐶 . On the other hand it remainshighly challenging to quantitatively extract the in-medium effects on individual states via reconstructed spectral
functions. There are clear signs of an in-medium modification in the P-wave states, whose peak structures seem
to disappear quickly around 푇퐶 , while for the S-wave states the final word has not yet been spoken, up to whichtemperature their features persist. Indications are found that above 푇퐶 the in-medium peak structures tend towardshigher frequencies. Further progress will depend on improving the spectral reconstructions significantly, which
is currently work in progress both based on continuum extrapolated correlators (Bielefeld-CCNU collaboration),
as well as improved anisotropic lattices closer to the continuum in full QCD (FASTSUM collaboration).
In-medium quarkonium from lattice NRQCD
In order to progress with currently available lattice simulations one may decide to leave the relativistic formulation
and instead deploy the lattice regularized version of the effective field theory NRQCD. As a theory of non-relativistic
Pauli spinors, valid at energies of the order푚푄푣 and below it offers several advantages over the direct relativistic formu-lation as discussed in Section 2.3.1. On the other hand it has to be kept in mind that the EFT is only an approximation
to QCD and that effects, such as accurately capturing the hyperfine splitting of the S-wave states requires high order
expansions in the quark velocity and beyond leading order radiative corrections. As the uncertainties in the spectral
decomposition outweigh those systematics, most studies so far deploy the (푣4) NRQCD Hamiltonian and leading
order Wilson coefficients with tadpole improvements. There have been exploratory studies of in-medium quarkonium
in NRQCD presented early on in Ref. [226]. The first comprehensive study on in-medium Bottomonium in lattice
NRQCD has been undertaken in a series of papers by the FASTSUM collaboration in Refs. [85, 227, 228, 42, 229]. A
complementary lattice effort has been started with the papers of Refs. [230, 231], the latter of which extended the use
of NRQCD to a study of charmonium properties.
Lattice setups and spectral reconstruction methods differ between the two recent sets of papers. The groups have
focused on achieving good accuracy either in the heavy quark or the medium sector. Since in both cases NRQCD
matching has not been performed beyond leading order, the result of the different studies do not necessarily have to
agree within their statistical errors.
The latest FASTSUMstudies (see e.g.[85]) are carried out in a fixed box approach on푁푠 = 24 anisotropic lattices of
푎푠∕푎휏 = 3.5with푁푓 = 2+1 light flavors of clover improved Wilson fermions at 푎 = 0.1227fm. Using temporal grids
푁휏 = 40…16 a temperature range between 푇 = 141…352 = 0.76푇퐶…1.90푇퐶 is covered. For calibration a 푁휏 =
128 ensemble has been obtained. Between 500 and 1000 realizations of the current correlators on the individual lattices
are computed. The values of the heavy quark mass parameter are fixed using the dispersion relation of quarkonium
S-wave states, maintaining a spin averaged 1S kinetic mass close to the PDG value [2].
The benefit of this approach is that the anisotropy allows the NRQCD expansion to be very robust, i.e. a Lepage
parameter of 푛 = 1 has been deployed in the time evolution throughout. The drawback of this approach on the other
hand is that the pion mass is rather heavy with푀휋 ≈ 400MeV so that e.g. the crossover temperature 푇 lat퐶 = 185MeVlies above the physical value.
The second set of works uses lattice ensembles from the HotQCD collaboration originally intended for the study
of the crossover transition in Refs. [177, 52], where 푁푓 = 2 + 1 light quarks are discretized with the HISQ action on
483×12 isotropic grids in a fixed box approach. For each of the different lattice spacings that implement a temperature
range between 푇 = 140…407MeV a 푇 ≈ 0 ensemble with푁휏 = 32…64 is present for scale setting and calibrationpurposes. Using a naively set heavy quark mass of 푚푏 = 4.65GeV and 푚푐 = 1.275GeV at 푇 ≈ 0 400 realizations ofthe current correlators have been computed, while at high temperatures up to 4000 have been obtained.
Here the benefit of the approach lies in realistically capturing the physics of the medium d.o.f. with a pion mass
of 푚휋 = 161MeV and a corresponding crossover temperature of 푇 lat퐶 = 159MeV. On the other hand its drawback lies
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Figure 31: Ratios of the in-medium NRQCD quarkonium correlator to its 푇 = 0 counterpart. In the left block of four
panels, we show the bottomonium ratios for temperatures between 푇 = 140…407MeV. Counterclockwise from the top left
the 1푆0 (휂푏), 3푆1 (Υ), 3푃1 (휒푏1) and 1푃0 (ℎ푏) channel is shown. In the right block of four panels, we show the charmonium
ratios for 푇 = 140…251MeV . Counterclockwise from the top left the 1푆0 (휂푐), 3푆1 (퐽∕휓), 3푃1 (휒푐1) and 1푃0 (ℎ푐)channel
is plotted. Note that no transport contribution is expected to contribute to any of these NRQCD correlators. Figures
partially reproduced from Ref. [231]
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Figure 32: (left) the ratio of the Euclidean in-medium 푇 > 0 correlator and the 푇 = 0 correlator obtained from a pNRQCD
model computation of the bottomonium spectral function (right). A shift of the ground state peak to lower frequencies
induces the upward bend in the correlator. Figures reproduced from Ref. [231]
in the fact that these lattices were not designed originally with NRQCD in mind. Thus the naive expansion parameter
1∕푚푄푎 takes on relatively large values making the NRQCD expansion less robust. Hence the study limits its use ofcharm quarks to temperatures to and below 푇 = 251MeV and needs to apply Lepage parameters of 푛 = 4 for bottom
and 푛 = 8 for charm.
Previously there have been tensions reported between Ref. [85] (using MEM) and Ref. [230] (using BR) in the
in-medium modification of P-wave states that went beyond what was expected to arise simply from the different lattice
setups. From a much improved understanding of the uncertainties in the spectral reconstruction, especially the role of
ringing and smoothing, these differences have recently been sorted out. The P-wave disappearance is found to occur
closer to the earlier results of Ref. [85]. In addition improved quantitative results on the in-medium masses, for the
first time consistent with the behavior of the in-medium correlator ratios, have been obtained in Ref. [230].
Since the results for the correlation functions are quite similar among the different studies in the Bottomoniums
sector, we showcase here the recent data from Ref. [231] where also the charm d.o.f. were computed. In NRQCD
the integral Kernel of the spectral representation is temperature independent and therefore the in-medium changes in
the spectral function may be investigated from the naive ratio of the in-medium correlator to the 푇 = 0 correlator,
i.e. without having to construct a reference reconstructed correlator. For completeness the ratios for all available
channels are shown in Fig. 31. There are four panels on the left corresponding to bottomonium for temperatures
between 푇 = 140…407MeV. The channels starting from the top left panel and going counter clockwise are the 1푆0
(휂푏), 3푆1 (Υ), 3푃1 (휒푏1) and 1푃0 (ℎ푏) respectively. The charmonium results in the restricted temperature range of
푇 = 140…251MeV are arranged also counterclockwise from the top left as the 1푆0 (휂푐), 3푆1 (퐽∕휓), 3푃1 (휒푐1) and
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1푃0 (ℎ푐) channels.As first qualitative difference to the relativistic case we find that all channels, in particular also the pseudoscalar
channel of the 휂 particles show the same characteristic upward bending as temperature increases. The difference in
the underlying spectral function is two-fold: no transport peak is present at small frequencies and the UV continuum
behavior differs due to different powers dominating at large 휔. A full understanding of these differences remains to be
established.
For the S-wave bottomonium states there are virtually no medium effects visible at around 푇퐶 , while both bottomo-nium P-waves and charmonium S-waves show deviations from unity at 푇 = 140MeV beyond statistical error bars. This
is a first hint that the overall strength of the in-medium modification is connected with the vacuum binding energies of
the encoded states. The higher temperature results confirm this impression. We compare the maximum deviation at
푇 = 407MeV between the Υ channel (bottom left panel) and the 휒푏1 channel (bottom right panel). The ground stateof the former is very strongly bound with 퐸Υbind(푇 = 0) ≈ 1.1GeV the one of the latter with 퐸휒푏1bind(푇 = 0) ≈ 0.64GeV.And indeed while the 3푆1 channel shows below 2% deviations in the ratio, the 3푃1 channel already shows 6.5%. Wecontinue the comparison with charmonium, where the S-wave channel (bottom left panel) with ground state 퐽∕Ψ
퐸퐽∕휓bind (푇 = 0) ≈ 0.64GeV features a very similar vacuum binding as 휒푏1. To compare apples to apples, let us take thehighest temperature where both bottom and charm are available, i.e. at 푇 = 251MeV. And indeed both the 휒푏1 channel,as well as the 퐽∕Ψ channel show a very similar 5% deviation there. On the other hand the 휒푐1 channel (bottom right)with a much lower ground state binding energy of 퐸휒푏1bind(푇 = 0) ≈ 0.2GeV already exhibits a deviation of 12.5% atthat temperature. These results clearly establish an ordering of the overall in-medium modification with the vacuum
binding energy. This is in agreement with our intuition, as a more strongly bound state also features a smaller spatial
extent, which in turn makes it more difficult for the medium d.o.f. to interfere with the binding.
Since in NRQCD the change in the correlator is expected to be dominated by bound state modification, we may
attempt to reverse engineer the underlying behavior of the quarkonium spectral function. To this end one can construct
non-relativistic model spectral functions based on e.g. the lattice static interquark potential (see next subsection)
and compute from these the corresponding Euclidean correlator. Having done so in Ref. [231] with the results for
bottomonium shown in Fig. 32, the authors concluded that the upward behavior can be understood as the vacuum
peaks starting to broaden and moving to lower frequencies. Due to the difficulty of modeling e.g. the lattice cutoff in
such an approach this result should be understood as qualitative, i.e. the magnitude of the deviation from unity is not
captured accurately as of yet.
Let us continue with considering the spectral functions as extracted by the MEM in Ref. [85] on anisotropic푁푓 =
2 + 1 lattices and shown in Fig. 33. The left panel contains the S-wave results, the right panel those for the P-wave.
One can clearly see that at low temperatures the ground state peak agrees with the T=0 result indicated by gray vertical
lines. The second bump structure summarizes both the first and possible higher excited states, which is why it is shifted
above the 푇 = 0 excited state position. With increasing temperature the ground state amplitude monotonously reduces
and only one washed out continuum feature remains at high frequencies. A well defined ground state peak structure at
푇 = 1.9푇퐶 is still observed.The P-wave results, as expected, show a much weaker ground state signal at small temperatures. There are several
reason responsible for this difference to the S-wave. On the one hand the signal to noise ratio in the P-wave is lower,
due to the larger mass of the ground state. Secondly while the amplitude of the S-wave ground state peak at 푇 = 0 is
related to the radial S-wave wavefunction at the origin squared, the strength of the P-wave state is related to the first
derivative of the wavefunction and suppressed by the square of the heavy quark mass. The third issue is related to the
different scaling of the continuum which in the S-wave goes as 휔1∕2, while it is much more dominant in the P-wave
with 휔3∕2. Nevertheless around 푇퐶 a ground state feature is visible, which however vanishes into the continuum above
푇 = 1.09푇퐶 . At the highest temperatures only a shoulder-like feature persists.On the one hand several crosschecks of the systematic uncertainties, such as dependence on the number of used
input datapoints and the shape of the default model, have been carried out in Ref. [85]. These indicate that within
the MEM the results are robust. On the other hand these checks did not include a comparison to a different Bayesian
reconstruction approach. I.e. while the default model has been varied, the influence of the functional form of the prior
probability and the limitation of the search space was not assessed.
Ref. [230] contrasted the MEM to the standard BR method when reconstructing the in-medium spectral functions.
A very similar presence of the S-wave ground state peak feature deep in the QGP phase has been observed, while for
the P-wave a stronger ground state signal beyond 푇 = 1.09푇퐶 has been obtained. During this study it became clear that
Alexander Rothkopf: Preprint submitted to Elsevier Page 76 of 129
Heavy Quarkonium in Extreme Conditions
Figure 33: (left) S-wave and (right) P-wave in-medium spectral function for bottomonium from anisotropic 푁푓 = 2 + 1
dynamical QCD simualtions by the FASTSUM collaboration obtained by the MEM. Figures adapted from Ref. [85]
Figure 34: The 푇 = 0 reconstruction of the Bottomoniunm Upsilon channel spectral function using the Euclidean correlator
over the whole imaginary time extend available (colored solid) compared to the reconstruction based on truncated input
data with the same extent as is available at finite temperature. Note the artificial shift and broadening. Figure adapted
from Ref. [231]
while the BR method is able to reproduce sharp peak with higher accuracy than the MEM, it may introduce numerical
ringing when reconstructing extended structures from a small number of datapoints. Systematic crosschecks were
carried out to identify ringing but questions on the strength of the P-wave signal remained.
In the follow up Ref. [231] an improved understanding of the role of ringing and smoothing has been achieved. To
this end the newly developed smooth BR method was deployed. In it the strength of smoothing is implemented in the
prior probability with an explicit hyperparameter and thus decoupled from the number of datapoints as is the case in
the MEM. The tuning of the smoothing parameter as discussed in Section 2.4.1, is carried out using the analytically
known free NRQCD spectral functions. It has been checked that the choice of 휅 = 1 both removes ringing artifacts
and at the same time still allows to accurately identify the ground state features present at 푇 = 0. In practice it is then
deployed in tandem with the standard BR method. After ascertaining with the smooth method, whether a genuine
in-medium peak has been found, the standard BR method is used to extract its peak position.
To interpret the in-medium results particular care was taken to understand the effect of the finite Euclidean extent
available on the lattice. In Fig. 34 we show comparisons between the 푇 = 0 reconstructions (colored solid) both on the
full Euclidean correlator, i.e. with input data extending over the full imaginary time extend, as well as using a truncated
input dataset with the same Euclidean extent as is available at finite temperature. Obviously the underlying spectral
function is the same. On the lattices with coarser lattice spacing e.g. 훽 = 6.664 the differences are not significant.
On the other hand for the finely spaced lattices 훽 = 7.925 a clear artificial shift and broadening is observed. These
methods artifacts need to be kept in mind when interpreting the in-medium reconstructions.
Let us discuss the in-medium results from Ref. [231]. When pitting the standard BR method, the MEM and the
smooth BR method against each other it is found that for bottomonium the results of the smooth BR and the MEM
agree, in that the Upsilon ground state peak survives up to the highest 푇 = 407MeV and that 휒푏1 disappears at around
푇 = 185 − 210MeV. These temperatures are similar to those found in Ref. [85], keeping in mind that the underlying
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Figure 35: Reconstructions of in-medium charmonium spectral functions in the (top two rows) 퐽∕휓 channel and the
(bottom two rows) 휒푐 channel. Figure adapted from Ref. [231]
medium description still differs between the two studies. Looking at the charmonium spectral functions shown in
Fig. 35, we find that in the S-wave channel the MEM and the standard BR method both seem to be affected by ringing,
while the smooth BR method recovers a smooth continuum regime. The 퐽∕휓 peak becomes insignificant between
푇 = 200 − 210MeV. For the 휂푐 the MEM and the smooth BR show rather similar behavior for the ground state, whileonly the smooth BR manages to avoid ringing in the continuum regime. Here no peak structures are discernible at
around 푇 = 185MeV.
Themain quantitative finding of Ref. [231] is an improved determination of the in-mediummass shifts of the ground
state quarkonium particles. In the top row of Fig. 36 the raw masses entering the analysis are shown for bottomonium
(left) and charmonium (right) S-wave channels. Errorbars include both statistical and systematic uncertainties from
the Bayesian spectral reconstruction and the ground state peak fit. The blue crosses denote the ground state mass
obtained from reconstructing the full 푇 = 0 datasets, while the gray boxes are obtained from the truncated 푇 = 0
datasets, which feature the same imaginary time extent as the data at 푇 > 0. The actual 푇 > 0 mass estimates are
given by the colored symbols. A first naive comparison by eye of the blue crosses and colored symbols would lead
to the (premature) conclusion that the in-medium masses lies above the vacuum ones. Since at 푇 > 0 not only the
spectral function changes but also the Euclidean time extend is significantly reduced the authors of Ref. [231] argue
that instead the gray boxes should be taken as correct reference point. This changes the conclusion significantly leading
to negative mass shifts, which are plotted in the bottom row. As we will see in the next section the values obtained
here are compatible with the results obtained from non-relativistic spectral functions computed using model potentials.
Note that for bottomonium at 푇 = 140MeV virtually no difference between the colored triangle and the gray box is
found, consistent with no in-medium modification seen in the correlator ratio. For charmonium on the other hand
one finds a difference beyond the uncertainties, which again corresponds qualitatively with the changes present in the
correlator ratios. The fact that the mass shift is negative agrees with the upward bend observed in the correlator ratios.
With several consistent arguments presented here for the mass shifts in NRQCD to be negative it has to be un-
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Figure 36: (top row) The masses of the Υ (left) and 퐽∕휓 ground state particles from the full 푇 = 0 correlator (blue
crosses), from the truncated 푇 = 0 dataset (gray squares) and from the finite temperature correlator (colored symbols).
(bottom row) The corresponding negative in-medium mass shifts. Figures adapted from Ref. [231]
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Figure 37: (left) mock data test of reconstructing a NRQCD bottomonium S-wave like spectrum without a continuum
contribution using 푁휏 = 32 points at a realistic coarse lattice spacing of 푎 = 0.117fm. (right) Reconstruction of the same
mock spectrum using double the number of Eulcidean input datapoints and half the lattice spacing. Figures adapted from
Ref. [231]
derstood how this stack up to the results in the relativistic formulation. Crosschecks with the reconstructed correlator
performed in Ref. [225] e.g. seem to indicate that a positive mass shift is obtained instead. Whether this difference
is related to a deficiency of the lattice NRQCD implementation (e.g. due to radiative corrections) or whether it is a
reconstruction artifact of the MEM used in the relativistic study, remains to be seen.
Up to this point only ground state properties have been discussed in finite temperature NRQCD, since the excited
state contributions already at 푇 = 0 are difficult to pin down in spectral reconstructions. To quantify the challenge
ahead one can take a look at the mock data tests shown in Fig. 37. The left panel shows the BR method reconstructions
(colored solid) of a 푇 = 0 bottomonium spectrum, as expected to be present in an NRQCD setting. To focus on the
bound state reconstruction, no continuum has been added in the mock input spectrum. Discretized with푁휏 = 32 anda realistic 푎 = 0.117fm one finds that sub-percent precision in the input data is required to get hold of the second peak.
In the right panel we show the same mock spectrum now reconstructed with double the number of input points at half
the lattice spacing. The bad news is that no significant improvement in the bound state reconstruction is obtained. On
the other hand if a continuum structure is added to the mock spectrum it is seen that a smaller lattice spacing does
improve the reconstruction of the UV part of the spectral function. One might think that by improving the quality of
the reconstruction algorithm the problem might be solved. That this also is not the magic bullet has been shown by
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tests of the information content of the correlators performed in Ref. [231]. After subtracting from the 푇 = 0 correlator
the ground state peak contribution, as well as the second exponential falloff, usually associated with the first excited
state, only a very small number of convex points remain from which all the intricate structure of the higher lying
states, as well as the continuum need to be determined. Even with a perfect reconstruction algorithm this will remain
challenging. One possibility is to consequently deploy anisotropic lattices (as is done by the FASTSUM collaboration
and in planning at the HotQCD collaboration), to have the UV part of the spectrum better resolved. In the long run it
appears that improvements in simulation algorithms e.g. an extension of the multilevel algorithm to dynamical QCD
would be required for substantial progress in the reconstruction of the bound state features.
Summary: Lattice NRQCD provides an alternative discretization of heavy quarks on the lattice, which has been
applied to the study of both bottomonium and charmonium at finite temperature. Due to the absence of transport
contributions and full 푁휏 individual correlator datapoints available, a robust picture of ground state in-mediummodification has emerged. Correlator ratios show a hierarchical ordering of the overall in-medium modification
with the vacuum binding energy of the states in that channel. Their temperature dependence also hints at the
in-medium particles to become lighter as temperature increases. Spectral reconstructions have been carried out
using a range of different Bayesian methods, which has significantly improved the understanding of the involved
methods uncertainties. In addition the effects of diminishing access to Euclidean time have been elucidated. In
turn very similar patterns for the disappearance of bound state features in the bottomonium sector are found among
different groups. In medium mass shifts extracted from the reconstructed charmonium and bottomonium spectral
functions show negative values, consistent with the findings of the correlator ratios, as well as with spectral
functions computed with model potentials in the next section. Improvements of the spectral reconstruction results
obtained so far, especially for excited states will require substantial efforts by the whole lattice community.
In-medium quarkonium from a lattice vetted potential model
While the use of the effective field theory NRQCD on the lattice has already led to significantly improved under-
standing of the ground state in-medium properties in both bottomonium and charmonium, we have seen that so far
excited states, as well as the continuum are not well captured. To progress in this direction we can turn to the effective
field theory pNRQCD, which allows to derive the proper real-time in-medium potential systematically from QCD.
The study of quarkonium in-medium properties based on potentials has a long history. Until recently however
only model potential were utilized, starting with works that used purely real potential models (for an overview see e.g.
Ref. [232]), such as the color singlet free energies (see e.g. Ref. [233]) or internal energies. With the realization that the
proper real-time potential is complex, first computations of the in-medium spectral functions using the perturbatively
evaluated real-time potential were carried out in Ref. [234], followed by models combining a lattice inspired real part
with the perturbative imaginary part [9]. Shortly after the first non-perturbative lattice determination of the proper real-
time potential had been achieved, it became a vital ingredient in spectral function computations in Refs. [175, 235].
There are several generic features of in-medium spectral functions, which can directly be related to the form of
the potential. At 푇 = 0 the energy at which string breaking sets in in Re[푉 ] indicates the position of the open-heavy
flavor threshold. Generically finite temperature effects lead to a weakening of the real part. For very small Debye
masses, string breaking dominates the asymptotic flattening off, while at some point the inverse of the Debye mass
becomes smaller than the string breaking radius and screening takes over. Note that contrary to a purely Coulombic
term that always asymptotes to zero, the asymptotic value of Re[푉 ] reduces monotonously from the 푇 = 0 value,
indicating that the continuum threshold moves to lower and lower energies. As the binding energy of a state, defined
via spectral functions, is computed from the energy distance between the continuum threshold and the position of the
bound-state peak a weakening of the in-medium binding is thus expected to occur. While for a purely real potential
genuine bound state peaks remain at finite temperature, the presence of an imaginary part leads to a finite width (and
essentially additional no shift) in the spectral function, indicating the dynamical nature of the푄푄̄ pair in the medium.
The computation of spectral functions proceeds via solving the Schrödinger equation for the unequal time and point
split meson correlator 퐷>(푡; 퐫, 퐫′). In the vector channel it reads
푖휕푡퐷
>(푡; 퐫, 퐫′) =
[
퐻̂ ∓ 푖|Im푉 (푟)|]퐷>(푡; 퐫, 퐫′); 푡 ≷ 0, (207)
with the Hamiltonian defined as
퐻̂ = 2푚푄 −
∇2퐫
푚푄
+ 푙(푙 + 1)
푚푄푟2
+ Re푉 (푟). (208)
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Note that the in-medium potential which we will use to implement this time evolution was defined in the static limit in
Eq. (62), i.e. it denotes the leading order contribution in a systematic expansion in the finite heavy quark velocity. This
entails that at this point no finite velocity, e.g. spin dependent, corrections have been included. In the following we
will use the static potential to approximately describe the evolution of quarkonium with a finite mass. After evolving
to late enough Minkowski time the Fourier transform can be reliably computed
퐷̃(휔, 퐫, 퐫′) = ∫
∞
−∞
d푡 푒푖휔푡퐷>(푡; 퐫, 퐫′). (209)
The vector channel spectral function follows by considering its imaginary part and taking the limit of vanishing quark-
antiquark separation, which recovers the appropriate frequency space current correlator
휌푉 (휔) = lim|퐫−퐫′|→0 12 퐷̃(휔; 퐫, 퐫′). (210)
In the Appendix A of Ref. [234] an efficient implementation of the above prescription has been worked out for both
vector channel (S-wave) and scalar channel (P-wave) spectral functions. It is directly formulated in frequency space
and carefully considers the involved limiting procedure. The reference provides a readily implementable prescription
for practical use. Since to low order in the heavy quark velocity expansion it can be argued that
휌푃 ≃ −1
3
휌푉 ; 휌퐴0 ≃ −1
3
휌푉 ; 휌퐀 ≃ 2휌푆 , (211)
all relevant spectra can be obtained. In case of a purely Coulombic potential, due to its additional symmetries, it may
happen that the vector and scalar channel mix with a numerically small contribution.
To achieve an accurate description of the in-medium properties of quarkonium all input parameters of the above
Schrödinger equation need to be evaluated in a realistic setting. For the potential this means that we require continuum
extrapolated lattice data, as well as an appropriately renormalized quark mass. While there are ongoing efforts to
extract the static interquark potential on ensembles close to the continuum (see e.g. Ref. [176]) no genuine continuum
extrapolation has been computed so far. This necessitates manual continuum corrections and we discuss here the
strategy introduced in Ref. [175].
As it was found that the Gauss-law parametrization successfully reproduces the real part of the lattice potential and
shows good agreement with the tentatively extracted values of the imaginary part, it has been used in the literature to
implement the in-medium effects. In a first step its vacuum parameters are tuned in a phenomenological fashion. I.e.
they are varied until the solution of the corresponding S-wave and P-wave Schrödinger equation reproduces the PDG
values of the different ground state masses. The finite temperature physics is then introduced by using appropriately
rescaled values of the Debye mass found on the lattice.
For the quark mass parameter we consider first the bottomonium system, as here pNRQCD is expected to work
reliably. In addition the matching to QCD can be implemented perturbatively, since the bottom mass is much larger
than ΛQCD. As has been worked out in Ref. [43] the appropriate mass to use in the context of the Schrödinger equationis the renormalon subtracted mass. Within this renormalization scheme, the ambiguities in the perturbative definition
of the pole mass are reshuffled into the definition of the constant part of the potential, which contains the same ambi-
guity, effectively canceling the two and in turn leading to a well defined Schrödinger equation. For bottom quarks the
renormalon subtracted mass takes on the value
푚푅푆
′
푏 = 4.882 ± 0.041 GeV. (212)
Note that this value is different from both the often deployed bottom pole mass 푚pole푏 = 4.93GeV, as well as the
conventionally perturbatively defined푀푆 mass 푚푀푆푏 (푚푀푆푏 ) = 4.18GeV (for a relation between the latter two see e.g.
Refs. [236, 237]). Indeed we find that 푚푅푆′푏 among the three different masses provides the best 휒2 for the vacuumparameter fit.
This mass now enters the tuning procedure for the vacuum parameters of the Gauss-law parametrization that allows
one to successfully reproduce the masses of the four low lying S-wave statesΥ(1푆)−Υ(4푆). By manually introducing
a flattening of the string-like part of the Cornell potential at a characteristic string-breaking scale 푅sb also the locationof the B meson threshold can be reproduced. The consistency of the tuning procedure has been checked by subsequent
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Υ(1푆) Υ(2푆) Υ(3푆) Υ(4푆) 휒푏(1푃 ) 휒푏(2푃 ) 휒푏(3푃 )
푚 [GeV] 9.4603 10.023 10.355 10.569 9.931 10.273 10.534
푚푃퐷퐺 [GeV] 9.4603 10.023 10.355 10.579 9.888 10.252 10.534⟨푟⟩ [fm] 0.2918 0.5878 0.8697 1.0999 0.48 0.786 1.017
푚̄푃퐷퐺
퐵퐵̄
− 푚 [GeV] 1.1 0.535 0.203 -0.011 0.627 0.286 0.024
Table 3
Vacuum properties of relevant bottomonium particles based on the best fit parameters of Eq. (213) and the renormalon
subtracted mass of Eq. (212).
퐽∕휓 휓 ′ 휒푐(1푃 ) 휒푐(2푆)
푚 [GeV] 3.0969 3.6632 3.5079 3.775
푚푃퐷퐺 [GeV] 3.0969 3.6861 3.4939 3.9228⟨푟⟩ [fm] 0.565 1.249 0.672 1.109
푚̄푃퐷퐺
퐷퐷̄
− 푚 [GeV] 0.642 0.076 0.231 -0.036
Table 4
Vacuum properties of relevant charmonium particles based on the best fit parameters of Eq. (213) and the best estimate
of the charm mass of Eq. (214).
comparison to the spin averaged mass of the P-wave states 휒푏0(1푃 )−휒푏0(3푃 ) not included in the original fit. The bestfit values obtained in the most recent study in Ref. [190] are given by
훼푆 = 0.513±0.0024 GeV,
√
휎 = 0.412±0.0041 GeV, 푐 = −0.161±0.0025 GeV, 푟SB = 1.25±0.05fm (213)
and the resulting vacuum properties of bottomonium states are listed in Table 3.
Once the values for the static vacuum potential are fixed, only the charm mass remains to be set. Since its physical
value lies much closer to ΛQCD than the bottom mass a similar robust perturbative renormalon subtracted mass isnot available. Instead one may use the fact that the static potential in pNRQCD is universal among different flavors
and thus the parameters of Eq. (213) may also be used to compute the charmonium vacuum states. This allows to
find the optimal charm quark mass by fitting to the PDG masses of the S-wave states (퐽∕휓,휓 ′). As expected finite
velocity corrections do already play a role for charmonium and thus the masses are less accurately reproduced than in
the bottomonium case using just the static potential. The corresponding best fit value is
푚f it푐 = 1.4692 GeV. (214)
and the vacuum properties of the resulting states are given in Table 4.
With the vacuum sector set up, the focus turns to the question of how to translate the Debye masses extracted
at finite lattice spacing to values representative of continuum physics. The discretization leads to two main effects:
first, since the masses of light quarks do not yet take their physcial values the crossover temperature also lies above its
physical value. Secondly, the vacuum parameters of the Cornell potential contain a small lattice spacing dependence
and also are not yet at their physical value. In Refs. [175, 190] these artifacts are counteracted by considering the
dimensionless ratio of the lattice Debye mass and the square root of the lattice string tension. It is multiplied by the
square root of the physical string tension and then evaluated at a rescaled temperature where 푇퐶 lies at 155MeV.
푚phys퐷 (푡 = 푇 ∕푇
lat
푐 ) =
푚lat퐷 (푡)√
휎lat(푡)
√
휎phys, (215)
The values of the continuum corrected Debye mass with errorbars including both uncertainties from the lattice ex-
traction and those from the correction procedure itself are shown in Fig. 38. The characteristic bending down of the
ratio around the (now physical) crossover temperature is visible. In order to clearly expose the strength of the in-
medium modification in the spectral functions, a temperature scan needs to be carried out for which an interpolation
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Figure 38: The continuum corrected Debye mass parameter for the Gauss-law parametrization of the in-medium static
interquark potential (points). The band denotes the best fit from a HTL inspired interpolation formula for the Debye
mass. Figure adapted from Ref. [190]
of the Debye mass will be a prerequisite. Amending the NLO expression for the Debye mass in Eq. (152) by a second
non-perturbative correction term one ends up with the following expression
푚phys퐷 = 푇 푔(Λ)
√
푁푐
3
+
푁푓
6
+
푁푐푇 푔(Λ)2
4휋
log
[ 1
푔(Λ)
√
푁푐
3 +
푁푓
6
]
+ 휅1푇 푔(Λ)2 + 휅2푇 푔(Λ)3, (216)
taking here Λ = 2휋푇 as renormalization scale. The four loop results from Ref. [238] have been used to implement
the running of the strong coupling 푔. For evaluating 푔, an appropriate value of Λ푄퐶퐷 = 0.2145 GeV is deployed,initializing the renormalization group flow downwards from energies, where푁푓 = 5 flavors are active. The two non-perturbative parameters 휅1 and 휅2 may now be fitted to the continuum corrected values of 푚퐷. Ref. [190] reports bestfit values of
휅1 = 0.686 ± 0.221, 휅2 = −0.317 ± 0.052. (217)
which implement the deviation from the perturbative result, needed to describe the downward trend of 푚퐷∕푇 around
푇퐶 .All ingredients have thus been collected for the evaluation of the Schrödinger equation of Eq. (207), using a lattice
vetted parametrization of the static in-medium potential via the Gauss-law parametrization. The latest results for the
S-wave spectral functions are shown in Fig. 39. Characteristic in-medium effects are clearly visible. The bound state
peaks at 푇 = 0 are delta-peaks, as here only the strong interaction contribution to the physics is included. The peaks
start to broaden at finite temperature and move to lower frequencies, indicating that the particles become lighter in-
medium. Since at the same time the continuum also moves to lower energies, the in-medium binding energy actually
reduces. Eventually a bound state remnant will merge with the continuum leading to a threshold enhancement, which
reflects remnant correlations between the quark antiquark pair even if no genuine bound state structure is discernible.
The in-mediummodifications are found to be ordered hierarchically with the vacuum binding energy of each individual
state.
For a more quantitative exploration of the in-medium properties, the peak structures can be fitted to extract the
corresponding particle mass and thermal width. Scattering theory suggests [239] to use a skewed Breit Wigner of the
following form
휌(휔 ≈ 퐸) = 퐶
(Γ∕2)2
(Γ∕2)2 + (휔 − 퐸)2
+ 2훿
(휔 − 퐸) Γ∕2
(Γ∕2)2 + (휔 − 퐸)2
+ 퐶1 + 퐶2 (휔 − 퐸) + (훿2), (218)
with a skewing fit parameter 훿, as well as possible background terms 퐶푖. The values for the in-medium mass and widthaccording to the spectral functions of Fig. 39 are shown in Fig. 40. The left column corresponds to bottomonium, the
right column to charmonium. In the top row the in-mediummasses for the different states that are bound in vacuum are
shown as colored solid lines, with the error bands being dominated by the uncertainty in the Debye mass determination.
The lines end at the temperature where the in-medium peak remnant becomes too washed out for a fit to succeed. The
gray line denotes the onset of the continuum.
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Figure 39: The in-medium heavy quarkonium spectral functions in the S-wave channel for (top panel) bottomonium and
(bottom panel) charmonium evaluated at different temperatures. The computation is based on the lattice vetted Gauss-law
parametrization for the static in-medium potential. Figures adapted from Ref. [190]
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Figure 40: The in-medium properties of (left column) bottomonium and (right column) charmonium extracted via Breit-
Wigner fits from spectral functions, computed from the lattice vetted Gauss-law parametrization of the complex in-medium
static potential. The top row shows the in-medium masses, the bottom row the thermal widths. Figures adapted from
Ref. [190]
The reduction in the in-medium quarkonium mass at first may appear counter intuitive, as perturbative pNRQCD
computations (see e.f. Refs. [160, 234]) based on aCoulombic potential, predict the opposite behavior. Non-perturbatively
the reduction emerges from the subtle interplay of the medium modification of the string part and the Coulombic part
of the vacuum Cornell potential. In addition one may ask how the lowering of the in-medium quakronium mass com-
pares to the mass gain 훿푚푄 for an individual parton, which takes place at finite temperature. That effect enters as afirst correction to the static limit, i.e. it is supressed with the heavy quark mass. As argued in [175] using perturbation
theory, the expected values at 푇 = 200MeV would be 훿푚푐 ≈ 7MeV and 훿푚푏 ≈ 2MeV, which are insignificant com-pared to the shifts of tens to hundreds of MeV observed in Fig. 40. (Recently a prescription to compute the in-medium
mass shift non-perturbatively from a Euclidean correlators has been put forward in Ref. [240].)
Note that the mass shifts observed here for the ground state particles are in agreement within the relatively large
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Figure 41: The in-medium heavy quarkonium spectral functions in the P-wave channel for (top panel) bottomonium and
(bottom panel) charmonium evaluated at different temperatures. The computation is based on a legacy implementation
of the Gauss-law parametrization for the static in-medium potential. Figures adapted from Ref. [235]
errorbands, with those extracted from direct lattice QCD determinations of the spectral function using the NRQCD
discretization of the heavy quarks in Fig. 36. This is reassuring, as it signals consistency between the two different
non-relativistic approaches.
For the P-wave states, spectral functions have been computed using a legacy version of the Gauss-law parametriza-
tion in Ref. [235] and the results are shown in Fig.41. The main difference to the S-wave case is the presence of the
centrifugal term in the underlying Schrödinger equation. It was found that the centrifugal barrier, which it induces,
leads to a slightly different pattern of weakening of the in-medium states. In the S-wave case the continuum approaches
the in-medium peaks with increasing temperature and eventually swallows them, leaving only a threshold enhance-
ment. For a P-waves its bound state remnant feature persists after being engulfed by the continuum, before it also
washes out eventually.
Summary: The computation of in-medium quarkonium spectral functions from a Schrödinger equation with the
static potential at finite temperature provides precise information on not only ground state properties but also
those of in-medium excited states and the continuum. The price to pay is reduced accuracy in that so far no finite
velocity corrections have been included. The values of the potential available in lattice QCD can be incorporated
via the Gauss-law parametrization vetted on appropriately continuum corrected numerical data. The in-medium
effects manifest themselves in a characteristic manner: the delta-like vacuum state peaks broaden and shift to
lower energies, before being swallowed by the continuum, which even more quickly moves downward in energy
as temperature rises. This behavior is opposite to the predictions from perturbative pNRQCD and arises from an
interplay of the medium modification of the string and Coulombic part of the Cornell potential. The values for
the resulting negative in-medium mass shift are compatible with those obtained recently in direct lattice NRQCD
studies, signalling consistency between different non-relativistic approaches.
Further approaches to in-medium quarkonium
Having focused on direct lattice QCD and effective field theory based strategies in the previous subsections, let
us briefly touch on other related approaches which have contributed to improving our understanding of in-medium
quarkonium.
The first approach to mention is based on finite temperature QCD sum rules, developed in their modern form in
Refs. [241, 242, 243], which generalize the well established sum rules in vacuum (see e.g. Ref. [244]). By combining
the operator product expansion of the in-medium meson current correlation function with a Borel transformation, this
approach allows to probe differently weighted convolutions of the in-medium spectral functions. Non-perturbative
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information enters e.g. via the (quenched) lattice QCD determination of the matrix elements constituting the OPE.
In particular the scalar and twist-2 gluon condensates, derived from the Lorentz decomposition of the field strength
tensor play a role, which in practice are extracted via thermodynamic relations.
In the past decade, progress has been achieved by further combining the sum rule approach with Bayesian recon-
struction methods, such as the MEM, in Ref. [245]. This in turn allows to determine charmonium in-medium spectral
function and provides insight into the ground state medium modification. In addition sum rules have been used to
derive constraints on the in-medium spectral function in Refs. [246, 247], which may be used as prior information in
studies of spectral functions directly in lattice QCD. The sum rule approach has been used to study the real-part of the
in-medium heavy quark potential in Ref. [248] indicating preference for a value close to the color singlet free energies
in agreement with findings in direct lattice QCD. A sum rule approach valid in the presence of strong magnetic fields
has been introduced in Ref. [249] with a special focus on the mixing of the S-wave hyperfine doublet 휂푐 and 퐽∕휓as discussed in Ref. [250]. Extending the parameter of the Borel transformation, the Borel mass, into the complex
plane, the sum rule approach has been generalized in Ref. [251], making possible to also extract spectral information
on the excited charmonium states at finite temperature [252]. The sum rule approach at 푇 = 0 reproduces the ground
and excited state vacuum masses within 50 − 150MeV. In addition, consistent with the non-relativistic approaches
discussed before, it is found that the vacuum peaks move to lower energies as temperature is increased, the magnitude
of the shift being a bit weaker than that found from the lattice QCD potential.
In the second approach the T-matrix formalism is used to compute bottomonium in-medium spectra from a real-
valued interaction potential that enters a local interaction kernel of a Bethe-Salpeter equation. As the potential is
provided as external input and it is not uniquely determined by comparisons with lattice data of e.g. the system free
energies, two scenarios, the weak-binding and the strong-binding one are considered. In earlier studies (see e.g. Ref.[?
]) a temperature dependent renormalization of the potential had been deployed which leads to significant in-medium
mass shift to higher energies, incompatible with the results from the non-perturbative EFT potential. In the most recent
state-of-the-art realization of the T-matrix approach reviewed in Ref. [199] the potential is renormalized such that it
agrees in the short distance regime at all temperatures. In turn the resulting charmonium spectra for both the weak
and strong binding scenario are in qualitative agreement with the EFT potential computations showing negative mass
shifts at finite temperature. The authors conclude that the strong coupling scenario, in which the potential governing the
interactions among both light and heavy degrees of freedom is significantly larger than the color singlet free energies
is preferred by their results. Since this potential is not directly related to the EFT potential derived for static quarks,
there is apriori no tension between these results.
The third approachwemention here is based on the AdS/CFT correspondence. While we had brieflymentioned that
the real-time potential from the Wilson loop may be computed in this approach it is also possible to directly compute
the in-medium spectral functions. The challenge here lies in the fact that as discussed in Ref. [206] by adding heavy
quark analogues to  = 4 super Yang-Mills theory one obtains heavy-light meson states, that would be bound so
deeply that it is instead favorable to produce light quark pairs to shield the charge of the heavy constituent. In addition
the spatial extent of quarkonium analogues appears to be independent (at least in order of magnitude) of their radial
excitation. It is difficult to identify these bound states with actual QCD quarkonium particles. In order to overcome
these limitations of the top-down approach, instead AdS/CFT models, such as the soft-wall model (see e.g. [253, 254])
have been constructed from the bottom up (see also [255]) to incorporate e.g. additional scales that allow to produce
a more realistic quarkonium behavior.
The computation of spectral functions may be implemented via the identification of a vector field in the bulk with
the vector meson current on the gauge theory side. Some model computations in the holographic approach, such as in
Ref.[256] produce in-medium modifications of quarkonium spectral functions that are qualitatively compatible with
the QCD results, in that the in-medium peaks move to lower energies as temperature is increased. On the other hand
there are also computations found in the literature, which produce opposite behavior, such as in Ref. [257]. It appears
that there is not yet a final consensus reached on the in-medium modification of quarkonium within the holography
community.
Summary: The development of QCD sum rules in thermal equilibrium has opened a complementary route to
investigating quarkonium in-medium properties. The approach has matured over the past two decades and its
results on in-medium modification are consistent with those obtained directly from lattice QCD and effective
field theory. The improved renormalization of the interaction potential in the T-matrix approach has allowed to
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obtain in-medium quarkonium spectral functions that are also in qualitative agreement with the EFT potential
based results. The apparent discrepancy between the larger values of the T-matrix potential and the EFT potential
is partially related to the fact that the two quantities are not the same, the former also governing the physics of
the light degrees of freedom. In the bottom-up approach to the holographic description of QCD, quarkonium in-
medium spectral functions have been computed. Different implementations of the bulk physics produce opposite
in-medium modifications of the bound state features and it appears that a consensus in the community is still
outstanding.
3.4. Quarkonium melting
In the preceding sections we have compiled a wealth of insight into the in-medium behavior of quarkonium im-
mersed in a heat bath at finite temperature by studying the in-medium spectral functions and associated Euclidean
correlation functions. This preparation in turn allows us to approach the question of quarkonium melting in this sec-
tion.
Historically the theoretically well posed question of the stability of quarkonium states at finite temperature has
been intimately connected to the experimental measurements of quarkonium yields in relativistic heavy-ion collisions.
Starting with the seminal work by Matsui and Satz in Ref.[5] on quarkonium suppression by QGP formation (see
also Ref.[258]), as well as through the proposal of the sequential suppression scenario in Ref. [6] this has lead to an
unfortunate entangling of the question of quarkonium in-medium binding in equilibrium with the intricacies related to
quarkonium production in a highly non-equilibrium environment, such as present in a heavy-ion collisions.
Without diminishing the important role played by quarkonium in the study of heavy-ion collisions, we shall try to
disentangle the two, by clearly distinguishing between quarkonium melting and quarkonium suppression. The former
we will discuss in this section the latter we will return to in the context of of heavy-ion collisions in Section 5.3.
For more than 20 years, intuition surrounding the question of in-medium quarkonium stability has been acquired
in terms of real-valued potential models (for an overview see e.g. [232] and references therein). In these models the
thermal environment leads to a monotonous weakening of the potential, which was used to compute the eigenfunctions
and energies of a non-relativistic Hamiltonian. Instead of the bound stationary states of the vacuum Hamiltonian, at
푇 > 0 one considered stationary states of the in-medium Hamiltonian. At low temperatures these states remain bound
but, at well defined thresholds 푇melt , one by one go over into unbound states, as can be cleanly identified e.g. using the
complex scaling method reviewed in Ref. [259]. This entirely static setup has given rise to the intuitively appealing idea
of sequential melting, i.e. vacuum states that are more deeply bound will dissociate more easily at finite temperatures
than those that are more weakly bound at 푇 = 0. In addition a strong focus was placed on determining the stability
parameters of quarkonium states in this model approach, the melting temperatures 푇melt .In the following we argue that the concept of sequential melting, interpreted as a dynamical statement, remains
a valid guiding principle in a modern understanding of in-medium quarkonium. On the other hand the concept of
melting temperature turns out to be less informative than originally anticipated.
Our understanding of in-medium quarkonium changed fundamentally with the realization that the in-medium in-
terquark potential is complex valued. It forced the research community to acknowledge that the푄푄̄ system is far from
stationary and instead should be understood as inherently dynamical. It also reinforced the fact that the potential com-
puted in the effective field theory pNRQCD does not govern the time evolution of the 푄푄̄ wavefunction but instead
that of the unequal time point-split meson correlator. As we saw in Section 3.3 the complex static interquark potential
hence allows us to compute an approximation of the 푇 > 0 spectral function, from which in-medium properties of
individual states can be read off. It is this information that QCD theory brings to the table and from which vital insight
into the stability and eventual melting of heavy quarkonium in thermal equilibrium is deduced.
An important feature at finite temperature is the presence of thermal broadening, induced by Im[푉 ] ≠ 0. The
width Γ of an in-medium spectral peak represents the finite probability for that state to transition into some other state
over a characteristic time scale ∼ 1∕Γ. While the lattice simulation may provide insight into the values of Γ, it does
not tell us about the processes involved in generating it. On the other hand perturbative studies have revealed that
depending on the hierarchy of energy scales e.g. Landau damping and gluon absorption may contribute to the thermal
broadening. Unfortunately, from the spectral function alone one cannot determine into which state the quarkonium
transitions, i.e. whether it stays in the singlet channel as a more highly excited (or deexcited) state or whether it turns
into an unbound color octet. This information is hidden in higher order correlation functions, similar to the density
matrix of the quarkonium system, which only recently has been studied starting from first principles. In Section 4 we
will discuss how the changes in occupancies of individual can states be described in real-time and will find that the
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퐽∕Ψ 휓 ′ Υ(1푆) Υ(2푆) Υ(3푆) Υ(4푆)
푇melt [GeV] 0.267+0.033−0.036 < 0.147 0.440
+0.080
−0.055 0.250
+0.050
−0.035 0.200
+0.045
−0.053 < 0.147
+0.068
Table 5
Melting temperatures for bottomonium states estimated from the spectral functions of Fig. 39 and Ref. [190].
휒푐0(1푃 ) 휒푐0(2푃 ) 휒푏0(1푃 ) 휒푏0(2푃 ) 휒푏0(3푃 )
푇melt [GeV] 0.183+0.009−0.09 < 0.147 0.264
+0.030
−0.078 0.210
+0.033
−0.024 0.191
+0.011
−0.021
Table 6
Melting temperatures for charmonium states estimated from the spectral functions of Fig. 39 and Ref. [190].
phenomenon of decoherence is an essential ingredient in understanding the survival of heavy quarkonium in medium.
It is clear that the question of quarkonium stability cannot be answered in a static picture and quarkonium melting is
an inherently time dependent process.
The stability of in-medium quarkonium of course is closely related with its in-medium binding energy, defined
from the distance between the in-medium peak and the continuum threshold. Qualitatively similar to what had been
observed in the historic potential models, we found in Section 3.3 that screening of Re[푉 ] leads to a decrease of the
in-medium binding energy from an interplay of a reduction in the bound-state mass and the onset of the continuum
threshold. As the formerly long lived quarkonium state is heated up its binding is weakened. The associated increase
in spatial extent leads to a higher chance of scattering with medium partons that in turn may kick it into a different
state. I.e. the reduction in 퐸bind goes hand in hand with an increase of Γ.What the computations based on the lattice vetted complex potential show, supported by the consistent correlator
ratios in NRQCD, is that the weakening of the in-medium quarkonium states indeed proceeds hierarchically ordered
with the vacuum binding energy. The more weakly bound states start to broaden first, while the more deeply bound
vacuum states remain as narrow structures up to high temperatures. In this dynamical sense quarkonium melting is a
sequential process.
The fact that the in-medium peaks are broadened and smoothly go over into the continuum structure at high tem-
peratures also tells us that the concept of melting temperature in this dynamical picture is not uniquely defined. For
historic reasons one may still wish to single out where melting happens, selecting a single temperature at which indi-
vidual quarkonium states are already highly susceptible to transitions due to kicks from the medium. To this end it has
been suggested in e.g. Ref. [156] to choose a 푇melt , where the in-medium binding energy is equal to the thermal width.This represents a situation where the correlations between a meson state identified at time 푡0 have diminished by afactor 1∕푒 after having evolved by a time ∼ 1∕퐸medbind. For the latest estimates based on this criterion and the spectralfunctions computed in Ref. [190] see Table 5 and Table 6. It is important to note that as of yet only studies based
on an in-medium potential are able to provide melting temperatures defined in this quantitative manner, as it requires
knowledge of the onset of the continuum structure. In other words, melting temperatures quoted in studies based on
lattice NRQCD and relativistic lattice QCDmay take on different values, as they are based solely on a visual inspection
of the disappearance of discernible peak structures.
One of themain reasons underlying the interest in melting temperatures was related to phenomenological modeling.
In e.g. rate equation based approaches to heavy quarkonium in heavy ion collisions, melting temperatures provided
a convenient way to incorporate non-perturbative information from QCD. In an era, where reliable access to the full
spectral function is available and where genuine real-time descriptions of quarkonium are developed that directly
interface with EFTs and lattice QCD, as discussed in Section 4, the concept of melting temperature thus has become
less and less relevant.
The interplay of scattering and screening also complicates stability estimates, which had been common in the era
of real-valued potential models. The inverse of the Debye mass of the QCD medium still represents the characteristic
length scale beyond which color sources do not communicate with each other. I.e. if the spatial extent of the quark
antiquark pair becomes similar to this distance, it can be considered fully decorrelated. At the same time the kicks of
the medium partons already at closer separation distances may have induced a transition to an unbound configuration.
Stability arguments based on the Debye mass alone are thus understood to provide only upper limits. In Section 4
we will show in more detail how the effect of in-medium kicks can be understood in terms of decoherence of the
quarkonium system.
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The appearance of the thermal width in the quarkonium spectral function is a clear indication that we are dealing
with a truly dynamical problem even in thermal equilibrium. While access to spectral functions has helped to shed
light on the overall stability of kinetically equilibrated quarkonium, it does not yet allow us to answer even the simple
straight forward questions of what happens to a vacuum quarkonium state as it is thrown into a thermal QCD bath.
A comprehensive understanding of quarkonium stability and quarkonium melting thus requires a genuine real-time
description, which will be the focus of the next section.
4. Quarkonium in-medium real-time evolution
The study of meson spectral functions and the in-medium heavy quark potential has revealed the dynamical nature
of in-medium quarkonium, even in an idealized setting such as in thermal equilibrium. The first task at hand thus is
to develop a description that is capable of shedding light on how individual quarkonium states evolve in real-time in
the presence of a QCD medium. This will allow us to form a more detailed picture of dynamical quarkonium melting.
The second step will be to use such a framework to support the interpretation of heavy quarkonium measurements in
a heavy-ion collision.
Phenomenological modelling of heavy quarkonium real-time dynamics has a long history. For charmonium the
method of choice is to consider Boltzmann type transport equations from which, under additional time scale separation
assumptions, coupled rate equations for the different quarkonium states are obtained (see Refs. [260, 261, 262, 263, 264]
and Refs. [265, 266, 267], for application to bottmonium see e.g. Ref. [268]). In this approach the dissociation of
quarkonium and recombination of individual quarks is both included. Arguments based on detailed balance, potential
model computations for quarkonium binding and perturbative insight on dissociation provide the input values for
the strength of each term. A step towards a more systematic treatment of the individual contributions was taken in
Refs. [269, 270] and Ref. [161], where screening, dissociation and recombination contributions have been elucidated
based on the effective field theory pNRQCD.
For Bottomonium where an in-medium potential picture is expected to provide an accurate description, the most
common approach to date is to solve some form of Schrödinger equation. Either one considers a deterministic linear
equation to which a complex model potential is supplied (see e.g. Refs. [185, 271, 272, 273]) or one implements the
dynamics via a non-linear stochastic Schrödinger equation as in Ref. [274].
For both charmonium and bottomonium the above strategies have been successfully applied to reproduce the ex-
perimental measurements of quarkonium states in heavy-ion collisions.
Developing a genuine first principles based understanding of quarkonium real-time evolution thus serves multiple
roles. On the one hand it will lead to an intrinsically better understanding of quarkonium stability in idealized situa-
tions, such as in thermal equilibrium, but it will also reduce the amount of modeling input necessary when describing
quarkonium in complex scenarios such as a heavy-ion collision.
A genuine real-time description of quarkonium forces us to amend the theoretical guiding principle based on sep-
aration of energy scales by taking into account the different time scales present in the system under consideration. As
discussed in Section 2.5 the open quantum systems approach offers a promising road towards a systematic treatment
of heavy quarkonium in this respect. In thermal equilibrium a non-perturbative understanding of various aspects of
heavy quarkonium has been achieved, by connecting first principles lattice QCD and effective field theories. However
an equally non-perturbative implementation of the real-time dynamics is not available yet. Since the sign problem
prevents direct real-time simulations on the lattice, one central focus of theory today lies in establishing how to non-
perturbatively match effective field theories, such as pNRQCD to QCD. This in turn may then be used as a starting
point to derive quarkonium real-time evolution equations formulated in the language of open-quantum-systems. More
concretely, it needs to be established whether and, if so, how a master equation for the 푄푄̄ density matrix can be
derived which systematically incorporates the information on the proper real-time heavy-quark potential, as well as
the other non-local Wilson coefficients of pNRQCD.
The past five years have already seen major progress in the context of an open-quantum-systems description of
heavy quarkonium. Indeed it is now possible to derive from QCD, using a well controlled set of approximations, a
non-linear stochastic Schrödinger equation describing the quantum dissipative evolution of the quark antiquark pair
in a hot thermal medium (see Fig. 42). This for the first time provides a field theoretical basis to phenomenological
models of this type. It is further understood how computations based on deterministic Schrödinger equations can be
systematically improved to become more accurate. At the same time first proposals have been put forward to derive
the Boltzmann equation in a weakly coupled medium directly from QCD via the open-quantum systems approach, not
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Figure 42: Relationship between QCD and the different real-time approaches to heavy quarkonium currently deployed or
in development. Flowchart adapted and expanded from Ref. [275].
only providing insight on the range of validity of transport approaches for quarkonium but opening up new venues for
eventually deriving a fully non-perturbative equation of motion for quarkonium distribution functions.
In the following we briefly survey the current activities in the field from which we will highlight two sets of studies
that both make close contact to the effective field theory concepts encountered previously in equilibrium and offer
concrete paths to the improvement of current phenomenological real-time approaches to in-medium quarkonium.
Open Quantum System based approaches
The first steps in the direction of an open-quantum systems based understanding of in-medium quarkonium were
inspired by the Caldeira-Leggett model in Ref. [276], but did not yet attempt to derive a real-time description. Sub-
sequently Refs. [277, 278] explored the role played by transitions induced between different quarkonium states by the
medium and suggested that an open-quantum systems approach (called a quantum dissipative system in their paper)
would be most appropriate to capture the relevant physics. Independently Ref. [279] proposed the first open-quantum
systems description to real-time heavy quarkonium that made direct connection with the complex real-time potential.
It suggested an interpretation of the imaginary part of the in-medium potential in terms of decoherence induced by the
medium kicks on the quarkonium particle. The paper proposed that the values of Im[푉 ] manifest themselves in the
local correlations of a real valued noise term added to an otherwise real-valued potential, in turn leading to a unitary
stochastic time evolution. This early stochastic potential approach has been subsequently used to take a first look at
bottomonium evolution as open quantum system in Ref. [280].
The next decisive step was achieved byAkamatsu in Ref. [281] in deriving amaster equation for quarkonium at high
temperatures directly from the QCD path integral via the Feynman-Vernon influence functional. In turn he showed
that based on single gluon exchange the dynamics in the recoilless limit can be reduced to a stochastic potential,
corresponding to the first order in a systematic gradient expansion of the equation of motion. It also clarified how the
non-local correlations of the stochastic noise are related to the imaginary part of the potential. Note that this colored
stochastic potential does not simply reduce to the color singlet version introduced in Ref. [279], since singlet to singlet
transitions are only possible via multi-gluon exchanges.
A refined analysis, with a particular focus on the implementation of time coarse graining presented in Ref. [282]
then delivered for the first time a genuine Lindblad master equation for quarkonium at high temperatures. Having
established that the in-medium real-time evolution of quarkonium can be captured in thewell established open-quantum
systems framework using a clearly defined set of approximations, the community took notice and concerted efforts
arose to explore the dynamical aspects of in-medium quarkonium.
Recently several research groups are actively exploring the open quantum systems approach to heavy quarkonium.
Two of these (see Refs. [283, 284, 285] andRef. [286]) take as starting point directly the effective field theory pNRQCD.
The benefit of this approach is that the effective field theory is systematically derived from QCD based on matching
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with the intermediate effective theory NRQCD. On the other hand a drawback for phenomenology is that pNRQCD is
derived for a certain scale hierarchy. Often this hierarchy is taken to apply to the S-wave ground state but excited states
and P-wave states may not adhere to the same hierarchy, thus complicating a concurrent treatment of all the states
present in a heavy-ion collision. A central difference between the two sets of studies is that in the former the medium
degrees are treated as strongly coupled푚퐷 ∼ 푇 and the information on the in-medium dynamics is formulated in termsof non-perturbative transport-coefficients, possibly accessible on the lattice [285]. In the latter, pNRQCD is matched
to NRQCD perturbatively, which in turn is argued to allow a simplification of the equations of motions up to the point
where the perturbative Boltzmann equation is obtained. Such a systematic derivation of the Boltzmann equation from
QCD is an important contribution to putting phenomenological modeling on a solid footing by exposing the underlying
chain of required approximations.
Other groups approach the derivation of the quarkonium real-time evolution from a weakly coupled perspective
without direct reference to pNRQCD. A central aspect of the works of Refs. [287, 288] is to explore the effects of
dynamical dissociation and recombination in a semi-classical language reducing the master equation further to an
effective Langevin form. The first paper considers the effects common to Abelian and non-Abelian plasmas, while
the second focuses on the additional effects played by the color degrees of freedom present in QCD. Ref. [289] also
investigated the classicalization of the heavy quark dynamics. While the dynamics of quarkonium can become classical
if decoherence acts efficiently, it needs to be ascertained in each case whether remnant quantum superpositions among
quarkonium state can be neglected on the timescales under consideration. The authors of Ref. [290] have taken first
steps beyond theMarkovian approximation in this context, whichmay e.g. be relevant for the description of quarkonium
at intermediate temperatures. Ref. [275] attempted an alternative derivation of the e.o.m. at high temperature, but since
no explicit Lindblad operators could be constructed, doubts remain whether this study has produced a genuine Lindblad
master equation. A thorough reinvestigation of the stochastic potential approximation to the full dynamics has been
presented in Ref. [291] focusing on the role of decoherence played on the stability of quarkonium. Figure 42 attempts
to summarize the currently available open-quantum systems based approached to quarkonium.
4.1. The Feynman-Vernon influence functional at high temperature
In Section 2.5 we considered two iconic models of open quantum systems, the quantum optical master equation,
as well as quantum Brownian motion at high temperature. While the latter model appears at first to be well suited to
the description of heavy quarkonium it needs to be kept in mind that its evolution equation was derived for a single
particle, i.e. for a system whose extend is smaller than the correlation length of the medium. This is in general not
the case for heavy quarkonium, where depending on the interplay of temperature and binding energy the extent of the
in-mediums state may easily be of the same order or larger than the medium correlation length.
In Ref. [282] a Lindblad master equation for in-medium quarkonium has been derived based on the Feynman-
Vernon influence functional. It rests on three sets of approximations, which have been justified apriori using the scales
present in Coulombically bound quarkonium states. The first refers to the non-relativistic limit, requiring that both√
푇 ∕푚푄 ≪ 1 as well as 훼푆 ≪ 1. The second requires the medium to be weakly coupled so that 푔 ≪ 1 and the third
is related to how the coarse graining in time is implemented, assuming 1∕푔푇 ≪ 1∕푀훼2. This last relation is nothing
but the condition 휏퐸 ≪ 휏푆 also used in the quantum Brownian motion master equation. If fulfilled it tells us that theacceleration of the heavy quarks, i.e. the change in the relative velocity 푣̇ induced by the individual interactions with
the medium is small.
Starting from the Schwinger Keldysh path integral for the system of gauge fields 퐴, light fermions 푞 and heavy
quarks푄, summarized as 휙 = (퐴, 푞,푄) with 휙1 on the forward branch and 휙2 on the backward branch, one may writedown the generating functional with external source terms 휂1 and 휂2 as
푍[휂1, 휂2] =∫ 푑휙1(0)푑휙2(0)⟨휙1(0)|휌tot|휙2(0)⟩ (219)
× ∫
휙2(0)
휙1(0)
[휙1, 휙2]exp
[
푖∫ 푑4푥
(tot[휙1] − 휙1휂1)]exp[푖∫ 푑4푥(tot[휙2] − 휙2휂2)]. (220)
Assuming the factorization of the initial density matrix, defining the heavy quark color color current 푗푎휇 = 푄̄푇 푎훾휇푄
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and setting the external sources to zero one arrives at the partition function
푍 = ∫ 푑푄1(0)푑푄2(0)⟨푄1(0)|휌푄푄̄|푄2(0)⟩∫ 푄2(0)푄1(0) [푄1, 푄2]exp[푖푆kin[푄1] − 푖푆kin[푄2] + 푖푆퐹푉 [푗1, 푗2]] (221)
where the all terms that couple the heavy fields with the gauge fields are contained within
푒푖푆퐹푉 [푗1,푗2] = ∫ 푑[퐴1(0), 퐴2(0), 푞1(0), 푞2(0)]⟨퐴1(0), 푞1(0)|휌eqmed|퐴2(0), 푞2(0)⟩ (222)
× ∫
퐴2(0),푞2(0)
퐴1(0),푞1(0)
[퐴1, 퐴2, 푞1, 푞2]exp
[
푖∫ 푑4푥
(푚푒푑[퐴1, 푞1] − 푔푗푎휇1 퐴푎1,휇)]exp[푖∫ 푑4푥(푚푒푑[퐴2, 푞2] − 푔푗푎휇2 퐴푎2,휇)].
(223)
Note that the medium is assumed to be in thermal equilibrium at this point and that the currents 푗1 and 푗2 are notexternal currents but represent the heavy color sources to which the gauge field couples dynamically.
By performing the non-relativistic approximation first, the coupling between the heavy quarks and the gauge fields
is simplified to only include the heavy quark color density, i.e. an interaction term of the form 푔푗푎0퐴푎0. The subsequentperturbative expansion of Eq. (223) to second order in the strong coupling allows to relate the interactions between
quarkonium and the medium in terms of the different gluon propagators 퐺 defined on the Schwinger-Keldysh contour
푖푆퐹푉 [푗1, 푗2] = −
푔
2 ∫ 푑4푥푑4푦(푗0푎1 (푥), 푗0푎2 (푥))
[
퐺푎푏,00(푥 − 푦) −퐺<푎푏,00(푥 − 푦)
−퐺>푎푏,00(푥 − 푦) 퐺̃푎푏,00(푥 − 푦)
](
푗0푏1 (푦)
푗0푏2 (푦)
)
+ (푔3).
(224)
One of the important contributions of Ref. [282] is to identify that with a particular choice of time variables, i.e.
푡 = max(푥0, 푦0) in addition to the relative time 푠 = |푥0 − 푦0|, coarse graining of the influence functional in time leads
to interaction terms that only contain the retarded correlator 퐺푅 and the related gluon spectral function denoted here
by 휌퐺. In particular this means that all in-medium information is contained in three quantities
푉 (퐫)훿푎푏 = −푔2Re퐺푅푎푏,00(휔 = 0, 퐫), (225)
퐷(퐫)훿푎푏 = −푔2푇
휕
휕휔
휌퐺,푎푏,00(휔 = 0, 퐫), 퐴(퐫)훿푎푏 = −
푔2
6푇
휕
휕휔
휌퐺,푎푏,00(휔 = 0, 퐫). (226)
The first one, related to the Fourier transform of the retarded gluon correlator at vanishing frequencies, is nothing
but the real-part of the proper real-time potential evaluated perturbatively. The second and third one is related to the
gluon spectral function, which in the perturbative language is given by the appropriately shifted imaginary part of the
real-time potential, i.e. 퐷(퐫) = Im[푉 ](푟) − Im[푉 ](푟 = ∞). Combining the weak coupling expansion and time coarse
graining together with the Markovian approximation the influence functional may be rewritten as
푆퐹푉 = 푆f luct[퐷] + 푆diss[퐷] + 푆L[퐴] (227)
In order to make the coupling between gluons and heavy quarks local one must neglect possible overlap of interactions,
similar to taking the ladder approximation in the Bethe-Salpeter equation. The individual terms have been suggestively
named from an analogy with the quantum Brownian motion case. 푆f luct encodes the effects of fluctuations, where e.g.kicks of the medium particles transfer energy into the quarkonium system. 푆diss[퐷] on the other hand describes thephysics of dissipation, by which the quarkonium state may release energy back to the medium. The combination of
the two makes it possible for the quarkonium system to eventually thermalize with its environment. Only thanks to
the additional term 푆L[퐴], a genuine Lindblad master equation emerges, that preserves all relevant properties of thedensity matrix under time evolution. Note that here in contrast to the Caldeira-Leggett model this last term is not added
by hand but arises due to a careful choice of the coarse graining procedure.
At this point the influence functional is formulated in terms of actions and heavy quark fields, while we are ul-
timately interested in an evolution equation for the density matrix operator for the two-body system in the position
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basis. To this end the stratgey put forward in Ref. [282] is based on using the properties of coherent states as generat-
ing functionals for heavy quarkonium particles. Using the same notation for the quark and antiquark field operators as
in NRQCD, i.e. 휓̂ and 휒̂ , the matrix elements of the reduced density matrix in the coherent state basis can be written
as
휎푄푄̄
[
푡, 퐽 1휓 , 퐽
1
휒 , 퐽
2
휓 , 퐽
2
휒
]
= ⟨퐽 1휓 , 퐽 1휒 |휎푄푄̄(푡)|퐽 2휓 , 퐽 2휒⟩ (228)⟨퐽 1휓 , 퐽 1휒 | = ⟨Ω|exp[ − ∫ 푑3푥(휓̂(퐱)퐽 1휓 (퐱) + 휒̂(퐱)퐽 1휒 (퐱))], (229)
|퐽 2휓 , 퐽 2휒⟩ = exp[ − ∫ 푑3푥(퐽 2휓 (퐱)휓̂†(퐱) + 퐽 2휒 (퐱)휒̂†(퐱))]|Ω⟩ (230)
where the sources 퐽 푖 are just complex numbers. Using the path integral representation of 휎푄푄̄
[
푡, 퐽 1휓 , 퐽
1
휒 , 퐽
2
휓 , 퐽
2
휒
] the
position space basis density matrix can be obtained via functional differentiation
휎푎푏푐푑
푄푄̄
(푡, 퐱1, 퐱2, 퐲1, 퐲2 = ⟨퐱1, 푎; 퐱2, 푏|휌̂푄푄̄(푡)|퐲1, 푐; 퐲2, 푑⟩ ∝ ⟨Ω|푄̂푎(퐱1) ̂̄푄푏(퐱2)휌̂푄푄̄(푡) ̂̄푄푑†(퐲2)푄̂푐†(퐲1)|Ω⟩ (231)
= 훿
훿퐽 푎휓 (퐱1)
훿
훿퐽 푏휒 (퐱2)
훿
훿퐽 푑휒 (퐲2)
훿
훿퐽 푐휓 (퐲1)
휎푄푄̄
[
푡, 퐽 1휓 , 퐽
1
휒 , 퐽
2
휓 , 퐽
2
휒
]|||퐽=0 . (232)
Collecting all the terms obtained in the evolution equation for the position basis density matrix, these can be
summarized as a Lindblad equation with two distinct Lindblad operators. Using the constituent heavy quark position
퐱̂ and momentum operator 퐩̂, as well as the antiquark operators 퐲̂ and 퐪̂, the Lindblad operators and their coefficients
take the form
퐿̂1퐤,푎 = 푒
푖퐤퐱̂∕2
(
1 −
퐤퐩̂
4푀푇
)
푒푖퐤퐱̂∕2(푇 푎 ⊗ 1) − 푒푖퐤퐲̂∕2
(
1 −
퐤퐪̂
4푀푇
)
푒푖퐤퐲̂∕2(1⊗ 푇 푎∗), 훾1퐤,푎 = −
퐷(퐤)
퐿3
> 0, (233)
퐿̂2퐤,푎 = 푒
푖퐤퐱̂∕2
( 퐤퐩̂
4푀푇
)
푒푖퐤퐱̂∕2(푇 푎 ⊗ 1) − 푒푖퐤퐲̂∕2
( 퐤퐪̂
4푀푇
)
푒푖퐤퐲̂∕2(1⊗ 푇 푎∗), 훾2퐤,푎 = −
1
퐿3
(
8푇 2퐴(퐤) −퐷(퐤)
)
> 0,
(234)
where 푉 = 퐿3 refers to a large but finite volume of the combined system of heavy quarks and medium. In addition to
the Lindblad operators, a non-trivial Hamiltonian for the reduced quarkonium system is obtained
퐻̂푄푄̄ =
퐩̂2 + 퐪̂2
2푚푄
− 푉 (퐱 − 퐲)(푇 푎 ⊗ 푇 푎∗) + 1
8푀푇
{
(퐩̂ − 퐪̂),∇퐷(퐱 − 퐲)
}
(푇 푎 ⊗ 푇 푎∗). (235)
Several remarks are in order. Similar to assigning physical roles to the individual terms in 푆퐹푉 we can identify thecorresponding contributions in the Lindblad operators. The physics of fluctuations is encoded in the terms independent
of the heavy quark momentum, while the effects of dissipation reside in those that carry an explicit 퐩 or 퐪 dependence.
Interestingly this tells us that the center of mass motion and relative motion both influence dissipation. It turns out
that in case that dissipative effects are non-negligible the physics of relative and finite center of mass momenta cannot
be fully separated. Note that the coefficients of the Lindblad operators depend on the gluon spectral function and thus
on the imaginary part of the potential. They are both positive, as required for the Lindblad formalism to be valid. In
case of 훾2 this is only possible due to the contributions of the 퐴 term arising from 푆퐿 in the expansion of the influencefunctional. In practice it is often assumed that the term 8푇 2퐴−퐷 is small so that only퐿1 remains active. It is important
to recognize that the Hamiltonian features both the familiar term containing the screened potential 푉 but also harbors
another contribution which arises from the fluctuation part and which may not be neglected apriori. It is interesting
to contemplate how and under which circumstances such an additional term can be related to the concept of entropic
force (discussed in detail in Refs. [184, 292]) which too is understood as an emergent phenomenon induced by medium
fluctuations.
With the derivation of the Lindblad operators and the Hamiltonian for a system at high temperature, it is now
possible to state, how the real- and imaginary part of the in-medium potential govern the microscopic evolution of
the quarkonium state. The latter encodes the physics of fluctuations and dissipation and together with the real part
determines the stability of the quarkonium state. Establishing these roles in a genuine non-perturbative fashion however
remains a central open research question.
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Note that the Lindblad equation explicitly takes into account the physics of both constituent quark and antiquark.
This in turn means that the corresponding density matrix not only contains information about possible color singlet
bound states but also captures the physics of (possibly decorrelated) individual color charged quarks. In other words
it possesses the necessary knowledge to not only answer questions about dynamical melting of quarkonium but also
to eventually answer how probable the recombination of individual quarks and antiquarks is. (As has been explicitly
pointed out in the related works of Refs. [288, 290] the recombination probability actually becomes zero in an infinite
volume, but since the fireball of a heavy-ion collision is finite, also the probabilities are.)
Solving the equation of motion defined by Eqs. (234) and (235) head on is still too costly. There are however efforts
underway to derive a reduced equation of motion [293] focussing on the relative coordinates (see also Ref. [275]).
Preliminary findings suggest that as anticipated above, relative and center ofmassmomentum cannot be fully decoupled
in the dissipative terms, the latter however appears simply as an external parameter. Even such a reduced density matrix
carries a dependence on six spatial dimensions, i.e. the direct simulation of the corresponding partial differential
equation is very demanding. On the other hand the quantum state diffusion approach discussed in Section 2.5 has
already been successfully implemented for the description of the Lindblad equation of single heavy quarks in Ref. [294]
and promises a viable path towards unravelling the evolution of the quarkonium density matrix in terms of an ensemble
of wavefunctions. Including both fluctuation and dissipation effects such a simulation in principle will be able to
implement genuine thermalization of a heavy quarkonium state with its surrounding. Conceptually the QSD approach
for the first time provides a QCD derived non-linear stochastic Schrödinger equation for in-medium quarkonium, which
so far has only been introduced based on phenomenological modeling.
Since the thermalization of quarkonium states can be captured with the Lindblad equation based on Eqs. (234)
and (235), the resulting late time behavior will provide a direct connection to the equilibrium results discussed in
Section 3.3. These may then e.g. function as a benchmark of the real-time evolution.
4.2. Decoherence and Dynamical quarkonium melting
After discussing that quarkonium melting is an inherently dynamical process in Section 3.4, we are now able to
shed light on some of its details by using the open-quantum systems approach. And even though simulations of the
full dissipative Lindblad dynamics are still work in progress, we can already consider what has been learned about the
in-medium evolution from truncations of Eqs. (234) and (235). In particular this has lead to insight into the role played
by the phenomenon of decoherence on the stability of in-medium quarkonium and its melting.
As it allows us to identify already many relevant aspects of quarkonium stability we start out by considering the
recoilless limit, which corresponds to neglecting all dissipative contributions. In turn this amounts to setting 푆퐹푉 =
푆f luct or simply taking the momentum independent terms of Eq. (234). At this first order in the gradient expansion ofthe influence functional one can completely integrate out the center ofmass coordinates. This leads to a stochastic linear
Schrödinger equation coupling the color singlet and octet sector. For the purpose of this section one may consider an
even simpler scenario, where only transitions from the color singlet to singlet sector are implemented. This is nothing
but the stochastic potential description originally proposed in [279]. Note that while the absence of dissipation will
prevent the thermalization of the quarkonium system at late times, this approximation is expected to work well, even
quantitatively, for tightly localized states at early times.
Let us follow the exposition given in Ref. [291], where one considers a quark located at 퐱 = 퐑+ 퐫2 and an antiquarkat 퐲 = 퐑 − 퐫2 . At this level of the approximation, the dynamics can be written in terms of a real-valued in-mediumpotential 푉 (퐫) and two noise terms 휂, whose spatial correlations are intimately connected to the imaginary part of the
potential
퐻(퐫, 푡) = −
∇2퐫
푚푄
+ 푉 (퐫) + 휂(퐑 + 퐫
2
, 푡) − 휂(퐑 − 퐫
2
, 푡)
Θ(퐑,퐫,푡)
. (236)
The origin of the two noise terms lies in the separate fluctuation contributions to the quark and antiquark, similar to the
two fluctuation terms present in the high temperature Lindblad equation. These also carry opposite color, which leads
to a relative minus sign in the singlet sector. Since the Markovian approximation has been used, the noise is Gaussian
but carries non-trivial spatial structure given by
⟨휂(퐱, 푡)⟩ = 0, ⟨휂(퐱, 푡)휂(퐱′, 푡′)⟩ = 퐷(퐱 − 퐱′)훿(푡 − 푡′), (237)
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Figure 43: The function 퐷(푟) = Im[푉 ](푟) − Im[푉 ](푟 = ∞) evaluated in thermal equilibrium in the hard thermal loop
approximation. Note its peaked shape around the origin, which invites the definition of the medium correlation length
퓁med.
keeping in mind that at high temperature 퐷(푟) = Im[푉 ](푟) − Im[푉 ](푟 = ∞). Consistent with Ito calculus, one finds
that the noise terms scale with 휂 ∼ 푑푡−1∕2. This requires one to take into account one additional term, absent for
deterministic variables, when deriving the wavefunction evolution equation from the time evolution operator. The
following stochastic differential equation ensues
휓푄푄̄(퐫, 푡 + Δ푡) = 1 − 푖Δ푡
(
−
∇2퐫
푚푄
+ 푉 (퐫) + Θ(퐑, 퐫, 푡) − 푖Δ푡
2
Θ(퐑, 퐫, 푡)2
)
휓푄푄̄(퐫, 푡). (238)
Since the time evolution operator 푈 = exp[−푖Δ푡퐻] is unitary, the above equation of motion also preserves the norm
of the evolving microscopic wavefunction. Nevertheless considering the ensemble average of the wavefunction, one
obtains the following Schrödinger equation
푖 푑
푑푡
⟨휓푄푄̄(퐫, 푡)⟩ = ( − ∇2퐫푚푄 + 푉 (퐫) − 푖 {퐷(ퟎ) −퐷(퐫)}=|Im[푉 ]|
)⟨휓푄푄̄(퐫, 푡)⟩. (239)
This simple example shows that the presence of an imaginary part in the potential governing the time evolution of
a thermally averaged correlation function (corresponding to ⟨휓푄푄̄(퐫, 푡)휓∗푄푄̄(퐫, 0)⟩) does not automatically reflect adampening of the underlying microscopic wavefunction. ( Note that the full dissipative dynamics are on the other
hand irreversible and can indeed lead to a dampening of the microscopic wavefunction. )
The effect of Im[푉 ] here instead is a manifestation of the phenomenon of wavefunction decoherence, where the
fluctuations of the medium successively perturb the individual realizations of the wave function so that after a charac-
teristic time 휏퐷 there is only faint resemblance among each other and the average washes out. While decoherence doesnot necessarily imply a decay of occupations, in the case of in-medium quarkonium, destabilization of formerly stable
bound states is one of its central effects. Interestingly there is an additional scale hiding in plain sight in the imaginary
part of the potential that determines the strength of decoherence and its role in heavy quarkonium stability.
As an example consider the function 퐷 evaluated in HTL perturbation theory, as shown in Fig. 43. Its spatial de-
pendence exhibits a well defined peak around the origin, which allows to define a characteristic scale 퓁med governingthe spatial extend of the noise correlations in Eq. (237). While in perturbation theory at high temperatures the correla-
tion length and temperature are closely related 퓁PTmed ∼ 1∕푔푇 , in a non-perturbative setting e.g. close to the crossovertransition in QCD the relation may be quite different. In other words 퓁med represents an independent additional scalein the system.
Depending on the size of the quarkonium system under consideration (denoted in the following by 퓁Ψ0 ) and thesize of the correlation length 퓁med the effects on the bound state are quite different, as has been discussed in detail inRefs. [291, 275]. Indeed based on how well the medium is able to resolve the internal structure of the quarkonium
system three distinct regimes can be identified.
If the correlation length 퓁med ≫ 퓁푄푄̄ is large compared to the intrinsic length scale of the 푄푄̄ system it corre-sponds to very soft momentum kicks Δ푝med ∼ ℎ∕퓁med on the small subsystem. In the limit of negligible momentumtransfer one simply ends up with reversible dynamics, described by the von-Neumann like part of the master equation.
Decoherence in this case is inefficient in destroying the quantum superposition present in the system.
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Figure 44: (left) the survival probability for the lowest stationary state of 퐻̃푆 , evolved via the stochastic potential prescr-
tiption for different values of the medium correlation length. Note the transition from inefficient to efficient decoherence
as 퓁med ≈ 퓁푄푄̄. (right) Comparison of the ground state survival probability for the stochastic potential and the adiabatic
approximation. The latter systematically underestimates the in-medium survival. Figures adapted from Ref. [291]
Once the correlation length 퓁med ≲ 퓁푄푄̄ becomes of the same order of the size of the quarkonium system or smallerthe full dissipative dynamics of quantum Brownian motion sets in. This entails that decoherence becomes efficient,
which in turn means that superpositions of quantum states in the system are gradually transferred into a probabilistic
mixture of classical states. After a characteristic decoherence time scale 휏퐷 the system may then be described bysemi-classical means.
Up to now we have only considered one characteristic scale for the quarkonium system 퓁푄푄̄. However differentstates, due to their separated values of the binding energy, exhibit quite different spatial extends and therefore are
affected differently by the medium kicks underlying decoherence. An appropriate analogy suggested in Ref. [275] is
that a medium with 퓁med acts as a quarkonium sieve: easily destabilizing those states with 퓁med ≪ 퓁푄푄̄ and onlyweakly affecting those with 퓁med ≫ 퓁푄푄̄.At very high temperatures the correlation length will become smaller than all of the quarkonia and thus the medium
is able to resolve even the most deeply bound states. Taken to the asymptotic limit, all states will thus be destabilized
equally efficiently.
Numerical simulations support the conclusions drawn above. In the left panel of Fig. 44 a simple 1+1 dimen-
sional computation has been performed, where the in-medium stationary ground state of a Hamiltonian with a Debye
screened potential is evolved using the stochastic potential prescription. The noise correlations are given by a Gaussian
function 퐷 with characteristic scale 퓁med. In such a scenario in the absence of medium induced fluctuations the sur-vival probability ⟨1푆|휎푄푄̄(푡)|1푆⟩ of a subsystem eigenstate would remain unity (for details see Ref. [291]). Keepingthe temperature and thus the strength of the screening fixed and only changing the correlation length of the medium
fluctuations leads to the different curves shown. As the radius of the initial state is around 퓁푄푄̄ = 0.2fm we expect andalso find that a correlation length of 퓁med = 0.96fm is unable to efficiently destabilize the bound state. A much morerapid decay (note the log scale) sets in once the correlation length drops below 퓁med = 0.32fm, becoming equal to thebound state size. While not plotted here, the excited states in the system will be populated more and more strongly,
the shorter the correlation length is.
Note that survival probabilities with values much smaller than unity ensue, not only for the ground but also for the
excited states, signaling that a large admixture of the system is actually made up of unbound states in the continuum. An
interesting aspect of these dynamics is that continuously excitations and deexcitations are taking place between different
states. Such a reshuffling of states will lead to the emergence of a thermalized fixed point of the (full dissipative)
dynamics at late times. The availability of transitions between bound and scattering states also entails that if one
were to start out from an unbound initial state, efficient decoherence can also lead to a re-population of bound states
over time. The probability for this inverse process however is volume dependent, since only in a finite volume the
number of unbound states remains finite and thus a non-vanishing probability exists to return into one of the few
bound states. By treating explicitly the dynamics between all accessible states the open-quantum systems approach
naturally incorporates the physics of recombination. It is important to note however that this form of recombination
only considers the two quarks of the initially prepared quarkonium bound state. In order to understand what happens
in the presence of multiple 푄푄̄ pairs a higher order density matrix, such as 휎푄푄̄푄푄̄ needs to be considered, which,while in principle possible, will be a challenge for future studies.
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At this point it is informative to consider how the approximate stochastic evolution differs from the adiabatic
approximation often employed in phenomenological modeling. In that case the Schrödinger equation Eq. (239) is used
to solved for the microscopic wavefunction. In the right hand panel of Fig. 44 the two different computations are shown
for a 1+1 dimenisonal setup at two distinct values for 퓁med. What is found is that the adiabatic approximation worksbetter for cases where the influence of noise is weak. In addition the adiabatic result systematically underestimates
the stochastic result, a fact that needs to be kept in mind when such simulations are compared to actual experimental
data. Currently first steps are taken to incorporate the insight gained from the open-quantum-systems approach into
phenomenological simulations of quarkonium, going beyond the adiabatic approximation [295].
Access to the (approximate) real-time dynamics of heavy-quarkonium has thus already provided vital insight into
their dynamical melting process, in which wavefunction decoherence plays an important role. The historic intuition of
sequential melting is elevated to a genuine real-time picture, where depending on the size of individual states, medium
fluctuations can efficiently resolve the bound state and induce transitions into higher excited bound or scattering states.
The phenomenon of quarkonium melting thus can only be formulated as an initial value problem, inquiring how many
states of an initial collection of quarkonia will survive in a medium after a given time.
In the study of single heavy quarks in the open-quantum systems approach it has been pointed out e.g. in Ref. [289]
that the dynamics in phase space, i.e. governed by the momentum operator, in general cannot be disentangled from
those in color space and that their interplay under decoherence is essential to understanding of the classicalization
of the quarkonium evolution. Thus for a more comprehensive understanding of dynamical quarkonium melting it
is paramount that master equations are derived and simulated, which incorporate the dynamics of color degrees of
freedom explicitly. This challenge is currently taken on by several groups. For a selection of publishedmaster equations
including color degrees of freedom see Refs. [282, 283, 288, 286].
4.3. The Boltzmann transport equation from pNRQCD
In Section 4.1 we discussed the derivation of a Lindblad master equation from QCD at high temperature. It both
provided insight into the range of validity of simple Schrödinger equation based descriptions of in-medium quarkonium
and offered possible routes for their improvement. In this section we will review another open-quantum systems based
approach to quarkonium originally presented in Ref. [286]. It starts from the perturbatively matched effective field
theory of pNRQCD and translates the operators, states and Wilson coefficients of that EFT into the language of a
Lindblad equation. Introducing a Wigner transform of the density matrix, the quarkonium distribution functions are
defined, for which transport equations of Boltzmann type are derived under certain time scale separation assumptions.
Starting point of the derivation is pNRQCD considered in thermal equilibrium under the scale hierarchy
푚푄 ≫ 푚푄푣 ≫ 푚푄푣
2 ≳ 푇 ≳ 푚퐷, (240)
which corresponds to a scenario where the medium still allows for a well defined bound state to exist (c.f. also
Ref. [296]). Taking the S-wave ground state charmonium binding energy as ultrasoft scale 푀푣2 ∼ 퐸bind(1푆) =
600MeV it is indeed larger than the temperatures currently reached in heavy-ion experiments. As made explicit in
Eq. (53) the interactions between heavy quarkonium states and the ultrasoft gluons in pNRQCD is to lowest order
mediated via a dipole interaction. In a perturbative matching to NRQCD it can be shown (see Ref. [297]) that the
corresponding Wilson coefficient 푉퐴(푟) does not run in the renormalization group sense and thus at the matching scalecan be set to unity 푉퐴(푟;휇 =푀푣) = 1 to leading order.In order to connect to the open-quantum-systems picture formulated in terms of states in a Hilbert space, we need to
consider what degrees of freedom are present in such a perturbative pNRQCD setup. Since the color singlet potential
is attractive there may be either bound or unbound singlet states present, while due to the repulsive octet potential only
unbound colored states exist. Their time evolution in the absence of coupling to ultrasoft gluons can be cast into the
form of a Schrödinger equation governed by the Hamiltonians
퐻푠,표 =
퐏2
4푀
+
퐩2
푀
+ 푉 (0)푆,푂 +
푉 (1)푆,푂
푀
+
푉 (2)푆,푂
푀2
+ (푣3), (241)
arising from the terms in the first and second line of the pNRQCD Lagrangian in Eq. (53). Note that here 푉푆,푂 are
purely real and can be perturbatively computed fromQCD. Under the present scale separation the kinetic terms 퐏2∕4푀
related to the center of mass motion are subdominant so that the following eigenstates for the relative motion ensue|휓푛푙⟩, |휓퐩⟩, |Ψ퐩⟩. (242)
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Ref. [286] now considers creation (†) and annihilation operators for all three distinct composite particle entities
푎(†)푛푙 (퐏) ∶ bound singlet, 푏
(†)
퐩 (퐏) ∶ unbound singlet, 푐
푎(†)
퐩 (퐏) ∶ unbound octet (243)
that fulfill the canonical commutation relations. The corresponding single particle states are
|퐊, 푛푙, 1⟩ = 푎†푛푙(퐊)|0⟩, |퐏,퐩, 1⟩ = 푏†퐩(퐏)|0⟩, |퐏,퐩, 푎⟩ = 푐푎†퐩 (퐏)|0⟩ . (244)
The set of wavefunctions and particle operators allows the authors to write an explicit representation of the singlet and
octet wavefunctions as
|푆(퐑, 푡)⟩ =∫ 푑3푃(2휋)3 푒−푖(퐸푡−퐩⋅퐑)
(∑
푛푙
푎푛푙(퐏)⊗ |휓푛푙⟩ + ∫ 푑3푝(2휋)3 푏퐩(퐏)⊗ |휓퐩⟩
)
, (245)
|푂푎(퐑, 푡)⟩ =∫ 푑3푃(2휋)3 푒−푖(퐸푡−퐩⋅퐑) ∫ 푑3푝(2휋)3 푐푎퐩(퐏)⊗ |Ψ퐩⟩ . (246)
Defining the matrix elements in the relative position space for the singlet and octet sector as
⟨퐫|푆(퐑, 푡)⟩ ≡ 푆(퐑, 퐫, 푡), ⟨퐫|푂푎(퐑, 푡)⟩ ≡ 푂푎(퐑, 퐫, 푡), (247)
⟨푆(퐑, 푡)|푓 (퐫)|푂푎(퐑, 푡)⟩ ≡ ∫ 푑3푟푆†(퐑, 퐫, 푡)푓 (퐫)푂푎(퐑, 퐫, 푡) , (248)
the interaction terms of the pNRQCD Lagrangian can be reexpressed (see Ref. [298]) in an alternative form, which
directly invites the connection to the open-quantum systems formulation. Take for example the singlet to octet term
int,푠표 =
√
푇퐹
푁퐶
(⟨푂푎(퐑, 푡)|퐫 ⋅ 푔퐄푎(퐑, 푡)|푆(퐑, 푡)⟩ + h.c.). (249)
It can be reinterpreted according to a퐻int = ∑푚 Σ푚 ⊗ Ξ푚 as defining
Σ푚 ≡ ⟨푆(퐑, 푡)|푟푖|푂푎(퐑, 푡)⟩ + ⟨푂푎(퐑, 푡)|푟푖|푆(퐑, 푡)⟩, Ξ푚 ≡
√
푇퐹
푁퐶
푔퐸푎푖 (퐑, 푡), (250)
where the subscript 푚 refers to the center of mass coordinate 퐑, the vector components 푖 and the color degrees of
freedom 푎.
It is at this point that the Markovian approximation is invoked. In the scale hierarchy considered here, it is justified
by comparing the characteristic medium time scale 1∕푇 with the inverse of the dissociation rate, in turn allowing one
to neglect all memory integrals in the master equation. (For technical details see the appendices of Ref. [286])
As we saw e.g. in the derivation of the quantum optical master equation in Eq. (123), the two-point correlation
functions of the Ξ operators can be split into two contributions. One 푆푚푛 will lead to a modification of the subsystemHamiltonian and the other 훾푚푛 provides the prefactors of the Lindblad operators.It turns out that the former can be straight forwardly evaluated in pNRQCD as it arises from the self energy Feynman
diagramwhere a singlet state via interaction with an ultrasoft gluon turns into an intermediate octet state and eventually
returns to the singlet by a second interaction (see Fig. 45). The real part of this contribution enters as a loop correction
to the otherwise real-valued potential and can be used to define the effective subsystem Hamiltonian 퐻̃푆 . I.e. we areconsidering a system where part of the genuine field theoretical interactions between the quarkonium and the ultrasoft
gluons can be summarized in a correction to a time independent potential.
Before continuing to a more detailed discussion of the contributions from fluctuations onto the quarkonium dynam-
ics one can connect to the language of transport equations. To this end a distribution function for the heavy quarkonium
states needs to be defined. Since the main interest lies in the evolution of bound states this may be achieved by taking
the Wigner transform of the corresponding matrix elements of the reduced system density matrix in the singlet basis
푓푛푙(퐗,퐊, 푡) ≡ ∫ 푑
3퐾 ′
(2휋)3
푒푖퐊
′⋅퐗⟨퐊 + 퐊′
2
, 푛푙, 1|휎̂푆 (푡)|퐊 − 퐊′2 , 푛푙, 1⟩ . (251)
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Figure 45: (left) The pNRQCD self energy diagram responsible for the correction of the real-part of the in-medium
potential, as well as for (left) inducing quarkonium dissociation and recombination via mediating of transitions between
the singlet and octet sector.
The strategy here is to derive explicit expressions for 푓푛푙(퐗,퐊, 푡) at finite time 푡 given by terms that posses a lineardependence on time, so that taking the time derivative results in the evolution equation of interest. Essentially one
sandwiches many independent small time evolution steps after each other. This trick is applicable due to theMarkovian
approximation, where e.g. the explicit t dependence of possible integral terms has been removed by setting the upper
boundaries to infinity.
The first step is to consider the effect of the von-Neumann like term in the Lindblad equation on the time evolution
of the distribution function. The commutator with 퐻̃푆 leads to
푓푛푙(퐗,퐊, 푡) = −푖푡∫ 푑
3퐾 ′
(2휋)3
푒푖퐊
′⋅퐗⟨퐊 + 퐊′
2
, 푛푙, 1|( ̂̃퐻푆 휎̂푆 − 휎̂푆 ̂̃퐻푆 )|퐊 − 퐊′2 , 푛푙, 1⟩ +⋯ (252)
= 푓푛푙(퐗,퐊, 0) − 푖푡∫ 푑
3퐾 ′
(2휋)3
푒푖퐊
′⋅퐗(퐸퐊+퐊′2
− 퐸퐊−퐊′2
)⟨퐊 + 퐊′
2
, 푛푙, 1|휎̂푆 (0)|퐊 − 퐊′2 , 푛푙, 1⟩ +⋯ .
(253)
where the additional terms from the Lindblad operators are not shown explicitly. In conjunction with the Wigner
transform this expression can be used as the starting point of a gradient expansion leading eventually to
푓푛푙(퐗,퐊, 푡) = 푓푛푙(퐗,퐊, 0) − 푡퐯 ⋅ ∇퐗푓푛푙(퐗,퐊, 0) +⋯ , (254)
where for notational purposes the center of mass velocity is defined as 퐯 = 퐊∕2푚푄.
The terms involving Lindblad operators can be divided into two sets. The one including퐿†퐿휎 and 휎퐿†퐿 is directly
related to the perturbative dissociation rate, as it is defined from the dipole transition between the singlet to octet. I.e.
here the imaginary part of the pNRQCD self energy contribution implements the process depicted on the right hand
side of Fig. 45. This finding is consistent with previous results of Ref. [296], where the same diagramwas reinterpreted
to give an imaginary part to the in-medium heavy quark potential. Note that to this order in the approximation, the
potential in the pNRQCD Lagrangian is completely real and that it is the loop corrections from the interaction with
the ultrasoft gluons in the scale hierarchy present that induce an imaginary part.
The last missing term is the one involving 퐿휎퐿†, which is shown to be related to the regeneration of quarkonium
states in this scale hierarchy. This can be intuitively understood from the fact that it contains the distribution function
of color octet quarkonium states, as well as the dipole transition probability between the singlet and octet sector.
Combined into one expression a Boltzmann equation emerges
휕
휕푡
푓푛푙(퐗,퐊, 푡) + 퐯 ⋅ ∇퐗푓푛푙(퐗,퐊, 푡) = (+)푛푙 (퐗,퐊, 푡) − (−)푛푙 (퐗,퐊, 푡) , (255)
where (+)푛푙 (퐗,퐊, 푡) encodes the recombination and (−)푛푙 (퐗,퐊, 푡) the dissociation processes arising from the Lindbladoperators. In the computation of the recombination term often additional approximations are employed. One of these
is the so called molecular chaos approximation, where the distribution of the octet quarkonium states is written as a
simple product of distribution functions for the individual quark and antiquark degrees of freedom. One may argue
from a comparison of the decorrelation rate of the heavy quarks with the relaxation rate of the quarkonium system that
such a simplification is justified.
A detailed comparison of the involved time scales, finally allows Ref. [286] to recover in addition to the dissociation
term also a regeneration term of the same form as used in previous implementation of the Boltzmann equation in
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e.g. Ref. [269]. This completes the systematic derivation of the transport approach to heavy quarkonium from the
underlying microscopic theory of QCD for a medium, in which the temperature is low enough for well defined bound
states to exist.
We find that the open-quantum-systems approach based on perturbative pNRQCD incorporates in a consistent
manner the relevant processes for the S-wave ground state dynamics: (1) screening of a real-valued microscopic po-
tential, (2) the effects of scatterings which both include the dissociation of quarkonium due to excitation into octet
states (3) recombination from the inverse process where a colored quark antiquark pair can emit a gluon and coalesce
back into a bound state.
Note that Ref. [286] also considered the annihilation of heavy quark antiquark pairs via the four-fermion inter-
actions of the NRQCD Lagrangian, adding their contributions as additional Lindblad operators. It is found that for
phenomenologically relevant temperatures and accessible time scales this effect is indeed negligible. This finding rein-
forces the point that the dileptons measured in a heavy-ion collision are not those emitted from in-medium quarkonium
states but actually from vacuum states decaying long after the QGP has ceased to exist.
In many applications of transport theory to heavy quarkonium, instead of the Boltzmann equation, a simpler rate
equation is deployed [299]. In light of the systematic derivation of the Boltzmann equation fromQCD it is an interesting
question to ask under which conditions such a rate equation can be subsequently derived as well. Since usually the
regeneration term in such an approach is determined from arguments based on detailed balance, the system needs to
have had enough time to approach thermal equilibrium for that setup to be valid.
One central open question, similar to the case of the Feynman-Vernon influence functional, is how the connection
to microscopic QCD, derived here in a perturbative setting, can be established also in a strongly coupled scenario. In
the context of pNRQCD this pertains both to the question of what are the relevant degrees of freedom, as well as how
to compute the ensuing Wilson matching coefficients from e.g. lattice QCD simulations. A recent proposal in this
direction has been put forward in Refs. [284, 285].
Summary: Significant progress in our understanding of the real-time evolution of heavy quarkonium has been
achieved over the past years. With quarkonium in a medium naturally inviting the distinction between a small
system and the environment, the open-quantum systems approach has been a vital tool in this regard. It provides
a versatile theoretical framework to account for the different timescales present in the system and has lead to
an improved understanding of quarkonium melting as a genuine dynamical process. Decoherence induced by
the medium fluctuations is found to play an important role in addition to static screening, allowing the medium
to act as a bound state sieve. An improved theory understanding of quarkonium real-time evolution has also
allowed to put current approaches to phenomenological modeling of quarkonium dynamics on amore solid footing
by exposing their underlying assumption. Not only has the stochastic Schrödinger equation been derived from
a Lindblad equation via the quantum state diffusion method but also the Boltzmann transport equations have
been systematically obtained from a pNRQCD based master equation. The quest for a genuine non-perturbative
implementation of the open-quantum systems master equations is ongoing.
5. Heavy quarkonium in relativistic heavy-ion collisions
In the previous sections we have developed an improved theoretical understanding of the properties of kinetically
equilibrated heavy quarkonium, as well as its real-time evolution in the background of a thermal medium. It is now
time to ask how this insight can help us in shedding light on quarkonium production in heavy-ion collisions.
While the focus of this review is the theoretical understanding of in-medium quarkonium it pertains to only but one
part of the puzzle in understanding quarkonium production in heavy-ion collisions (for a recent review including also
an extended survey of experimental measurements see Ref. [300]). Indeed such collisions encompass many complex
aspects, from the production of the heavy quark antiquark pairs, the evolution of the bulk medium consisting of light
partons, the physics of hadronization, as well as the evolution within the hadronic phase. Even in the context of heavy
quarkonium alone many open questions remain, some of the most pressing are listed below:
• How do the energetic partons inside the projectile nuclei interact to form heavy quark antiquark pairs?
• Do heavy quarkonium states form in the early stages of the collision, which are dominated by the strong coherent
fields of the glasma and if so what are the time scales involved?
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Figure 46: (left) Example of inclusive 퐽∕Ψ production consisting of both prompt and non-prompt contributions. The
former arises from 퐽∕Ψ particles formed in the collision region, either directly or as end products of feeddown processes
from 휓(2푆) and 휒푐 states. The latter contribution originates in the decay of B mesons outside of the initial scattering
event. (second from left) Typical production probabilities for chamed hadrons in a proton-proton collision. Note the
minute share ∼ 2% of charmonium on the overall production yield.(right) Typical values of prompt 퐽∕Ψ production in 푝+푝
collisions at high and low transverse momentum, sorted according to their origin from direct production or feed-down.
(Figure adapted from Ref. [300])
• If a quarkonium state has formed early on, how does it react to the emergent quark gluon plasma it is immersed
in.
• How does the interaction with a locally thermalized but steadily cooling medium affect the stability of existing
bound states? How efficient is recombination of color octet pairs into singlet bound states in such a setting?
• Depending on the flavor of the constituent quark and the lifetime of the fireball, to what degree does quarkonium
and in turn the heavy quarks equilibrate?
• What happens at the crossover transition, where individual colored partons need to come together to form color
neutral hadrons?
• Howdo the bound states formed at the crossover transition propagate in the hadronic phase, how are their stability
properties modified?
A true theory understanding of quarkonium in HICs requires a QCD based reply to all of the above, which at the
same time should provide an efficient prescription to compute quantitative postdictions of the measured yields in
current experiments. Vital insight has been already achieved and further progress is on the horizon based on the
steady development of an effective field theory based real-time understanding of heavy-icon collisions. Combining a
description of the initial stages of the collisions based on the color glass condensate, of thermalization and evolution
of the light degrees of freedom via classical statistical simulations, kinetic theory and relativistic hydrodynamics,
of the physics of heavy quarks via NRQCD and that of heavy quarkonium in the open quantum systems approach, all
orchestrated in conjunction with the non-perturbative predictive power of lattice QCD bodes well for such an ambitious
task to succeed in the next decade.
5.1. Preliminaries: quarkonium in 푝 + 푝 collisions
As a first step one can consider the process of quarkonium production in the absence of a hot medium (for details
see e.g. Chap. 2 of Ref. [300]). This area of study has a long history and is still actively pursued both experimentally
and theoretically in proton-proton and proton-nucleus collisions at current collider facilities. Quarkonium in 푝 + 푝
collisions constitutes a fascinating subject by itself which allows us to learn e.g. about the complex inner structure
of nucleons as well as the intricate dynamics of hadronization. Its understanding also forms the basis for developing
insight into the production process in more complex scenarios such as proton-nucleus and nucleus-nucleus collisions.
Let us clarify what one actually refers to when talking about quarkonium production. The so called inclusive
production contains two independent contributions, prompt and non-prompt. As sketched on the leftmost panel of
of Fig. 46, for the example of the charmonium ground state 퐽∕Ψ. The prompt contribution consists of both directly
produced 퐽∕Ψ and those that follow from feed-down from excited states 휓 ′ as well as P-wave states 휒푐 . On the other
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Figure 47: The two stages of the production process of prompt quarkonium: production of the color bearing heavy quark
antiquark pair from hard partons and the subsequent formation of either open heavy flavor or quarkonium states. As
indicated by the thickness of the arrows, open heavy flavor constitutes the overwhelming majority of produced particles.
hand the non-prompt contribution refers to 퐽∕Ψ that results from the decay of B mesons that initially formed in the
collision.
In general the production of quarkonium only constitutes a small fraction of all mesons that arise from the pro-
duction of a heavy quark antiquark pair. As indicated in the second panel from the left in Fig. 46 mostly open heavy
flavor mesons emerge from the collision. Even the formation of Baryons with one heavy quark component constitutes
a larger share than that of actual quarkonium. If one wishes to understand the yields of the quarkonium ground states,
one further needs to understand the feed-down contributions from excited states, which, depending on the transverse
momentum involved, actually differ significantly as illustrated in the two right panels of Fig. 46. The corresponding
charts for Bottomonium including in particular the recent measurements by the LHCb collaboration can be found in
Ref. [300].
The theory understanding of the physics of the production process benefits from the presence of a separation of
scales between the hard scale of the heavy quark rest mass and the correspondingly large momenta of the partons
in the projectiles, as well as lower scales, such as ΛQCD and the binding energies of quarkonium states. In turn theoverall production process can be considered as factorized between individual subprocesses, i.e. the production of a
heavy quark and the subsequent formation of color neutral hadrons as indicated in Fig. 47. Theory has seen significant
progress and success in studying quarkonium production over the past decades, the question of quarkonium polarization
however remains a challenging topic.
The first step consists of understanding how the heavy quarks come into being. The main ingredient is the presence
of highly energetic partons in the proton projectiles, which may scatter off of each other to produce a heavy quark
antiquark pair. The four most relevant processes in this regard are shown in Fig. 48, consisting of s-channel and t-
channel flavor production, as well as gluon splitting and flavor excitation. At the end of the interaction a 푄푄̄[푛] pair
in any of 푛 possible states emerges, which may posses large relative, as well as center of mass momentum.
Due to the heavy quark mass being much larger than ΛQCD it might appear that the production of the heavy quarkpair is a purely perturbative issue. However we must not forget that the gluons were actually part of a proton, whose
highly non-perturbative parton distribution functions 퐹 푝푖 (푞) tell us how probable it is that a gluon with a certain mo-
mentum takes part in the scattering process. The cross section 휎푝푝→푄푄̄[푛]+푋 to produce the푄푄̄ from a 푝+ 푝 collision,
can actually be approximated to a good degree as a product over the genuinely perturbative cross-section for each of
the gluon scattering processes and the gluon distribution functions 퐹 푝푔 (푞)
휎푝푝→푄푄̄[푛]+푋(푞1, 푞2)
푞≫ΛQCD
≈
∑
푋′
퐹 푝1푔 (푞21)퐹
푝2
푔 (푞22) ⋅ 휎
푔푔→푄푄̄[푛]+푋′ (푞1, 푞2). (256)
The information about the distribution of momenta among the partons within a proton has been studied thoroughly
via deep inelastic scattering. Its computation from first principles lattice QCD on the other hand is an active field of
research.
The second step is to consider how the in general color charged푄푄̄ pair actually forms a color neutral quarkonium
meson denoted here by퐻 [20]. Again one benefits from an approximate factorization between the production and the
Alexander Rothkopf: Preprint submitted to Elsevier Page 102 of 129
Heavy Quarkonium in Extreme Conditions
g
g
Q
Q
flavor production
g
g
g
g
Q
Q
Q
Q
g g
gluon splitting flavor excitation
g
g
Q
Q
Figure 48: Relevant scattering processes in the production of heavy quark anti-quark pairs at current proton-proton
colliders.
formation stage
휎푝푝→퐻+푋 ≈
∑
푛 ∫ 푑Π푄푄̄휎
푝푝→푄푄̄[푛]+푋(Π) ⋅푀(푄푄̄[푛]→ 퐻), (257)
whereΠ denotes an appropriate integration over the phase space of the quark antiquark pair and푀 refers to the matrix
element of producing the hadron
푀(푄푄̄[푛]→ 퐻) =
∑
푋
⟨0|휒†휓|퐻 +푋⟩⟨퐻 +푋|휓†′푛휒⟩. (258)
Here 푋 denotes any other hadron and  appropriate combinations of color and spin matrices, depending on the state
푄푄̄[푛].
Modeling the formation process has a long history starting from the color singlet model (CSM) and the more recent
color evaporation model (CEM). In the former one assumes that a color neutral quarkonium can only arise from an
originally color singlet quark antiquark pair. Further, one neglects the relative momentum between the heavy quarks
essentially considering the푄푄̄ being born at rest on top of each other. Then the radial wavefunction of the quarkonium
at the origin 푅퐻 (0) can be used to estimate the production cross section
휎푝푝→퐻+푋CSM ∝ 휎
푝푝→푄푄̄[푛]+푋(푣 = 0)⊗ |푅퐻 (0)|2. (259)
In this form the CSM corresponds to the lowest order approximation of NRQCD, i.e. for a relative velocity 푣 = 0.
In the CEV on the other hand each 푄푄̄ pair is assigned the same probability to form a quarkonium, as long as
the invariant mass of the quark pair is less than that of the meson H. The probability for each meson is contained in a
model parameter 퐹퐻
휎푝푝→퐻+푋CEM = 퐹퐻 ∫
4푚2퐻
4푚푄
푑푚2
푄푄̄
푑
푑푚푄푄̄
휎푝푝→푄푄̄[푛]+푋 ⋅ 1. (260)
The CEM is able to provide a reasonably good reproduction of e.g. 퐽∕휓 production at LHC and it is actively further
developed to improve quantitative agreement with data, also in the case of bottomonium. For recent developments see
e.g. Refs. [301, 302, 303], where both the agreement with the measured 푝푇 dependence of 퐽∕휓 as well as an improvedpostdiction of the 휓 ′ yields have been achieved. In turn the first computation of the explicit 푝푇 dependence of the 휓 ′to 퐽∕휓 ratio in the context of the CEM was presented.
The NRQCD approach generalizes the CSM result with systematic corrections of higher power of 푣, which include
the contributions in particular from color octet states. At large enough transverse momenta, where the NRQCD scale
separation is expected to be valid, one can write the cross section as a sum
휎푝푝→퐻+푋NRQCD =
∑
푛
휎푝푝→푄푄̄[푛]+푋 ⋅ ⟨푛퐻⟩, (261)
where the operators 푛퐻 are obtained from the four fermion interactions of NRQCD
푛퐻 = 휒†푛휓(푎†퐻푎퐻 )휓†′푛휒 (262)
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Figure 49: The three generic features of nuclear parton distribution functions showcased with the example of EPPS16.
The clear suppression below unity at small 푥 is followed by an intermediate anti-shadowing hump, before encountering the
EMC minimum at 푥 ≈ 0.6. Figure reproduced from Ref. [310].
and contain the creation and annihilation operators of the hadron, as well as the NRQCD heavy quark 휓 and antiquark
fields 휒 . For a more detailed discussion and the explicit form of the operators in NRQCD the reader is referred to
Ref. [20].
One recent interesting development in the context of quarkonium production is the extension of the NRQCD ap-
proach to transverse momenta lower than 5GeV. Ref. [304] proposes to combine heavy quark effective field theory
matrix elements with a color glass condensate model to approximate the gluon distributions in the proton projectiles,
leading to good agreement with data also for the challenging subject of quarkonium polarization [305]. One finds a
smooth overlap region of these new results with the standard NLO NRQCD at high 푝푇 .
5.2. Cold nuclear matter effects
After gaining a first taste of quarkonium production in 푝 + 푝 collisions let us touch on the next more complex
scenario of proton nucleus collisions. Here one wishes to learn about so called cold nuclear matter effects, which may
affect quarkonium production also in a heavy-ion collision. A comprehensive overview of this topic may be found in
Refs. [306, 307, 308] and chapter 3 of Ref. [300], a collection of recent results in Ref. [309].
Experimentally one expresses the deviations in measured yields between a 푝 + 푝 collision and any other type of
collision involving a nucleus, be it 푝 + 퐴 or 퐴 + 퐴, with the nuclear modification factor
푅푥퐴(푝푇 ) =
1⟨푁coll⟩ 푑푁푥퐴∕푑푝푇푑푁푝푝∕푑푝푇 , (263)
where the prefactor including the number of binary collisions simply acts as a normalization. If the physics in a
collision involving a nucleus were simply that of a large number individual 푝 + 푝 collisions this ratio would stay at
unity.
A natural distinction lies between effects which affect the initial-state and the final state. The former are related to
differences in the parton composition of nuclei as compared to protons. The latter on the other hand arise from the fact
that quarkonium states produced in 푝 + 퐴 and 퐴 + 퐴 collisions may find themselves within a nuclear environment or
surrounded by collision fragments, which destabilize the quark antiquark bound state.
The study of parton distribution functions in nuclei is an active research area (for a recent brief overview see
e.g. Ref. [311]), which to date relies on an interplay between theory and experiment to extract from measured yields
constraints on the momentum fraction carried by quarks and gluons in nucleons embedded in a nucleus. As shown in
Fig. 49 three generic features emerge: at small values of the parton momentum fraction 푥 < 10−2 the ratio of nuclear
to free parton distribution function푅퐴푖 = 퐹 p∈A푖 (푥,푄2)∕퐹 p푖 (푥,푄2) takes on values smaller than unity, a feature referredto as small-x shadowing. At intermediate 푥 ≲ 0.1 on the other hand the ratio shows a hump-like structure, which is
simply called anti-shadowing, followed by a dip at 푥 ≈ 0.6 which was first identified by the EMC collaboration and
thus has been christened the EMC effect. There are many different nuclear PDFs on the market that differ in the theory
input, as well as the fitting procedure to experimental data, among them EPS09, nCTEQ15 or EPPS16.
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We may now ask how the modification of the nuclear PDF’s affects the production of the individual quarkonium
states. I.e. we ask how the nuclear modification factor푅pA differs from unity. When evaluating 퐽∕Ψ andΥ production
in 푝 − 푃푏 collisions at√푠 = 5TeV the modified PDF’s predict [306] a suppression of around 10% for 푏푏̄ and 20% for
푐푐̄. It is here that we encounter for the first time the notion of quarkonium suppression. At this point this suppression
is not related to the presence of a hot medium and simply reflects changes in the initial projectile. Obviously these
numbers need to be kept in mind when investigating production patterns observed in nucleus-nucleus collisions, in
order to correctly disentangle the possible effects of a hot QCD medium from those arising from cold-nuclear matter.
On the theory side, the color glass condensate approach [312] is used to explore how the phenomenon of parton
saturation affects the dynamics of partons within nuclei [313, 314, 315, 316]. Already in an individual proton, the
parton distribution function at large 푄2 but small x is expected not to grow indefinitely but to eventually saturate at
the eponymous saturation scale 푄푠, due to nonlinear effects of many self interacting gluons. As the saturation effectdepends on the number 퐴 of nucleons present, it is expected that its physics needs to be accounted for in detail if
quarkonium production is to be understood in a heavy-ion collision. Eventually the goal for theory has to be to com-
pute nuclear parton distribution functions from first principles, which at the moment however is still computationally
unfeasible.
There are many different phenomenological approaches proposed to describe the final state interactions. At low
enough energies, where quarkonium formation may actually take place within the projectile nucleus volume, the bound
state may interact with remnants of the nuclear environment leading to its destabilization. Such a scenario, which is
considered for SPS beam energies but due to the Loretz contraction of the nuclei at LHC is unlikely to be of relevance
there, is referred to as nuclear absorption or nuclear break-up. On the other hand for LHC energies the effects of
coherent energy loss have been discussed originally in Ref. [317] which lead to a suppression of yields compatible
with the data and which do not require any modification on the nuclear PDFs. It remains an interesting question of
how to reconcile these final state results with the present understanding of nuclear PDFs.
Interestingly the above mentioned initial state effects, as well as coherent energy loss are expected to affect the
ground state and final state in an equal fashion. It has however been observed that the excited states of bottomonium
and charmonium in 푝+퐴 collisions suffer from a stronger suppression than the ground states. While at low energies this
might be explained by nuclear absorption effects, at LHC energies the comover interaction model [318, 319] has been
proposed and successfully describes this phenomenon. The idea is that the quarkonium state scatters with particles
that possess a similar rapidity travelling in its vincinity. Their effects is modelled by a rate equation, which is similar
to the treatment in terms of a transport model in [264] and the final-state interactions in recent computations based on
the color-glass condensate and improved color evaporation model in Ref. [320].
It is important to note that while theory progress has been made in regards to understanding initial state effects in
proton nucleus collisions the question of how cold nuclear matter affects quarkonium production in a nucleus nucleus
collision remains a central open question. Vital insight will be gained on the experimental side with the arrival of
electron-ion colliders, which will be able to shed light on the parton distribution functions within nuclei with unprece-
dented precision. On the theory side the question for saturation based computations is how elevate the computations
currently carried out for a dilute - dense scenario into the dense - dense sector, relevant for heavy-ion collisions. At
the same time it needs to be understood whether and if so how the factorization of subprocesses, a vital tool to make
quarkonium production tractable in 푝 + 푝 and 푝 + 퐴 collisions, survives in a nucleus nucleus collision.
Besides the modification of how partons in nuclei interact to form a 푄푄̄ pair, the evolution of such a colored state
in the background of highly occupied soft gauge fields in the initial glasma phase of a heavy-ion collisions needs to
be elucidated. Classical statistical simulations of the gauge field sector in conjunction with kinetic theory have proven
insightful to understand the emergence of hydrodynamical behavior of the bulk matter (see e.g. Refs. [321, 322, 323]).
Combining such a glasma inspired real-time framework with the effective field theory NRQCD is currently considered,
to gain new insight how quarkonium formation in the early stages of a nucleus-nucleus collision proceeds.
The goal of this and the preceding subsection is to serve as a reminder that a comprehensive understanding of
quarkonium in a heavy-ion collisions relies on an interplay of many different physical mechanisms, many of which
are not directly related to quarkonium in a hot medium, but still offering ample opportunity for first principle theory
contribution. At the same time some of the effects discussed above may directly affect e.g. the initial conditions
from which a real-time simulation of heavy-quarkonium in a hot environment commences. Hence a lively exchange
between the communities working on cold and hot nuclear matter effects will be essential to progress towards a genuine
microscopic understanding of the physics involved in producing quarkonium states in a heavy-ion collision.
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5.3. Quarkonium production in 퐴 + 퐴 collisions
In this section we arrive at the ultimate challenge for current studies of quarkonium in extreme conditions, i.e.
gaining a truly microscopic understanding of its production in relativistic heavy-collisions. As we have discussed in
the previous sections, this task consists of many elements besides describing quarkonium dynamics in a hot medium.
Both the real-time evolution of quarkonium states discussed in Section 4 and their properties in equilibrium discussed
in Section 3 constitute central pieces of the puzzle without which no comprehensive picture of their production can
arise. At the same time a more detailed knowledge about the partonic make-up of the incoming projectile nuclei and
a dynamical picture of hadronization are required to fully account for the observed phenomenology.
5.3.1. Charmonium in 퐴 + 퐴 collisions
Let us start with a discussion of charmonium. Its study in heavy-ion collisions presents an instructive tale about
how only a comprehensive understanding of all stages of the collision can provide us with a full account of the physics
of quarkonium production. The first steps towards elucidating charmonium in a heavy-ion collision were made in
the context of quarkonium melting. I.e. the classic work of Matsui and Satz [5] considered the stability properties
of charmonium in a thermal medium, concluding in a first step that the presence of a deconfined QGP will prevent
the formation of in-medium bound states. Their arguments at that time were based on a static picture of quarkonium
melting, its modern dynamical viewpoint has been discussed in Section 3.4. In general the higher the energy density
of the medium, the more efficient the melting will be. At the same time the more weakly the charmonium state is
bound in vacuum the more easily the medium will be able to dissolve it. We presented support for this concept of
hierarchical ordering of in-medium effects from first principles computations in Section 3.3. Ref. [5] then goes on
to argue in a second step that such a failure of binding will translate into a reduction of charmonium yields, i.e. into
quarkonium suppression that follows a similar pattern as that of the in-medium melting. This senario is known as
sequential suppression and has been laid out in detail in [6]. From it follows that in central collisions and at small
rapidities, i.e. where the density of medium scatterers is highest, the suppression should be strongest.
The first conclusion on the hierarchical nature of quarkonium melting in its dynamical form remains valid also
today, however it is now understood that suppression, especially at high beam energies does not follow automatically.
The reason, as we understand it today, lies in both what happens before and what happens at the end of quark-gluon-
plasma phase originally considered by Matsui and Satz. Indeed due to the cross section for charm anticharm pairs
rising steeply with collision energy a hotter plasma in practice is accompanied also with a higher abundance in 푐푐̄
pairs. Primordial bound states formed from these 푐푐̄ pairs due to the destabilizing effects of the plasma can melt. At
the same time either already during the QGP phase or at hadronization different 푐푐̄ pairs can recombine again into
charmonium pairs, thus replenishing the yields. This effect had been discussed by Matsui early on (see e.g. Ref. [7])
but at that time was discarded due to the small charm cross section accessible experimentally. Several years later with
the advent of high energy machines, such as RHIC, on the horizon, regeneration was considered in more detail and it
turns out to provide an important piece of the puzzle to understand charmonium production. Is is important to note
that for collision systems where the effects of regeneration are less important, e.g. at moderate to large 푝푇 , the 푅퐴퐴of different quarkonium species do follow a suppression pattern that is ordered with their in-medium binding energy.
We will come back to this issue in the context of bottomonium later on.
In Fig. 50 we showcase a selection of experimental measurements of charmonium from heavy ion collision history,
which have been instrumental in pushing forward our understanding of quarkonium production, as well as to spur
advances in the development of phenomenological approaches. The quantity we show is the nuclear modification
factor 푅퐴퐴 for the 퐽∕휓 particle. In the leftmost panel 푅퐴퐴 from the NA60 and NA49 experiments at SPS and fromthe PHENIX experiment at RHIC are compared. Note that x-axis shows the charged particle multiplicity, which is
used instead of the historic choice of number of participants to indicate the activity in the collision center ( allowing
us to make sense of e.g. signals for collectivity even in 푝푝 collisions at high multiplicity ). The values plotted are
divided by the predictions for cold nuclear matter effects. While in 퐼푛 + 퐼푛 collisions at SPS with√푠푁푁 = 158GeVonly relatively small multiplicities are reached that do not show any suppression beyond cold nuclear matter effects,
with the advent of 푃푏 + 푃푏 at SPS a clear additional suppression has been registered. Extending the energy range to√
푠푁푁 = 200GeV at RHIC with 퐴푢 + 퐴푢 collisions even higher multiplicities are reached and the suppression trendcontinues. Historically the expectation was that the suppression at RHIC should be stronger than that at SPS, due to
the higher beam energies and thus temperatures involved. The question is, can we find indications why the suppression
might not increase further?
To this end let us take a look at the center panel of Fig. 50, where the rapidity dependence of푅퐴퐴 (without division
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Figure 50: (left) comparison of measurements of the nuclear modification factor for 퐽∕휓 in terms of charged particle
multiplicities from the NA50 and NA60 experiment at SPS, as well as PHENIX at RHIC. Figure reproduced from Ref. [1].
(center) The measurements of the 퐽∕휓 푅퐴퐴 in terms of rapidity measured by PHENIX at RHIC. Figure reproduced from
Ref. [324]. (right) Comparison of the 퐽∕휓 푅퐴퐴 versus multiplicity as measrued from the STAR and PHENIX collaboration
at RHIC and the ALICE collaboration at LHC. Figure adapted from Ref. [325].
by the CNM baseline) is plotted as measured by the PHENIX collaboration at RHIC. In non-central collisions (bottom
row) we find a pattern consistent with both arguments from comovers and medium induced melting. I.e. at 푦 = 0
where the density of potential scatterers is highest the 푅퐴퐴 is lowest. On the other hand in more central collisions (toprow) the pattern inverts and 푅퐴퐴 takes on the largest value at 푦 = 0. As we will discuss in more quantitative detailbelow, this effect is what one would expect when regeneration plays a role in the production dynamics. I.e. at 푦 = 0 the
largest number of 푐푐̄ pairs is created and will thus lead to the largest recombination probability, in effect overcoming
the effects from melting of primordial charmonium pairs.
That regeneration plays an important role to describe the measured yields at increasing beam energies is further
supported by the measurements of 푅퐴퐴 by the ALICE collaboration at LHC, shown in the right most panel of Fig. 50.Compared along multiplicities, we see that at√푠푁푁 = 2.76TeV the values of 푅퐴퐴 take on significantly larger valuesthan those at measured by STAR and PHENIX at RHIC. A consideration based only on quarkonium melting would
suggest that much less quarkonium states should be measured at LHC, while the abundance of 푐푐̄ pairs provides a
natural explanation of why the values of 푅퐴퐴 may even rise compared to RHIC. Indeed the trend continues if oneconsiders the 푅퐴퐴 at the highest LHC energies√푠푁푁 = 5.02TeV, where, as shown in Ref. [326], it takes on slightly
larger value than at√푠푁푁 = 2.76TeV.As a lot of intuition on quarkonium production originally arose from considering idealized settings in kinetic
thermal equilibrium. The question of how efficiently the charm quarks exchange energy and momentum with their
surrounding is e.g. of central interest. One possibility to infer this is to look for signs of the produced charmonium to
participate in the collective motion of the bulk matter, expressed e.g. in a finite value of elliptic flow 푣2 for 퐽∕휓 . Finitevalues of 푣2 would indicate that the charm quarks are in at least partial kinetic equilibrium with their surroundings,which in turn entails a loss of memory of the initial conditions their evolution. In Fig. 51 we show measurements
of said 푣2 by the STAR collaboration at RHIC √푠푁푁 = 0.2GeV from Ref. [327] on the left and from the ALICE
collaboration at LHC√푠푁푁 = 5.02TeV from Ref. [328] on the right. While at the lower beam energies no significantdeviation of 푣2 from zero was observed by START, the situation significantly changes at LHC, where an elliptic flowof around 50% of that of D-mesons has been reported by the ALICE collaboration. In turn we expect that arguments
based on thermal equilibrium are a reasonable starting point to develop an understanding of charmonium at LHC.
After this very rough survey of charmonium measurements and their qualitative discussion let us turn to more
quantitative means of describing charmonium production. While the ultimate goal for theory is to provide a micro-
scopic description from the initial 푐푐̄ pair production over their real-time evolution to dynamical hadronization, such
an ambitious framework has yet to be developed. In the meantime it is very instructive to consider what already has
been learned about charmonium from describing its production using phenomenological models.
As starting point we can return to the question of whywe distinguish heavy quarkonium production from the physics
of other lighter flavors. The reason lies in the separation of scales present. In the collider experiments conducted so far,
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Figure 51: Measurements of elliptic flow of 퐽∕휓 at RHIC from Ref. [327] in the left panel and at LHC from Ref. [328] on
the right. While the STAR collaboration at
√
푠푁푁 = 0.2GeV did not observe a significant 푣2 more recent measurements by
the ALICE collaboration at
√
푠푁푁 = 5.02TeV show clear signs for a finite elliptic flow of around 50% of that of D mesons.
starting at SPS, followed by RHIC and currently at LHC, the temperatures reached in the collision center, as deduced
by modeling of the hydrodynamic expansion of the bulk medium, are at maximum 푇max ≈ 600MeV and thus muchsmaller than the charm quark mass. In turn it is consensus that heavy quark pairs are created only in the early stages of
the collision and their number remains approximately constant over the short time scales in which a hot medium may
form in the collision center. I.e. in a contemporary heavy-ion collision heavy quarks are not chemically equilibrated
and their production yields must be understood with this fact in mind.
Experimental data backs up this reasoningwhen scrutinized through the lens of hadron resonance gas basedmodels,
most prominently the statistical hadronization model first introduced in Refs. [329, 330] and reviewed in Ref. [331].
Let us take a closer look what this model can tell us about equilibration of light and heavy degrees of freedom in heavy-
ion collisions (see e.g. Refs. [332, 325]). The model is based on the grand canonical partition function expressed in
terms of an ideal, i.e. non-interacting, gas of hadronic degrees of freedom. Remember that for an ideal quantum gas
in the occupation number representation the partition function factorizes
푍[푇 , 푉 , 휇] =
∑
{푛퐩}
exp
[
− 훽
∑
퐩
푛p
(
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…
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=
∏
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(
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)∓1
, (266)
with the upper sign for bosons and the lower ones for fermions. Here 휖(퐩) denotes the energy of the eigenmodes
of the Hamiltonian 퐻 with momentum 퐩 and 푛퐩 refers to the corresponding occupation number of that mode. Thechemical potentials 휇푖 refer to possible conserved charges 푞푖 that the modes carry. In our case what we call modesof the Hamiltonian will be the different hadrons and their excitations that are present in the low temperature phase
of QCD with 휖(퐩) =
√
퐩2 + 푚2푖 . Here 푚푖 is taken to be the vacuum mass of these states, as temperature effects are
implemented via the trace over the thermal density matrix. The conserved charges to which a chemical potential is
assigned are strangeness (푆, 휇푠), baryon number (퐵, 휇퐵) and the third component of the isospin charge (퐼3, 휇퐼3 ). In aheavy ion collision with projectiles consisting of protons and neutrons, the overall system has to follow the constraints
푉
∑
푖
푛푖퐵푖 = 푁퐵 , 푉
∑
푖
푛푖퐼3푖 = 퐼 tot3 , 푉
∑
푖
푛푖푆푖 = 0. (267)
The power of hadron resonance gas models lies in the fact that all the non-perturbative information on the strong
interactions is included in the values of the masses of the individual contributing hadrons, which one usually takes from
measurements cataloged by the PDG, amended by lattice QCD spectroscopy results. Below the crossover transition
temperature it has been shown that the equation of state, i.e. the dependence of pressure on temperature arising from
the hadron resonance gas model is in good agreement with first principles computations from lattice QCD, lending
support to its construction (see e.g. Ref. [52]).
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The logarithm of the full partition function becomes a sum over all modes log[푍] = ∑푖 log[푍푖], each individualone, after accounting for spin degeneracies with a factor 푔푖, contributes with
log
[
푍푖
]
=
푉 푔푖
2휋2 ∫
∞
0
푑푝(±푝2)log
[
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[
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]]
, 휆푖 = exp
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푇
]
, (268)
where the 휆푖 takes on the role of a fugacity. This expression can be further rewritten by expanding the logarithm viaits Taylor series and carrying out the momentum integral
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(269)
The function 퐾2 refers to the modified Bessel function.To arrive at the particle number densities at constant temperature and volume one exploits the equivalent definition
of ⟨푁⟩ from a derivative with respect to chemical potential ⟨푁⟩ = 1훽 휕휕휇 log[푍푖] or fugacity ⟨푁⟩ = 휆 휕휕휆 log[푍푖]. Takinginto account the physical constraints, the model thus predicts the particle number densities given three adjustable
parameters, the temperature of the system, its volume and Baryo-chemical potential.
This basic formulation of the model can be amended to use another piece of non-perturbative information, which
is the decay width of resonance hadronic states, that also contribute to the partition function. Their physics may be
incorporated by translating the spectral width into a convolution over different masses in Eq. (268)
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]
± 1
, (270)
where퐵푊 normalizes the integral over the Breit Wigner to unity. The total number of particles measured in exper-iment furthermore needs to take into account decays of resonances so that
⟨푁 tot푖 ⟩[푇 , 푉 , 휇] = ⟨푁 therm푖 ⟩[푇 , 푉 , 휇] +∑
푗
Γ푗→푖⟨푁푅,therm푗 ⟩[푇 , 푉 , 휇]. (271)
Note that once the Baryo-chemical potential becomes large with respect to the temperature, some form of repulsive
interactions are often included via an excluded volume prescription.
Apriori it is not clear whether such a model will be able to describe the yields of hadrons composed of the light
quarks 푢, 푑 and 푠. It however has been shown in detailed comparisons with measurements ranging from AGS energies
around√푠푁푁 ≈ 5MeV to current LHC energies√푠푁푁 = 2.76TeV that in central heavy-ion collisions a remarkableagreement with a wide variety of particle and antiparticle yields can be achieved, ranging from pions up to Helium and
anti-Helium (for a more detailed discussion in particular also of the aspect of strangeness production see Refs. [332,
325]). At lower beam energies some particle species seem to deviate from the model predictions among them the
proton and some kaons. At LHC energies only the protons show slightly less yields than predicted. Interestingly
the parameter values with which the yields are reproduced are found to start at values around 푇 ≈ 130MeV and
휇퐵 ≈ 540MeV at AGS energies and quickly saturate from√푠푁푁 ≈ 15MeV onward at 푇max ≈ 158MeV. The Baryo-
chemical potential parameter at RHIC energies √푠푁푁 ≈ 200MeV has reduced significantly to 휇퐵 ≈ 30MeV but
becomes indistinguishable from zero only at LHC energies√푠푁푁 ≈ 2.76TeV.Irrespective of the history of the matter in the collision center, at some point it must be possible to describe the end
products of the collision in terms of a collection of hadrons, as these are the final measured degrees of freedom. The
abundances of these hadrons are fixed at the so called chemical freezeout (see e.g. [333] and references therein) after
which they may still change their momentum and energy via number preserving reactions such as e.g. 휋휋 → 휌→ 휋휋.
In comparison, number changing processes in a hadron gas are expected to occur on much longer timescales (up to
100s of fm). Therefore the results by the statistical model are interesting as they tell us that the hadrons at freezeout
already exhibit the abundances expected from a chemically equilibrated ensemble, even though the time passed since
the collision would not allow for such equilibration to take place in a simple hadron gas. Therefore it has been suggested
that the mechanism of hadron production itself can generate such abundances. The fact that hadron yields in 푝푝̄ and
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푒+푒− collisions can also be captured by essentially the same statistical model supports such a statistical picture of
hadron formation at least for low energy heavy-ion collisions. (Recently ideas have been put forward that relate the
thermal distribution of produced particles in elementary collisions to the entanglement between observable and non-
observable patches of the light cone in Ref. [334].)
The freezeout temperature as determined from the model fits rises with the beam energy until it saturates around
a temperature that is suggestively close to the crossover transition temperature computed from first principles lattice
QCD. Hence also from the point of view of the statistical model in current heavy-ion collisions at RHIC and LHC it
is very likely that the matter in the collision center has actually persisted in a state of even higher temperatures shortly
after the collision. The presence of deconfined quarks and gluons at that point would allow the bulk to more efficiently
(locally) chemically and kinetically thermalize, so that at hadronization the grand canonical abundances are reached.
What about heavy quarks? If we simply extend the hadron resonance gas by including charmed hadrons, i.e. the D
mesons, charmed baryons and charmonium states, would we also be able to reproduce the experimental abundances?
The answer regarding the absolute yields is a clear no, as first discussed in Ref. [329]. However inspection of the ratio
of excited state charmonium to ground state charmonium revealed that for central collisions its value became close to
the prediction of the statistical model. I.e. while the overall number of 푐푐̄ pairs produced in the earliest stages of the
collision does not correspond to the value expected in chemical equilibrium at the freezeout temperature it appears
that relative abundances produced at freezeout are again in agreement with chemical equilibration. How can this be
accommodated in the language of the hadron gas? What is needed is to enhance the yields of charmed hadrons relative
to their chemical equilibrium levels by introducing an additional charm conservation constraint and the enhancement
factor 푔푐
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Here the only relevant terms are those for open heavy flavor mesons, singly charmed Baryons and the charm anticharm
mesons. For a small number of singly charmed hadrons the exact conservation of the charm quantum number needs
to be correctly treated in the canonical formalism, which leads to additional correction factor involving the Bessel
functions 퐼1 and 퐼2, the ratio of which reduces to unity for large overall number of produced 푐푐̄. The total numberof charm anticharm pairs for a particular collision centrality is computed by using the total charm cross section taken
from 푝푝 collisions and scaled with the nuclear overlap factor 푇퐴퐴, i.e. 푁direct푐푐̄ = 휎푝푝푐푐̄ 푇퐴퐴. The charm cross sectiongrows rapidly with √푠푁푁 so that as shown in Ref. [335] at SPS 푔푐 ≲ 5 while at RHIC it is already 푔푐 ≈ 10 and forLHC it takes on even larger values 17 < 푔푐 < 30. Note that 푔푐 in this model is a function of rapidity and the number ofparticipants are closely related to the total charm cross section, which due to the challenging nature of the underlying
measurements unfortunately still to this day carries relatively large uncertainties.
Combining the fact that heavy quark pair production takes place in the early stages of a collision with the thermal
hadron resonance gas model at freezeout enables an efficient description of the measured charmonium data. The
interplay of the production yields of singly charmed mesons and baryons together with the overall number of 푐푐̄ pairs
set by the charm cross section allows to reproduce the decrease of 푅퐴퐴 of 퐽∕휓 with increasing number of activity inthe collision center at RHIC. At the same time it provides a mechanism to explain why the values of 푅퐴퐴 at LHC takeon significantly larger values, as shown in the left panel of Fig. 52. The rapidity dependence of the total charm cross
section, being largest at mid rapidity, furthermore provides an explanation to the measurements in the middle panel of
Fig. 50 showing that the suppression at RHIC is weakest for small values of 푦.
The success of the statistical model combined with the fact that charmonium at LHC shows clear signs of par-
tial kinetic equilibration may be taken as indication that the idealization of full kinetic equilibrium employed in first
principles lattice QCD based computations is indeed a good starting point. One possible route then to connect QCD
results to the measured yields was explored in Refs. [175, 190] where the 휓 ′ to 퐽∕휓 ratio has been estimated using
thermal spectral functions, computed using a lattice QCD vetted potential. The reason to focus on the ratio of excited
to ground state is that it is independent of the enhancement factor 푔푐 related to the actual number of 푐푐̄ pairs produced.Remember that the area under the peak structures in the in-medium spectral function encodes the dilepton emission
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rate from that quarkonium state in a fully equilibrated setting. This however is not what is measured in experiment,
which is instead the decay of vacuum quarkonium states long after the QGP has ceased to exist. Thus the question
is how to translate the spectral features around the crossover transition into abundances of vacuum states produced at
hadronization. Ref. [175] proposed to use an instantaneous freezeout scenario, where the number of produced vacuum
particles are estimated from the spectral functions in units of dilepton emission. I.e. one takes the weighted area under
in-medium peak for e.g. 퐽∕휓 and divides it by the area of the peak in the vacuum spectral function, which is directly
related to the radial wavefunction of the 푇 = 0 퐽∕휓 at the origin. This value is then used as estimate for the number
of vacuum states produced. Carrying out the same procedure for 휓 ′ and dividing the two results has then been taken
as estimate for the 휓 ′ to 퐽∕휓 ratio. It is found that the value obtained in this fashion lies quite close to the statisti-
cal model and using a conservative error estimate is currently compatible within the combined theory uncertainties.
Such an agreement bodes well for future studies trying to explore quarkonium production from genuine first principle
thermal QCD computations.
The ability of the statistical model to reproduce the production yields of light hadrons and charmonium is intriguing
and has been instrumental in revealing the role played by regeneration in the production of charmonium at RHIC
and LHC. At the same time, being formulated in terms of a hadron gas, this model can only make statements about
the physics at and after freezeout. Therefore the next step towards a fully dynamical understanding of charmonium
production is to consider phenomenological models that allow us to describe the physics within the QGP realm and to
see how they compare to the statistical model. One question in particular which is of current interest is to what degree
charmonium states produced early on in a heavy-ion collision, so called primordial charmonium, survive until the end
of the QGP phase or whether they are efficiently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models
based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially difficult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat differently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.
Both models are able to describe the 푅퐴퐴 in terms of centrality and transverse momentum at RHIC and LHC inan equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual 푅퐴퐴). Forthe 푝푡 dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]compared to the measurements by the ALICE collaboration at √푠퐴퐴 = 2.76TeV. As indicated by the two differentblack lines referring to the primordial and the regeneration component of the total 푅퐴퐴 there are two different regimespresent, which are smoothly connected. At large 푝푡 primordial charmonium appears to contribute a majority of theyield, while at small 푝푡 a significant fraction of produced 퐽∕휓 arises from recombination effects. Similar behaviorfor the 푅퐴퐴 dependence on centrality is observed: in non-central collisions primordial 퐽∕휓 dominates but for centralcollisions regeneration plays an almost equally important role. The effects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in 푅퐴퐴.From considerations of the nuclear modification factor of the charmonium ground state 퐽∕휓 we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs,
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Figure 52: A selection of comparisons of measurements of the 퐽∕휓 nuclear modification factor and phenomenological
models. (left) Measurements from RHIC and LHC (colored points) together with the post- (
√
푠푁푁 = 0.2TeV) and
predictions (
√
푠푁푁 = 2.76TeV) from the statistical model of hadronization. Figure reproduced from Ref. [325] (center)
Example of various models with different underlying physics mechanism being able to reproduce the 퐽∕휓 푅퐴퐴 at LHC.
Figure reproduced from Ref. [300]. (right) Decomposition of the transport model computation from Ref. [337] into its
regeneration and primordial survival component. Figure reproduced from Ref. [300].
Figure 53: Measurements of the 휓 ′ to 퐽∕휓 ratio from the NA50 [341], ALICE [340] and CMS [339, 338] collaborations
in 푃푏+푃푏 collisions. The 푝푝 baseline is given as orange datapoints [325, 342]. The green solid line denotes the prediction
of the statistical model of hadronization [325], while the purple line corresponds to a computation based on pNRQCD
spectral functions combined with an instantaneous freezeout scenario from [190].
equilibration is assumed to be complete in the statistical model. The question thus remains: is there a way how to
distinguish between these two scenarios even though both reproduce the 푅퐴퐴 well. This question becomes even morepressing when realizing that also models with a very different physics content are able to reproduce the푅퐴퐴 at LHC, asseen in the green dashed lines in the center panel of Fig. 52 which corresponds to a model based solely on shadowing,
comovers and the possibility for 푐푐̄ pairs to recombine [318].
Two paths forward are possible. On the one hand one can look for other experimental observables, which are
more discriminatory among the different models. One such quantity of current interest is the ratio of 휓 ′ to 퐽∕휓 . It
is a particularly challenging observable due to the small signal to noise ratio in the measurements of the excited state
yields. At the LHC there exist currently measurements by the CMS collaboration (see Refs. [338, 339]), however
published only as double ratios with respect to 푝푝 collisions and upper limits by the ALICE collaboration [340]. These
values together with the 푝푝 baseline and earlier measurements at lower beam energies by the NA50 experiment are
listed in Fig. 53 together with the predictions from the statistical hadronization model from Ref. [325] as well as the
computations of Ref. [190] modeled based on pNRQCD spectral functions combined with an instantaneous freezeout
scenario.
On the other hand one needs to develop further first principles based real-time descriptions of heavy quarkonium
in order to reduce the need for model assumptions. As we discussed in Section 4 the open quantum systems approach
appears to be a viable candidate allowing one e.g. to derive evolution equations via pNRQCD from underlying QCD.
In the weak-coupling scenario even the Boltzmann equation that forms the basis for the transport model computations
has been derived in that fashion. In general in such a setup the dynamical evolution of the quarkonium states is
governed by low energy matching coefficients, be it the complex heavy quark potential or other non-perturbative
transport coefficients. However all the approaches developed so far make extensive use of a separation of scales
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between the heavy quark rest mass and other relevant scales, which means that their application to charmonium in
current heavy-ion collisions does not rest on as solid foundations as one would like. E.g. the complex in-medium
potential currently available corresponds only to the lowest order contribution of the full in-medium potential without
finite velocity corrections. For charmonium in heavy-ion collisions such corrections are expected to be relevant, as
already at 푇 = 0 the static potential alone is not able to reproduce the vacuum charmonium bound states in an equally
accurate fashion as is possible for bottomonium. The theory community thus need to develop further the effective
field theory based approaches to heavy quarkonium, on the one hand to establish their validity in the non-perturbative
regime (one recent example being Refs. [285, 240]) and furthermore for masses in which the separation of scales is
not as pronounced, i.e. to higher order in their respective expansion schemes.
5.3.2. Bottomonium in 퐴 + 퐴 collisions
Let us now turn to the heavier flavor, bottomonium, which due to its larger mass and the correspondingly smaller 푏푏̄
cross section requires higher luminosities or more sensitive detectors at the same beam energies than charmonium. The
absence of significant non-prompt contributions to their production on the other hand simplifies the analysis. The most
comprehensive results to date, including individual measurements of the푅퐴퐴 for the bottomonium ground state, as wellas the first and second excited state, stem from the CMS collaboration at LHC (for the most recent instalment see e.g.
Ref. [343], for a review see Ref. [344]). More recently the ALICE collaboration has also published first measurements
of the ground state 푅퐴퐴 in Ref. [345]. At RHIC, the STAR collaboration has presented recent measurements [346] ofthe ground state 푅퐴퐴 as well as the combined 푅퐴퐴 of ground and excited states.In Fig. 54 we showcase a selection of recent and characteristic measurements from LHC run2 at√푠푁푁 = 5.02TeV.The left and center panel containmeasurements of the푅퐴퐴 of the ground and excited states from the CMS collaboration[343] plotted versus the centrality of the collision and versus transverse momentum respectively. The values show clear
and consistent suppression patterns. The more central the collision becomes the stronger the suppression. At the same
time, the excited states aremore strongly suppressed than themore strongly bound ground state. While the uncertainties
are still significant at small 푝푡 there appears to be a trend at least for the ground state that the suppression is strongerclose to 푝푇 = 0 than for those at the largest momenta. A similar trend for the first excited state is not visible at themoment. This behavior is decidedly different from that found for charmonium (see e.g. Fig. 52) and at first sight is
reminiscent of what a scenario based primarily on quarkoniummelting would suggest. The hot medium in the collision
center destabilizes the more weakly bound states more thoroughly and this suppression is most pronounced where the
quarkonium spends most time in the hot environment. This conclusion is supported by the fact that by going from√
푠퐴퐴 = 2.76TeV to√푠퐴퐴 = 5.02TeV the suppression in bottomonium is found to become slightly stronger, while itbecomes weaker in charmonium.
While equilibriation with the environment has been an important part of the dynamics of charmonium no significant
signs of participation in the collective motion of the bulk have so far been observed for bottomonium, as shown in recent
measurements of 푣2 by the ALICE collaboration in the right panel of Fig. 54. One should however keep in mind thatthe errorbars on these first measurements are quite large and are compatible with small values of 푣2 predicted by somemodels (see e.g. Ref. [347]).
The naive visual inspection of the experimental results suggest that bottomonium, in contrast to charmonium at
LHC, behaves as a genuine non-equilibrium probe of the collision center, for which regeneration effects do not play a
major role. Since the 푏푏̄ cross section at RHIC is even smaller and the lifetime of the medium produced shorter than
at LHC, this conclusion is expected to remain equally valid at√푠푁푁 = 0.2TeV.On the theory side Bottomonium, due to its larger mass, is a promising candidate for a direct application of effective
field theory based approaches. In particular descriptions based on the static in-medium potential are expected to
provide a reasonable description of the relevant physics. While the large bottom mass 푚푏 ≫ ΛQCD allows the partonic
processes in 푏푏̄ production to be described in a fully perturbative manner, the in-medium evolution may still require
non-perturbative insight, as only the binding energy of the ground state Upsilon lies above the characteristic QCD scale
퐸Υ(1푆)bind ≫ ΛQCD.From the point of view of the dynamical description of heavy quarkonium discussed in Section 4, bottomonium
modeling has recently entered an phase of rapid evolution. The open quantum systems approach has led to new avenues
to implement the real-time evolution of this quarkonium species leading to Lindblad-type master equations derived
systematically from QCD. While many of these approaches still use weak-coupling arguments in intermediate steps
first fully non-perturbative formulations are under development. At high temperature we discussed in Section 4.1
that when one remains within the language of wavefunctions, a non-linear stochastic Schrödinger equation needs to
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Figure 54: (left) The nuclear modification factor for the ground, first and second excited state of vector channel bot-
tomonium versus collisions centrality measured by the CMS collaboration at LHC at
√
푠푁푁 = 5.02TeV. Note the ordering
of the strength of the suppression with the binding energy of the individual states. (center) The same 푅퐴퐴 now plotted
as a function of transverse momentum. Figures reproduced from Ref. [343]. (left) Recent measurements of the ALICE
collaboration of the elliptic flow of Υ(1푆) (red) versus transverse momentum at
√
푠푁푁 = 5.02TeV. The values for 퐽푝푠푖 at
the same beam energy are given as blue symbols. Figure adapted from Ref. [348].
be solved to account for the full dissipative dynamics of the quarkonium system in a QCD medium. In terms of
distribution functions for the quarkonium states, we have seen in Section 4.3 that a Boltzmann equation can be derived
based on a set of clearly specified assumption. Note that all the derivations of real-time dynamics in Section 4 were
based on a fully thermal background. When considering an evolving medium, as is present in the case of a heavy-ion
collision a new timescale, describing the cooling process enters. If that scale is large enough compared to the other
relevant timescales we may regard the temperature of the medium as external parameter, governing the values of e.g.
the potential of the stochastic Schrödinger equation, an approximation that is used in most models today.
Historically themost common approach to bottomoniummodeling is to resort to solving a deterministic Schrödinger
equation which is governed by an in-medium potential. From our discussion in Section 4.2 we saw in Eq. (239) that
such an ansatz amounts to a truncation of the dynamics, neglecting dissipative effects, and in addition to an adiabatic
approximation that averages over the fluctuations. From the numerical tests within the stochastic potential model, we
learned that in such an adiabatic truncation the survival of quarkonium states may be underestimated if the effects of
decoherence are relevant. I.e. the 푅퐴퐴 computed in that way may underestimate the correct physical value.the Kent State University group has explored the suppression of bottomonium in heavy-ion collisions in detail,
combining the deterministic Schrödinger equation with an anisotropic hydrodynamic description of the medium back-
ground evolution. They use a a Glauber model based initial distribution of primordial states and take into account
the decays from feeddown after hadronization. A full description of the framework is found in Ref. [185], where
in particular the implementation of the potential in an anisotropic background is discussed. Note that no recombi-
nation contribution enters in this framework. (A similar model based on isotropic hydrodynamics has been used in
Refs. [349, 350])
The potential used in the Schrödinger equation itself is an input of the model and so far two ansaetze have been
deployed. Both of these models feature a Debye screened Coulombic in-medium part. For the in-medium string part
either Eq. (180) or the similar legacy Gauss law parametrization is used. The main difference between them lies the
form of the imaginary part, which is taken to be the purely Coulombic HTL one in the former [185, 271, 272, 351],
while in the latter it contains both contributions from the Coulombic and string in-medium potential [273].
A prescription of how to initialize the Schrödinger equation for a mixed ensemble of bottomonium states in agree-
ment with the scale separation of NRQCD has been put forward in Ref. [352]. Its proposal for efficient evolution of
such an ensemble however remains restricted to unitary time evolution, i.e. when dissipation effects are small.
Let us start with Bottomonium at STAR, since there the separation of scales between the medium temperature
created in the collision center and the bottom mass is most pronounced. In addition bottomonium is expected to act
as a true non-equilibrium probe, without reaching any significant degree of kinetic thermalization. In such a scenario,
one may speculate that decoherence is not yet very effective and thus the adiabatic approximation may prove already
satisfactory. In the left panel of Fig. 55 we plot a comparison of the Bottomonium ground state 푅퐴퐴 from recent
Alexander Rothkopf: Preprint submitted to Elsevier Page 114 of 129
Heavy Quarkonium in Extreme Conditions
� ��� ��� ��� ������
���
���
���
���
���
�����
� ��
Υ(��)�πη/�=� (�������-������)|�| < ���
��� = ��� ���� < �� < �� ������� ����
������������
�������-������
0 100 200 300 400
Npart
0.0
0.5
1.0
1.5
R
A
A
1S, theory
1S, syst
1S, stat
2S, theory
2S, syst
2S, stat
0 50 100 150 200 250 300 350 〉partN〈
0
0.2
0.4
0.6
0.8
1
1.2
AA
R  = 5.02 TeVNNs  ALICE, Pb-Pb 
c < 15 GeV/
T
p < 4, y, 2.5 < -µ+µ →(1S) ϒInclusive 
Transport models
 (TM1)et al.Du 
 (TM2)et al.Zhou 
with
with
without regeneration
without regeneration
Hydro-dynamical model
 et al.Krouppa 
 
heavy-quark potential uncertainty
 
 
 
 
Figure 55: A selection of comparisons of the 푅퐴퐴 for bottomonium with recent phenomenological model studies. (left)
The Υ(1푆) nuclear modification factor as measured by STAR compared to a model based on a deterministic Schrödinger
equation and anisotropic hydrodynamics background. The grey curve denotes the outcome using a perturbative Im[푉 ] while
the blue curve uses a Gauss-law based complex potential. Figure reproduced from Ref. [273]. (center) Comaprison of the
CMS measurements for the bottomonium 푅퐴퐴’s at
√
푠푁푁 = 5.02TeV with the combined Boltzmann-Langevin approach of
Ref. [353], from where this figure is reproduced. (right) The Υ(1푆) 푅퐴퐴 as measrued by the ALICE collaboration compared
to transport models either including or excluding a regeneration component. Figure reproduced from Ref. [345].
measurements of the STAR collaboration together with the computed values from Refs. [185, 273]. The gray curve
denotes the computation based on the potential using only the Coulombic imaginary part, while the blue shaded curve
denotes the outcome from using a lattice vetted Gauss-law potential. One finds that the 푅퐴퐴 is well reproducedfrom the Gauss-law potential whose stronger Im[푉 ] leads to more efficient bottomonium destabilization and brings
the computed values into agreement with experiment. One important difference between the two results is that the
computation based on the Gauss-law potential is much less sensitive to differences in the values of the shear viscosity
governing the hydrodynamics back ground evolution. I.e. while the gray band denotes the difference between changing
the values for the shear viscosity over entropy ratio 휂∕푆 in the background hydrodynamics from 1∕4휋 − 3∕4휋, such a
change has virtually no effect on the blue curve. There the error band stems instead from the uncertainty in determining
the Debye mass parameter from lattice QCD simulations.
In contrast to fully perturbative description of the in-medium evolution, where the contributions from e.g. Landau
damping and gluo-dissociation can be explicitly disentangled, here the values of the imaginary part represent the
aggregate of all these effects. I.e. the bottomonium state may be excited into another singlet state, bound or undbound
or may go over to an unbound octet state. The suppression of e.g. the ground state contains two elements. On the one
hand the ground state itself may be destabilized by the medium. On the other hand as argued in e.g. Ref. [349] the
melting of excited state quarkonium leads to a diminished contribution from feed-down, already reducing the 푅퐴퐴 inthe presence of an otherwise stable ground state.
What happens then at LHC, where bottomonium spends a significantly longer time in amuch hotter medium? Com-
paring the predictions for LHC at √푠푁푁 = 5.02TeV based on the potential with Coulombic Im[푉 ] from Refs. [272,351] with the postdictions using the Gauss law potential in Ref. [273] an interesting trend emerges. The potential that
led to overestimation of 푅퐴퐴 at RHIC now manages to describe the yields with very good accuracy at LHC. On theother hand the Gauss-Law model already at √푠푁푁 = 2.76TeV starts to show signs of underestimating 푅퐴퐴 whichit clearly does at the highest LHC energies. There are several possible mechanism at play here. On the one hand the
imaginary part of the potential in the Gauss-law parametrization has only been vetted to tentative values of the lattice
Im[푉 ] at relatively low temperatures 푇 < 300MeV. Whether the Gauss law potential describes the imaginary part
accurately at higher temperatures still needs to be ascertained, which is work in progress. On the other hand if the
Gauss-law potential is indeed the appropriate potential to use then two sources for the underestimation of the 푅퐴퐴come to mind. The first one is related to the effects of fluctuations and dissipation that have been discarded in the
adiabatic approximation. Indeed the stochastic potential computations suggest that when these effects are included the
푅퐴퐴 should increase. Ongoing efforts towards developing and implementing fully dissipative dynamics in the open-quantum systems language promise to provide the necessary tools to do so in the near future. At the same time one
has to investigate whether regeneration effects have already set in at the accessible LHC energies.
The last question has been investigated in the context transport models to Bottomonium evolution. Among the used
models are variants of the two approaches [354, 268, 355] we have already met in the study of charmonium, as well as
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a new approach, which is a combined transport model based on the Boltzmann equation derived from pNRQCD [270]
and a Langevin evolution [356] for bottom quarks in order to allow for dynamical regeneration. Due to the explicit
treatment of the heavy quarks it does not rely on detailed balance to implement recombination while still being able to
reach equilibrium distributions in the late time limit.
All transport models manage to describe the measured ground and first excites state 푅퐴퐴’s for bottomonium atLHC in a satisfactory manner, one example from Ref. [353] is shown in the center panel of Fig. 55. In general a small
but non-vanishing regeneration component is found to be required when considering the measurements from CMS.
For the latest results from the ALICE collaboration on the Υ(1푆) suppression, the situation is not as clear, as shown
in the center panel of Fig. 55. There the experimental data is better reproduced with regeneration in one and without
regeneration in another model. It would be interesting in this context to see the results of Ref. [353] divided into their
dissociation and regeneration contributions.
The path forward for bottomonium studies is clear. On the one hand the potential based studies need to incorpo-
rate the effects of dissociation via a genuine stochastic evolution prescription for the wavefunction of the quarkonium
system. This will remove a significant source of systematic uncertainty currently inherent in the adiabatic approxima-
tion. The explicit coupling of color singlet and color octet sectors, which is work in progress, will eventually allow
to self-consistently treat the effects of recombination in the wavefunction language. It will also allow to disentangle
the different effects currently summarized in the imaginary part of the singlet potential. In addition the determination
of the potential, especially of its imaginary part in non-perturbative lattice QCD needs to be improved, to reduce ex-
trapolation artifacts at high temperatures relevant in the beginning of the QGP evolution. All of these aspects are in
principle feasible and are on the agenda of the theory community.
On the side of transport models the derivation of the Boltzmann equation from pNRQCD via the open quantum
systems approach has been a major step forward. The next step has to be to compute the matching coefficients required
in this context from lattice QCD with high precision. The Langevin based approach to heavy quark evolution will
eventually require precision knowledge of e.g. the heavy quark diffusion constant whose extraction from the lattice is
also actively pursued.
In both cases efforts need to be intensified to put the derivation of the underlying evolution equations on a non-
perturbative footing. The dissipative dynamics of the wavefunction approach currently relies on a Feynman Vernon
influence functional, derived at weak coupling, while the Boltzmann equation was obtained with weakly coupled
pNRQCD in mind. These are exciting challenges that have the potential elevate phenomenological modeling even
closer to first principles theory as has already been possible over the past decade.
Summary: Heavy quarkonium in heavy-ion collisions constitutes a rich and challenging field of study. A mi-
croscopic understanding of quarkonium production requires insight not only into the evolution of quark antiquark
pairs in a hot environment but also into the non-perturbative composition of the incoming projectiles and the
dynamics of hadronization. Such an all-encompassing view of quarkonium production has already lead to a sig-
nificantly improved understanding of the phenomenon of quarkonium suppression. It arises from an intricate
interplay of quarkonium destabilization due to the environment present in the collision center, as well as from
recombination of heavy quark antiquark pairs, when produced in ample numbers in the earliest moments of the
collision. One current focus of the community is to hone in on the quantitative details of the production mecha-
nism for charmonium, shedding light e.g. on the role of primordial versus regenerated yields. This task requires
to more strongly discriminate between the various models currently able to reproduce the experimental 퐽∕휓 , i.e.
ground state 푅퐴퐴. Both the experimental efforts to measure excited states such as 휓 ′ and the overall charm crosssection, as well as theory efforts to reduce the modeling input by bringing transport models closer to first princi-
ples QCD, will be essential in this regard. For bottomonium direct effective field theory based approaches either
in the language of wavefunctions or distribution functions have already been quite successful in reproducing the
hierarchical suppression patterns observed at LHC. With a much more pronounced separation of scales at hand
for bottomonium, theory is looking ahead to using the open-quantum systems framework to systematically derive
non-perturbative evolution equations treating both the color singlet and octet sector explicitly. With the dynamics
of these degrees of freedom governed by non-perturbative matching coefficients, such as transport coefficients
and potentials, efficient extraction procedures from QCD are being investigated. Bottomonium thus appears to
provide a unique opportunity to develop a genuine non-perturbative and first principles based real-time formalism
for a system of strongly interacting matter, eventually capable of connecting microscopic QCD and experimental
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measurements of heavy quarkonium in extreme conditions.
Conclusion
It is an exciting time to work on heavy quarkonium in extreme conditions (for a recent community perspective see
e.g. Ref. [357]). Experiment has amassed a wealth of high precision data on quarkonium production in relativistic
heavy-ion collisions at RHIC and LHC in different kinematical regimes that provides a challenging testing ground for
theory and phenomenology. These include the nuclear modification factors of the charmonium ground state, as well as
those of the bottomonium ground and excited states. Measurements of both 퐽∕휓 and Υ elliptic flow are by now also
available. Experiments are currently taking aim at even more challenging measurements, such as a detailed study of
the excited state of charmonium 휓 ′. The determination of the overall charm and bottom cross section is equally high
up on the agenda. Hopefully luminosities and detector performance in the future will allow to also capture the P-wave
states in heavy-ion collisions, which so far have only been studied in proton-proton collisions.
We have seen that charmonium at RHIC and LHC behave quite differently with regeneration taking on a more and
more important role at higher energies. In order to learn in more quantitative detail how this change in production
mechanism proceeds, and also to prepare for bottomonium at future higher energy colliders, where it is expected to
behave very similarly to charmonium at LHC, a series of lower energy collisions at LHC would be very instructive.
The planned electron-ion colliders on the other hand will in the near future provide unprecedented insight into the
internal make-up of the nuclear projectiles allowing to much better constrain the initial conditions from which heavy-
quarkonium production proceeds in a heavy-ion collision.
This report discussed several aspects in which the theory understanding of quarkonium in thermal equilibrium
has improved over the last decade. Better access to ground state spectral properties from combined lattice QCD and
effective field theory studies, as well as the development of a QCD derived and non-perturbatively evaluated in-medium
potential are two examples. While progress has been made, a lot of challenging work remains. Better access to the
excited state spectral properties in direct lattice QCD studies will require both advances in simulation algorithms and
data analysis strategies. At the same time extending the in-medium potential beyond the lowest order in pNRQCD
asks for both conceptual and numerical work on the effective field theory and lattice QCD side.
When it comes to quarkonium real-time descriptions the community is in a state of heightened activity. Several
groups concurrently explore complementary ways to derive and implement an open-quantum systems treatment of
heavy quarkonium. Some of these efforts in the context of weak-coupling approaches have been highlighted in this
report. The central task at hand for the near future is to gain an understanding how the real-time description can
be put on a genuine non-perturbative footing. This will entail connecting the transport coefficients and potentials
governing the evolution with first principles lattice QCD simulations. Similarly the transport properties of individual
heavy quarks, such as the heavy quark diffusion coefficient need to be determined with much higher precision than is
possible today. These challenges will require a close collaboration between practitioners in the fields of open-quantum
systems, effective field theory and lattice QCD.
Theory is also making inroads into a first principles understanding of the initial conditions of proton-proton col-
lisions. Recent developments in defining and extracting parton distribution functions of nucleons from lattice QCD
simulations (the current status is discussed in Ref. [358]) promise to provide novel complementary constraints to the
momentum and spin distributions of partons in the proton projectiles. While only on the horizon, the final goal would
be to eventually understand at least partially the changes induced in the parton distribution functions once more than
one nucleon is present in the projectile. With the rapid pace of advances in lattice QCD simulations over the past
decade such insight might not be out of reach in the next decade.
There are many aspects of heavy quarkonium in extreme conditions that did not find their way into this report.
One is the physics at finite baryon chemical potential, whose study from first principles is still hindered by lattice
QCD simulations suffering from the sign problem. Future collider facilities such as NICA and FAIR, as well as the
beam energy scan at RHIC set out to explore this region of the QCD phase diagram in more detail, offering additional
motivation for theory to develop novel computational approaches for this regime.
Another topic is the physics of quarkonium at large external magnetic fields (for a review on magnetic fields in
heavy-ion collision see e.g. Refs. [359, 360]), which recently has attracted attention in the community (see e.g.
Refs. [361, 362, 363]). With first principles computations possible, the question to answer is whether or how such
large fields can exert an influence on quarkonium formation in the early stages of a collisions.
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This bring us to the third topic which is the formation dynamics of quarkonium at early time. Currently only simple
estimates based on the uncertainty principle are used to argue why some quarkonium stated may form early on in the
pre-thermal phase. To gain a true first principles understanding of quarkonium production we will however need to
develop genuine real-time descriptions for heavy quark pairs in the presence of strong coherent glasma fields. First
steps in that direction are being taken at the moment by combining classical statistical simulations of gauge fields with
a real-time implementation of the effective field theory of NRQCD [364].
The study of heavy quarkonium in extreme conditions hence remains an active field of research with many chal-
lenging facets for both experiment and theory. The start-up of new colliders in the near future and the continuation
of successful programs at current facilities, all with quarkonium on the agenda, promises continued research funding
opportunities in the field for the next decade. This support will help the theory community to sustain its activities in
the quest for a truly microscopic QCD based understanding of quarkonium in extreme conditions.
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